O. A. UBAHOB, T. [0. UBAHOBA, K. M. CTOJIBOB

ANITEEPA

OYHKLUU
N NOCNEAOBATE/IbHOCTU




0. A. WUeanos, T. KO. saroga, K. M. Ctonbos

AJIFEBPA & 9 KJTACCE

OYHKUW

1
NOCNELOBATEJIBHOCTW

Cankr-Netepbypr
CMWO Mpecc
2018



VIK 372.8.512
BBK 74.262.21
121

Hpatos O. A., HUpanosa T. FO., Cronbon K. M.

AJITEBPA 8 9 KJIACCE. Oyuxupn 1 mmociie[oBaTe bHOCTH —
CIIo, «CMHUO Ilpece», 2018.— 284 c.

ISBN 978-5-7704-0337-04

ITocobue comepxKT GCHOBHOM MaTepRaJ Kypca aiaredpsl 9 Kiiacca: TeMbl
«Pyarunny u <«[loceropaTenbrocTu». V3naraetea TeopeTuyecknii MaTe-
puan, pazduparTes npEMephl penrednit 3agay. [locobue cogepixur 3axa4n
ANA NTOMANTHAX 3aMaHHE, ABEHAIIATh CAMOCTOATETBEHHY pafoT mo pa3/e-
JaM Kypea, JOUIIHTCALILIC 3adadu. (1o 6yIeT nofcsio YIHTCIAM Ma-
'l‘Bl\ulEI..’I‘HKH, paﬁ{)'mmm,um B LLKOJIAX € yl‘J[yﬁ.llEHHblM upeuo,u,alsauuem Manre-
MATHAKH, OIKOJIbHAKAM H HX POAUTENAM, 4 TAKXKE OPenojaBaTeaM H CTy-
HEHTAM MATEMATHICCKAX (PaKyIbTeTOB [IeHArOTHIECKHX YHABEPCHTETOB,

@© Heanos 0. A., Upanoea T. KO,
Cronbos K. M., 2018
ISBN 978-5-7704-0337-04 (©«CMHO Ipeccs», 2018

Q00 «Hapareancrro CMHO Ilpeces EXN10YEHD B EPEUCHb CPraHU3aIMA,
OCYNIECTBIAIONMX M3IaHHe YueBHbIX Mocobuii, KOTODhIE ADTMYCKANTCT
K HCOO/ILIOBAHNIO B 00GPA30BATEIBHOM IPOUECCE B UMEIOLLIN
rCy JApCTBEHA Y Y dKKPEITHTIANKMK) B PEANHESYIOIHX Uﬁpiﬂ‘l(}ﬁii’l‘ﬂ.ﬂbﬂb]tf
IporpaMMel OBIMErd OAPAsOoBAHMA OBPASOBATENBHEIN YUPEXK IeHHIX.
INpuxaz Muncbpraykr PO Ne 699, or 9 miona 2016 .,
zaperucTuponatt n Mumoere 4 wioas 2016 ., Ne 42729

Penaxrop k. @.-m. 8. Joauna If. K.
AMpexTop HAAATENECTEA K. .-M. H. Mopoansa H. €.

IMognucano B meuats 10 mapra 2018, Popmar 60 x 901/186.
Bymuara ochcersan. 'apuutypa wkanenan. Yea.-ned. o 9.
Tupaxk 500 sxz. 3akaz 1803075,
Haparenserso «CMHAO Tlpece»
Cankr-Ilereptypr, van. Cemosa, . 97, x. 3, mut. A
Tenedonsr (812) 976-97-76, (911) 290-90-26 (MTC)
e-mail: amiopress@mail.rn, http://www.smio.ru

COrnedaTano B Tnnorpacgpur L-print
187183, r. Cauxr-llerepdypr, yn. Cabupoeckaga, a. 37



Ornasaenune

TIPEEMCIIOBHE . . . ...t ti s et ennrineateriaeanernnnacnnnns 6

I'mara 1. PyHKIMH
Beepenne: smpefinas QyHKIHS, KBAJPATHIHAS (DYHKIHS

U IPOCTO — DYHKITHT « v v eeet it e et iraeerareaaterneaanonan 10

Tema 1. IloasTne ¢pyuxiun. Jananue pyuxnue Gopmymrort.
«ITEHNE» TPADHEA o1 virvrverererrenaervanerernoreesnronerees 14
3aTa4un A8 JOMAMHNX 3a0auui mo TeMe 1 ..o inniiinnnn, 19
CaMoCTOATENBHAA PABOTA 1 o oov i i ie i ireneinine s 25
dononHuTe TEHEIE YODASKHEHHST MO TeMe 1 .. ... ........iiieeinn... 27
Tema 2. MOHOTOHHBIE DYHKITIM ... intvinn i ienannmnerinranerannanns 28
3aga4dr A0 JOMAIIHNAX 33TAHKHA O TEME 2 vvvrviverirvnrerronenes 34
Tema 3. IIpuMepn neciaenoparng pyHKIEE ... oL 38
Sa an MM AOMAIHAX 308HKA 110 18Me 3 .. i i ennes 41
CamocrosrenrHas pabora 2 {temm 2w B) ...l 45
AononanTensHee yopaxaeHus mo TeMaM 2 13 ... 46
Tema 4. I'padurn OYBKIIR ... ..o e iiene e 47
Saqaur A8 JOMAINIHIX 3a,0aHEH I0 TeMe & .. ..................... 82
Tema 5. MHOXKeCTBO 3HAMEHNN QYHKIIHH ... o onvrrnar i innariarans. 38
3a0auM g JOMAMIHAX 3aJaHUH O TEME 5 o ivtrvrrerrreentvnnnns 66
CamoctosiTenbHasg paboTa 3 (TeMmsr 4 ub) ... ... ... L. 70
AononanTenbible YOPaXHeHHA IO TeMaM 4 B 5 ... ... il 71
Tema 6. PYHKUHOHANBLHBIY MOAXOJ] K PENICHHI) YPABHEHHE .....'\.... 72
JaJaul 419 JOMANIHUX 3aMaHuB mo TeMe 6 ... iiiiiiiieiiian 74
Tema 7. «CHoMHBIE? (DYHEIMH .00t i iinen it ie e iinaaniranntans 78
SatauM A8 JOMAIIHHAX 3aTAHHA N0 TeMe 7 ..ot tinnnriiennns 84

Tema 8. Hecnepopanue «cnoxubixs GVHKLOHNA H HOCTpOCHEE
15 DA 8 F1T4 0)7 1 100 ) £ A G 26
3a, MK YIS TOMATTREX 3JRAaMl Mo Teve B ... ... ... 9
YPOK OZHON 38JA4H: KYCOYHO-IHHENHBE DYHKIMHE . 0usrrvrreranranis 98
CaMocrosiTenbrasn paboTa 4 (TeMsl 6-8) ... ..oovviiiiiiiiii i 104
AononHATEIbHBIE YODaXHEHHT o TemMaM 6-8 ... ... ... .. ... 105
Tema 9. O6parumble dbynkumi, Pyaxknusa, 06paTHAA JAHAOK ..... ... 106
3aa4un A8 JOMANIHHX 33 aHUR IO TeMe 9 .ovvvvvinnivnnnniinen 113

CamoctoaTenbHad paboTa 5 (TeMa 9) .ot ivei i iiiniiinenions 116



dononanTeNnbHbIe YOPaKHEEHA O TeMe 8 ... ... .. ... L 117
Tema 10. MuoxecTsa, 3aJaRHble YPABHCHUAMH M HEPABEHCTBAMHE. . . .. 118
3aga4un A8 IOMAITHHMX 337 mo TeMe 10 .. veiiiinnininns. 130
Tema 11. Ilpcobpasopaimia rpadukon OYIKOHE . ... ...oovveenen vnnn. 138
3agaun qIig goMamnux 3agammi mo teme 11 ... e 145
CamocrosiTesnpiasn padora 6 {(remu 101 11) ... ... L. 149
AdonosHurenstbie yopeauaenus no remam 10w 11 (o ooo o oo 151

YPpoK omHON 33Ja9H: MPPALHOHAJbEBIC YDABHEHAA H HEPABEHCIBA. ... 152

Tema 12. Hecnenopannae ypaBIlICHHi, [ICDABCIICTB H HX CHCTCM ... ..., 154
3a/auM JUs JIOMAINHAX 38, (aHii o reve 12 0oL 160
Camocrosrerbaas pabora 7 (rema 12) ..o 167
AovosanrenbHeie yupaxaends no reme 12 .o 168

I'nmasa 2. IlocaemoBaTeIbHOCTH

Beegenue: 4To K€ TAKOS — IOCHEIOBATEIBHOCTE « + v v v vv v vnennnsrenns 170
Tema 13. ITocne oBaTEIILHOCTH, UX 3AAHHE M SHAEHAN . .veeereran.. 171
Sajadu My JOMAHEX 3adaari no teme 13 ... 175
CamocTonTenbaas patota 8 {(tema 13) ... el 178
LAOMoJHATENbHBIE YOPEKHEHHA MO TeME 13 ..oovviruriiiineiiais, 180
Tema 14. MosoTOEHBIE TOCIEIOB&TEALHOCTH. [[epHoqunYecKHe
TMOCHEAOBATEIIBHOCTH ... .ottt it et o e et eee e eeeees 180
SagadH 9 JOMAIINMX 3atanei mo teMme 14 ... et 188
Camocrogresniag paGora 9 (rema 14) ..o, 164
AOTOHATEIRIKE YOPEXKHeHAT o Teme 14 ... o ... ... 185
Tema 15. OrpaHEYEHHEIE [TOCAEAOBATEIBHOCTH .+ ovvvrrnvnnrvnensssns 196
Banaun s JoMaHMX 3adaHuii nmoteMe 16 ... oo il 201
CamocroaTenbHas pabora 10 (Tema 18) ... ... ... ... ... ... 205
AononEnTeNnbHEE yOpaskKHeHUs oo TeMe 15 ... ... .. 206
Tema 16. CymMMHPOBaHHE NOCICAOBATEABHOCTEM «vvviereirvrreirrrons 207
Sagadn Aid DIOMAIIHAX 3aTaHEAE Mo TeMe 16 . veririinrivrees 211
CamocrosiTenbHaa pa6oTa 11 (TeMa 16) ..vvrt i iii i iiiieanns 214
HonoHnTeNbHBIE YOPaKHEHAS MO TeMe 16 ... ..ovviiiiiiviionn, 215
Tema 17. Ilporpeccun: apHdMCTHYICCKAA U MCOMETPHYCCKAT ......... 215
Zagagd A JoMaminux 3agamed mo teMe 17 .. e n 221
Tema 18. «TexkcToBbIe» 33J89U HA TIPOTPECCHM « v vt erannerinnns ns 224
Sa1a4uH A9 JOMAIIHNX 3aJAaHEH M0 TeMe 18 v iiriiireininess 228

CamocroarenbHad pabota 12 (Temer 17 1 18) o.oivviii i 231



JononanTenbHbIe YyOpaXKHEHHS mo TemMaM 17w 18 ... . .. ... ... 232
Tema 19*, CpaBrenne apadMETHIECKHX H I€OMETPHIECKUX

TPOTPECCHIT « v v eet s eas e aeae e traneeennnnesinnennrinnns 233

Perennda 3a3a9 caMOCTOATEJIBHBIX PaloT. ........coevinvnenn.t, 237

OTBeTsl K AONOJHUTEIBHBIM YIPANKHEHUAM . ... .. .ovveann. .. 266



IIpenuciaosue

Kak acHO B3 Ha3BaHHS, 3Ta KHHTA OpeacTapadeT coboll mocobue ans
H3YYueHHs BAXKHLIX Pa3lenoB IIKOIBHOTO Kypca MaTEMATHKH, CBA3aHHBIX
C TOHATHAME PyHKyuu U nociedosamenvrocmu. MBl mpexnosnaraem, 4ro
yualpecs yKe 3HAKOMBI ¢ EAYa IbHEIMH OPEeJCTABACHHAMHE O IIpeaMeTe; [0
KpaitHeil Mepe, ¢ YHKOUAMY OHH BCTpedaiuck B 7 u 8 Knaccax. pyroe
JE0, KoK CK&33uHO BO BBeneHmmn, panee roBopuaoch o «mbetinoil ¢ynx-
UMM, «KBsaaparu9ioi hyikudus», Mbl e OyAeM roBopurs 0 <Oy UKIMAx
BOOOIIE.

OcofeHHOCTRIO HANOXKeHNs ABASLTCA YepeJ0BaHNE 3a,7a9 ¥ TeopeTH Y e-
CKOTO MAaTepHaaa, [IPA 3TOM JOCTATOYUHO QACTO pellleHHe 3aJatH IpeTiie-
CTBYeT HOBOMY OIpe/esenuIo u (i) TeopeMe. HanpaMep, MOTHBHPOBKOM
BBEJCHHA NOHATHA MOHOTOHHOCTH (GDVHKIAH ABAIIOTCA JIBE caMhle mepBhle
pasobpandsie 3aaa4i. 3agaas 3 BeemeHns ecTb, Ha H&M BIMILI, Xapak-
TepHLI TpUMep 3a1a4H, TOKAZLIBAIONIEH, 9TO HE CTOHT «CTARUTEH IHAK Ph-
BCIICTRAY MeKIY PYIKIHCH H BEIPAAKCITHCM, TIOCKOALKY By IKIHIO MOKIIO
3a,0ABATb M APYIMMU CUOCoOamu.

Boobme, 3agaun (a ux B OCHOBHOM TekcTe pascbpano 146) urparT nen-
TPAJIBLHYIO poab. Mul npuEOoAUM NoApPeOHBIE pelIeHHs BCeX ITHX 3334,
MMOCKOJIBKY OJMH M3 OCHOBHBIX KPHTEPHER, HCIOIBIOBAHHBIX HAMH OPH KX
oTHOpe, COCTOAA B TOM, YTO B DEIIeHUHA 33JaYd JOAKHO MPUCYTCTBOBATH
paccyxcdertie. A ecsiv IpH pellleBHH 331a4H HeoDXOAUMO IPOBECTU OPeod-
pa30oBaHye, TO OHO JOMKHO OLIThH €CTECTBEHHBLIM. €M CAMBIM MBI CTApa-
JIMCH TOKA3aTh, KaKHM o0pasoM claelayeT VUHTh, 9To6H B npomecce o0ytie-
TIMA TIPOHCKOMHIIO PASBHTHC YIAMMXCA, 8 HC IPOCTO MX «IIATACKHBAIIHNC? B
PEIEHHA 38A4 OHPEJIETEHHBLX THIIOR.

Kaxman TeMma 3asepnraercs noabopkol 3azad Ijs JOMAIHAX 3a7a-
HU#, Cpeny KOTOPBIX UPAKTAYECKH HET <KJIOHOB» 334a4, Pa300paHHBIX B
COOTRETCTBYIOIIEH TeMe. KOHeYHO, He CTOMT MpejJiaraTh KX BCEX «CIHC-
KOM», CTOMT BHIOHPATE Te U3 HHUX, KOTOPHE Ballld y4alluecd JefcTBUTe b
HO OYyAYT B COCTOSHHH PEdIATDH CAMOCTOATENBHO. ' ZpyToll CTOPOHEL, HOCIEe
Kaxaolt caMocToATenbHON pafOTH NPHBOIATCA JONOJHHTEMBHBIE YIIPAXK-
HeHH#A, CPeIH KOTOPBIX KaK Pa3 MMKHO BCTPeTHTD 3a,Ia4i, MoXoKe Ha Te,
910 OLINU pas’obpAlbl B OCHOBHOM TPKCTE.

ATt TIPOREPKU  «YCBOGHHST TIPOHICHHOTO MATEDUANA», A BE[HER, JUIS
IPOBEPKH YPOBAA IOHHMAHNA Y IAIIHMHACH BEEICHHLIX HOHATHEH, TIQMYI6H-
HEIX VMW HABBIKOB DACCYKIEHHIl H onpefedeHHO# TeXHUKH DelIeHUs 3a-
JaY, B KHATY BKJIIOYEHE! BAPHAHTHI CAMOCTOATEIbHEX paboT. Kaxnasa n3
paboT paccuIMTaHa Ha OAMH YDPOK. [IpH 3TOM BCAKHI Pa3 Mbl HPEIJIATAEM
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paboTH ABYX ypoBHell ciaockBocTH. BapuanTtet 1 u 2 aBndmTed, ¢ Haweit
TOYKHA 3peHnsd, 6ojiee IPOCTLHIME, YeM BApHAHTH 3 U 4. I'mapa «PyvHKIRH»
comepkuT 12 Tem n 7 caMocTositensHlx pabot, rnare «TocneoraTennHo-
CTHY» — 7 TE€M H J CaMOCTON TENBHBIX pﬂﬁﬂ’l‘.

Ternepb ¢ TOM, KAK MOXHO HCIOJB30BATH 9TY KHHTY. TeMbl «QyRK-
> |1 <Tlocae oBaTeILHOCTHY U3VYaloTea B 9 Kiiacce, TOTOMY MBI M HA-
apand cc «Aarebpa B 9 xnacces. Beayenosno, peaimioBaTh HIIOKCHHYIO
B Heil lll)(ll'l)ﬂMMy MO HG 1CULEKD [Ipl‘l AOCTATGNIHOM KGJAHYEeCTEe 4acobs 1,
CKOJ}ee BCero, TOJBKO B CHENHANH3HPOBAHHBIX NIKONMAX. B NpHBeJeHHOM
ganee « TeMaTHIeCKOM IVIAHIPOBAHUH> MBI HE YIMTHIBAJIH H3COHKEHHE Ma-
TepHaJla M3 «YDOKOB OOHOM 3aJa4u», A Takke TeMbl «CpaBHeHue apnd-
METHYECKAX B TeOMETPHUYECKHX MpOoTrpeccuit». Bo3MOXKHO, YTO HEKOTOPHIE
TeMBbl CTOHT B IIOJIHOM oDbeMe H37]araTh y:Ke Ha (paKy.IbTATHBHLIX 3aHA-
TUAX, HAIDHMED, TAKYID BaXXHYIO JJIA [IOHAMAHHA MATEMATHKH TeMY, KaK
«MHoOKecTBa, 38JaHHbIE YPaBHeHHAMH H HepaBeHCTBaMH». Kpome Toro,
OMBIT MOKAZLIBACT, 9TO [OCJIC IICPBOrD 3HAKOMCTBA € IOCJICIOBATCALIO-
CTSIIMH B q Koaeoe K HHM O ITPUAXO/ATCH BO3BDANATECH YaKE B ]0 KJlaiee .
A pewienus 3a)a't, OCHOBAHHLE Hia ceoficneas Pynxuut, 1LOABHLICH CHOBA
B 10-11 knaccax npy B3Yy4YEHHH TPHIOHOMETPHYECKHX, NOKA3ATEIBHOH K
JorapadbMudecko dyHEKIM.

[nasHOe, 94TO HYKHO MOKA3BIBATL HA KadIOM YPOKE H K 3eMy Heod-
XOAUMO IPHYYaTh WKOJBOHKOB, — ITO TO, YTO pelerne JNo00# 3a1am
JOJDKHO OBITH OCHOBAHO HA PICCYMCOCHUU.

Koreuno, scAKoe NAaHMpPOBaHAE BECbMa YCJAOBHO. TDYAHO COCTABHTH
rpadpHK W3yUeHHA MATEPHATA, K OPUMEDPY, HA TIOAYTOANE H «HE OTCTAThHY
ot Hero. B npupenennol fanee TabauIe YKa3aHO HaMeHbIlee, IO HANIEMY
MHEHHIO, YHCJIO YacOB, KOTOPOE€ CHEAYET OTBECTH Ha W3yHUeHHE COOTBET-
CTBYIOWEA TeMBI.

0. A. Upanor — varemaTuro-mexasuuecknil phakynwrer CTIOIY

T. K). Usanosa — ['ybepHaTopckuil prsako-MaTeMaTndeckuit nurett N30
CapkT-Ilerepbypra

K. M. Crontos — JIuueil « Pusnxo-Texuudeckas WKoOMa» AKaTLeMUYECKOTo
YHHBEPCHATETA

dexabpn 2017 20dn, Conxm-Iemepbype
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I'mapa 1
O yHKIAN

CnoBo «(yHKIHMA» ECTPEYANOCh B paHee, OJHAKO OHO BCUErJa BHICTYIIANO
B CONMPOBMKIEHUH HEKOTOPOro IPHIAPATENBHONO. A UMEHHO, panee IOBO-
PHAJOCH O «THACHTION MYUKIHES, «KBaapaTHanol dynkuwns. Yto Takoe
s goofige, — 0B 9T0M K4K DA3 M DORAET petb B 910 LH4BE.

Brenenne: nuueitnas $pyHxnms,
KBAJApATUYHAS (DYHKOMA M IpocTo — (PYHKIMS

MgBI HauHEM HAIIE U3J0KEHHE ¢ TpeEX 3a.da'.

3amaua 1. B nocenxe HoBritt Pyuett xxusyT 30 NIKOABHIKOB, a B AepeBHE
Crapsrit Pyueit xupyT 10 mkoasHEKOB. PaccrosHee oT AepeBHH 0 MOCEI-
Ka COCTABNLET 3 KHUIOMeTpa. B KakoM MecTe cieayeT MOCTPOMTH LIKOJIY,
y10o6bl PACCTOAHNE, KOTOPOE CYMMAPHO NPOXOAAT BCE LIKOJIBHHKH IO JO-
pore H3 J0Ma B UIKOAY, HLIIO OB HAMMEHbIITHM?

fcno, 9TO KoY HAJO CTPOHTL TAE-TO Ha ZOPOTE MEXKAY NOCENKOM K
aepesrefl. O603HaYNM Yepe3 & PACCTOAHME OT MECTa PACTIOMOMKEHUS THKG-
nbl 1o nocenka Hoeoiit Pyueit, Toraa paccrosine oT 3T0T0 MeCTa 10 Lepes-
HM Crapsiit Pyueit papao 3 — z. B TakoM cilyyae IIKOJBHMKHA M3 MMOCETKA
cymMMmapHo opolayT 50r KHNOMETROB, & OIKOABHUKY W3 JepeBHH NpoHIyT
10{3 — &) rwroMerpos. Cnegosarenpro, obluee TpoliJeHEOE UMH PACCTOR-
Hue pasHo L(x) = 50x + 30 — 10z = 30 + 40z xnnomerpos. [losToMy, dem
MEHBITIE £, TEM MEHBINE CYMMADHD TIPOH IEHHOS NTKOTHBHUKAMH PACCTOAHNE,
AL, OHO Oyaer HauMeHblauMm upy 2 = (). Takum obpazoM, wkoay HAHO
CcTpouTs B nocesike Hosruitt Pyuefi.

3ameTHM, 4TO IIpH BeIBOAE (POPMYNE! AJA: NPOHAEHHOTO IKOIBHHKAME
PACCTOAHNA MbI MOAB3QBAMNCE TeM, YTO, ¢ TOUKN 3PEHAsA 3APAaBOrQ CMbIC-
Ja, WKOJIY HAIO CTPOUTh MEKAY OOCeNKOoM u aepesneli. Taxkmm obpasom,
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npennoaaraiock, 94to 0 £ x £ 3. Teneprs gasaiite mocTynum Gostee dop-
MATTBHO.

Paccemorpum uncnopyo opamyio. Ilvers nocenoxk Hoseifl Pyueti pacno-
Jaracrea B Todke /A — Touke ¢ nvaceBo# koopaunatoil. lepepna Crapuiit
Py‘-lﬂﬁ PACIHOMArAETCH B TOMKE B¢ K()(lp)LHHﬂ'[‘()]‘:I 3. l_[pe;],mmmxnm, HTO
IMKOAY MbL CTPOMM B To'ike M, KoOpAuHaTy KOTOpo# 0B03HAfMHM Yepes Z.
Ha pucynke Touka M nexur mexAay Todykamd A @ B, 0IHAKO B BEIYHCIE-
HUAX MBI 3TOTO NpPeJNo1araTs He OyaeM.

0 =z 3
TTockoabky B 0blneM ciy4ae AJIHHA oTpe3ka AM pabHa |x|, a gnuHA OT-
pe3ka BM pasnra 'z — 3|, 10

30 — 60x, ec; T < 0,
L{iz) =50|z| +10|x — 3| =< 402 + 30, ecru 0 € 7 < 3,
60x — 30, eecmu = 2 3.

I'padoukn Taknx wycorio-avnetinsr QyHRIAR M OVIEM CTDOWTE B JIATER-
nettiieM. Cefftac XKe 3aKOHIHM HAlIE HCCJEJoBaHMe CCIVIOUMM 3aMeda-
HuewM. IIpocToTa IpHBeIEHHOTO BBIINE peNleHNA OCHOBBIBANACE HA TOM, YTO
MBI CY3UAHR obaacms onpedeacHus paccMaTpiaBaemoit dyHKLMn,

Jagaua 2. PepMepy HYHHO NOCTABUTE 3aD0p BOKPYT macTOMILE, KOTOPoe
HaxoauTCcsa Ha Depery KaHata. [losTtomy oH 6vreT ¢cTaBETH 3TOT 3a60p IO
TPEM CTOPOHAM TIPAMOYTOJBHHKA {deTBepTolt croponoll sianaeTcs Geper).
KakoBL gomKin 6L0TL pa3sMepnl 3TOr0 NpaMOyroJdbIHKA, YTODL nacThHIe
HMEA0 KAK MOMKHO G0AbILY 0 WIOIWAL L, €CAH HMEKLIEIOCH Y HE'O MALepH-
aJja xBaTuT Ha 100 meTpos zabopa?

Obo3Ha9HM Yepes T LJIHHB CTOPOH IIPAMOYTOJIBHAKA, IEPIIeHIHK Y. 12D~
HbIX Gepery KaHada {PHCYHOK).

400 — 2x
T

Tlockonbky obiuas anuaa 3abopa pasua 400 MeTpaM, TO JJIMHEA TOPH3OH-
TANBHON CTOPOHBE paBHa 400 — 2x, cleoBaTe LHO, AMA nnomatn S(x)
nacténma nonyuaem dopmyay S(z) = {400 — 2z) = 400x — 2z%. 3ame-
THM, KCTATH, YTO 3HAYEHHE ¥ JIEXKHUT B mpoMexyTke (0; 200).
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CaenosarenbHO, 3812498 CBOJATCA K IIOHCKY HAanOONBIDETO 3HAYEHHS
KBagpaTuunolt ¢pyskuun ga naTepsaie (0: 200). B cuxy n3BecTHBIX CBOCTR

TaKOH (})YHKILHH THONYHAeM, IT0 e HarbOALINes AHAYeHre ADCTHTACTEH TIPDH
400

& = 50— = 100 Takum 0OPAI0M, CAe/IYET OTOPOAMTL TIPAMOY FOJIBHHAK Pad-
mepom 100 x 200 seTpoB. B pe3viasTaTe naomags orepoKeHHOro MacTonma
coctagut 20000 M2 (unu ABa rexTapa).

MMocneanas us mpegnaraeMbix 3a71a4 (B3ATas# ABTOPAMH W3 BADHAHTOB
onuMmaael «,loMoHOCOB-2016») HMMeeT coBceM apyrofi xapakTtep. B ee
PELUEHAH, KAK Bbl YBUIHTE, MOXKHO 33JaThb HyHKOHIO dopmMynoii, HO 31O
3aIAIIHC COBCCM HC ODICI4acT CAMO PCIICHIC.

Janaua 3. Ckydas Ha ypoKe MaTeMaTHKY, Maula NpHIyMasa Takywo Hr-
py. OHa HAaMMCANA MHOMOSHAYHOE YHCIO U MPOJIEIATA ¢ HAM CIAEAYICIIYIO
oLepaIMio: 0rBPOCUIR £ro HOCIEIHIO LA DY, AOMHOMXKIIY, NOJLY YUBIIEE I
YARJIO (a3, A 3ATeM HpUBABHIA K PCIVILTATY YABOCINYIO 0TOPOIICHILYIO
panee agpy. C nomyuHBImEMed THCAOM GHA TIDOJIETIANA TY XK€ CAMYTH)
OMepalu, IOTOM TPHMEHHJIA ee CHOBA M CHOBa. 3 mtore Mama ¢ yaus-
AeHHeM OOHADYXKHIIA, YTO OOCTe HECKOJIBKAX POBEICHHBIX €0 OI€ DALl
YHUCIO TEPECTANO U3MeRAThed. Haligure wneno, KOTOpoe B pe3yIbTaTE M0-
ayauna Mama,

Ilycrs & — Hanmucarnoe Mameill uyncino, ¢ — ero nmocneauas mugpa. To-
raa r = 10b+a, rae b M ecTh 9UCAO, TOAYYEHHOE U3 X TIOCNE OTOPACHIBAHHA
ero nocnegdedt uudpot. B pesyastare nponenakHoit onepanuyn Manra ro-
Jy9uT uncio y = 3b+ 2a. Bocmonb3syemes dyHKOUEH yeaas wacme Hucaa.
Kok 0BbrdBo, HENOR YaC¢ThI0 JAHHOLO YHGI2 £ HA3BBAETCA Haudoabines
HEJIOC HACHG, He npesocxousiee @, Heayw gacr, dsucaa @ Mo Gyaem obo-
3HATATD ().

N3 Toro, gro a aenserca nudgpoli, caeaver, 9ro 0 < < 1, nostoMy

10

M3 AHEHOTHR — = )+ — ] Hanee, ¢ =& — 100 =

1 10
Hi
=z—10 [ﬁ}‘ CIIEA0BATELHO,

Oy 1EEM, 11 b = [10

y—3b+2a—3[ ]+2a: 20[%] =2x—17[%].

ueno NepecTAeT H3MEITHTL.CH, €CTH Z} CTAHET PDABILIM . Takum 06[)3.'301\1 '

MBI TPUXOIUM K ypaBlciuio r = 17 10

A1t Toro 9TobBI €ro pemuTh, eCTeCTBEHHO NONMKUTD & = 10b+a, Ilon-
CTABUB 3TO PABEHCTBO B YPaBHEHME, MOJyIHM, 9To 106 + a = 17, oTkyaa
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a = Tb. Tlockonbky a ectk muhpa, To ¢ = 7 m b = 1, CneooBarensHoO, B
pe3yasTaTe cBoux AedcTeuit Mama moaywuma uuaeno 17.

"l'enepn O6pATHM BIIMMAINC HA TO, YTO PACCYXKIATL MOKIIO OLIIO TIpo-
Me, HE BoIBOH ABHONH hopMynibl, <Bbipaxatongit i uepes m». deficrsu-
TeubHO, eciH £ = 10b+ @, To pe3yLTaToM ONUCAHHON cliepalul sRIseTes
qucao ¥ = 3b + 2a, MO3TOMY PaBEHCTBO ¥ = I DABHOCHIIBHO PABEHCTBY
o — Tb, oTKyAa K clleayeT, 4Te noydeHHoe Mamel yucno — 370 17, TakuMm
00pa3oM, HEKAKOH «BBINOABI® OT BBHIBEIEHHON (POPMYJIBL MBIl HE HMEEM.

MEe1 BukouM ofpa3zoM He XO0THM VOeIHTH YHTATEId, YTO (POPMYNBI He
BaxkHE. CyTb B TOM, IT0 (hYHEIHIO MOXKHO ONPEIETATE ¥ 03 HCIIOAB30-
BaHUS ABHOI opMyIEl, BEIpakalomeil i Jyepes r.

KeraTn, AHTEPECHBII BOIPOC: & K&KOS YHCIO MO0 OBITh HIHAYAIBHO
Hamucano Mame#i? Eerm 36+ 2¢ = 1T u @ 370 1ugpa, TO BOZMOXKHEL
caenyrmnue sapraaTh: a = 1nb=5, e =4ub=3,a=7Twv b = 1. TToaTo-
my 51 02 17 u 3 5 17, A nncnio @ = 123 nopmxiaer HoCHeA0BATENbHOC T
THACET

123422162152 13— 99— 18§ = 19— 21 — 8 — 16,

H B 3T0T MOMEHET BAM CJ'IF!,H,_YET HPEKI‘)&TPITB H‘Iﬂﬂbﬂﬂﬁ'mﬂe 'Bh]'—lHCﬂEHﬁH: 110~
CKOJIBKY CJIEAYIOTHM 9HCaoM Oyaer 15, 3atem 13, u ganee HUKAKHX HOBBIX
qurceq MBI He TIOJIYYAM.

OVYHKOAN HCIIOIL3YIOTCH U OPH MATCMATHICCKOM OTACEHAU OKPYIKAK-
mel Hae peanbHOCTH. [[PpH 3TOM JDCTATOTHO 94CTO HMEIOTHASCA B HANECM
pacropskeHHd HHopManusd umeer rpadgutiecknil xapakrep. Mu npuse-
JeM OJIHH [IpHMep, JeMCHCTPHDYIOIIHIL, 9TO H B C.IYYANHOCTAX BCTbh CBOH
3aKOHOMEPHOCTH.

[Ipennonoxkum, uro Mul Opocau Mosery 100 pa3. EcrectBenno oxn-
JaTh, 4T0 <opes» (H, KOHeUHO, «pelllkas) BHOateT okono 50 pa3. [Ipeano-
JIOXKHM, YTO 3Ta OII€palld MOBTOPEHA HECKONBKO pa3. B ckonbkux ciydaax
«opens Beinan 50 pasz, 51 pa3, 49 pa3s: Mor au oH BRINACTL 70 pa3 w3 1007
Koneuno, peansno 6pocaTh MOHETY Ee CTOUT, BMeCTO 3TON0 MOXKHO NPOBe-
CTH KOMIOLIOTepHLI# akcniepuMerT. Kak BEI gyMaeTe, cKOABKO pa3 u3 20 000
cepuii, B K00 1 KOTOPRX MoHeTa Oblia moabpomena 100 pas, <opess
saman 50 paz n3 1007 OxassiBaetesi, 7To 310 qucno bnmako k 1600, npu
3TOM, QJHAKO. «0ped» MOr BhmacTb U 70 pa3 w3 100. Ha neeoMm pucyHke
Ha CIeAyIONeH CTPaHHIle TOYKH UMEIOT KoopausaTh (n; Ty,), rae T, — 310
YHCIO HCOBITANHE, B KOTODBIX <Opes» nodBniaca n pas u3 100,
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1500 = 1500
1000 Dot 1000
500? 500
S I S S N\
10 20 30 40 50 60 70 10 20 30 40 50 60 70

Kak BLI BHIUTE, 3TH TOUKU SBHO JEXAT HAa HEKOTOPOH KpHBOf O'leHL Xa-
pakTepnoii ¢opmel (Opaseiil pucyHOK). PoOpMy.Iy ANA 3TOH KPHBOH MBI
HMPHBOJNTE He OyleM, 9TO yiKe — COBCEM «BRICHIAS MATEMATHKA».

Tema 1. IlonaTue ¢pyHKEH. 3aganue PpyHKIHU Pop-
MmyJsoil. «Irenne» rpacguka

Ecmu Raxx oMy 4HCEny T M3 HEKOTOPOro YHCIOBOIC MHOXECTBa 1) CooT-
BETCTBYET YAC/Q Y, TO N'OBOPAT, 9TO 380aHa GYHKUUR ¢ 06AGCTIbI0 onpede-
acres D Yueso i HASLIBRCTCH JRAENCHUCAM rLlJ_L].'l}.‘ll'._)ll"'l (by]'l.KLl.Hld. NPM 38 (A~
HOM IHAYEHNW T ee apryMenTa. Kora Mbl TOBODPHIN 0 auxetitotl (iymxtiis,
TO HPABAJIO, TI0 KOTOPOMY MHMGIY I COOTBETCTBYeT *IMCIO ¥, 3a5ABAIOCH
dopmynolt y = kx + b. B cayvae xsadpamusroil (pyHrutu aHaIOTHIHAS
dbopmyna nveer Bua y = az? + bx + ¢ (31ech a # 0).

B 3agage 1 Beeaenus pacceMarpupanachk auHeifinas yHKUHA, 3Ha4Ge-
HHH KOTOPOH BeiMMCAsnceh uo gopmyue y = 40z + 30, upe aroM ap-
TYMEHTOM 3TOH (DYHKIHH SIBIAAOCk MPOMIROARHOE WHCIO T W3 OTPE3KA
[0; 3] arcaosoit npamodi. Takum 0bpaszoM, ITOT OTpe3ok seiaserTca obaa-
CTERIO ONpeneseHnd 1ol Gyakunn. Pysxkuas B 3agave 2 3agaBagack dbop-
myao#t y = 400z — 212, npu sToM ee 0BMACTLIO ONpEAENEHHS ABJIANCS
uaTepBa (0; 200) uncaoBoil mpsMoil.

st 1oro arobpl cen3b 3uareHds HQyHKUMKM CO SHANGHAEM €8 APy MEH-
Ta Oria Bonee sirROHE, AcnonbayeTes cbozHaverne ¥y = f(z). 3xeck gepes
Z 0003HAYEHO FHAYEHWE APTYMEHTA, Yepe3 ¢ — 3Hagenne QyHKI|A npu
3a,JAHHOM 3HAYEHNH APryMeHTa, a 6ykea f — 910 cBoero poga suma» ansd
mpaBAsia T — Y. B caydae, KOraa Dpasuio 3amaercs dopMynol, To fix)
eCcTb OPOCTO 6tupadicente. KoteuHo, B 3aaate 3 BpedeHnst MOSBHNIOCH BbIpa-

xenue f(z) = 2xr—17 [13'—0], OHAKO YYACTBYIOIUAS B HEM <Iapa KBaApPaT-

HBIX CKODOK» cama sBndeTcs o0o3HadeHHeM A9 (DYHKIHA Ueaad 4acmid
YUCAL ¢ TEKCTOBEIM ONIPEOEIEHNAEM.,



Tema 1. Ilonarue dryaruan. 3ananne dbyHKmuiH 15

3amaua 4. [yers f(z) =2 + 1.

1) Hattmure f(—3) m f(2).

2) Hatinure f(a) n f(b+1).

3) Peminre ypasuenne f(z) = f(2).
4) Pemrnre BepapercTBo f(2) < f(2).
5) Pemnre ypassenue f(2x) = 2f(z).

1) f(-3)=(-3)2+1=10mu f(2) = 5.

2) B onpeznenenmy GpyHKIANR BMECTO «BYKBB T» MOXKHO NOACTABIATE KO-
Gyio 6yksy n mo6oe BHIpaxkeHues, Tak uto f{a) = a®> +1u f(b+1) =
=(b+1)2+1=0>+2b+2

3} KoHeuHo, OHUM M3 DEmMEHUN ABNAeTCA = 2, BTOPOS pelleHue

x = —2. Bee s yyalmHecs YBHIAT, 9TO «DCIIATLS YPABICIMC TIC A0,
nockonsky f(r) = f(—&) opr mobom 7 C apyro#i ¢TopoHb, HeT HUYEro
CTPAIIHOrO B TOM, €CJIM OHH «HECTHO» HAIIMLIYT YpaBHeHHe 22 +1 =51
moayyar ¥ = 2.

4) 3aech yqaluecss MOCYT CA€JIATE CTAHIAPTHYIO OINOKY, €CJA He OOAY-
MaloT. Ecau «peniaTh YeCcTHO», TO ee MOKHO H30exkaTh. OTBET: OTPE30K
[—2;2].

5) Tax kak f(2r) = (2z)* +1 = dz? + 1, 2f(x) = 2{(z* +1) = 2z? + 2,
TO nmonydaeM ypabrenue 4z + 1 = 2z% + 2, orkysa 2x2 = 1, nosromy

1
r=4+—.
V2

3agaua 5. BuisicHuTe, sBIAIOTCA M UHCIA ¢ U b SHAYTEHHAMH JAHHOK
dyuakupn f(z).

Da=1,b=2, f(z) = 12,

2)a=1,b=86 f(z) =z +=;
3a=2,b6=3, f(x)=+v3- 2r x2.

1) Ypasneuue 2::_-'- 11 = 1 uMmeeT pemenue x = —2. [Ipecbpasys ypaBHe-
2e+1 )
HYE = 2, nujay4umM ypaBHeHHe | = —2 KoTopoe pelleHAil He HMeeT.

x—1
3HauuT, uncao a — | ABnsAeTca 3HavdeHHeM JaHHOR $YHKIHH, TOria Kak
ymeao b — 2 He ABIAETCH ee 3HAUEHUEM.

2) IlpeoGpasoBas ypaBHeHne T+= - 1, nosyummM ypasrenue 2 —x+4 — 0,
KoTopoce pemuermft ne aveer, Ecan r + % =6 107 —6x+4=0, OTKYAA

& = 3+ /5. BHaunT, wicio o = 1 He ABIAETCH IHAYCHHEM JAHHON (DyHK-
I[AM, TOTA4 KaK 4ucao b = 6 ABnAeTca ee 3HAMEHHEM.
3) IpeoSpazoBae ypasheHwe /3 — 22 — 22 = 2, NOAYYMM YPABHEHUE
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2242x+1=0,0orkyzaz = —1. BEem 3 — 2z — 22 = 3, To 2% + 2246 = 0,
dero He 6uBaeT. [TO3TOMY YHEI0 @ = 2 ABNACTCS IHAYCHHEM JAHHON DYHK-
TEH, TOT/IE KAK 9ueao b = 3 He SBAAETCS 8 3HATEHHEM.

Sagava 6. [Tycrs f(2x + 1) = x. a) Haligure f{1) u f(H).
6) 3agarite dopymynoli GyHKIHD, opeseTeRAy 0 Tpasiom ¥ = f{x).

a) IMoacrasus x = 0 8 pasenctso f(2x+1) = z, noay«um, uro f(1) = 0.
Tloacrasub B Hero ke T — 2, rmoayqum, uro f(5) = 2,

6) Janee MokHO oy aBymsi uyrsiMu (M, ecrecreento, oba nx uo-
KazaTh). [IoXoXKe, 9TO BhpaxkeAne A f(I) SRIAETCA JTUHEHHRIM, MyCTh

Jlz)=kzr+b Takkak f(1)=0u f(B) =2, 7ok +b=0udk +b=2

Chemorarentro, 4k = 2, otkyna k = 5 h = —%. Taxum obpazom,
fla) = % Camenaem nposepky. Ecan f(z) = T—;] , TO
fl2x+1) = %+2$ =z,

910 1 Tpebosanocs. QOAHAKO NpH JaHHOM CHocobe pelleHH:A OCTAeTCH OT-
KDPBITHIM BOIIPOC O eIMHCTBEHHOCTH HalaeHHOro A f(x) BhpaskeHHs.

IMoToMy Gynem paccy:iaTb uHave. Ilockoabky f{2z + 1) = z, To H

2

F(2a 4+ 1) = a. lMoaoxur ¢ = 2a + 1, monyanm, arn a4 = , OTKY/1a |

caedyer, 9o f(r) = = 2 !

Samaua 7. [lyers f(2) = 22 — 22. Pemmmre ypasnerna: a) f(r? —22) = 3,
6) f(z? —2x) = -1.

A BOT npH pemieHud 3TOM 3a1a4M sBHOE BhIpaxcenue jana f(x? — 2x)
HAXOANTH KaK Pa3 He HaIO.

a) Pemenmamn ypasrenns f(a) = 3 apaswrea ¢ = 3 u a = — 1, nosTo-
My, ecan F{z2—2z) = 3, To 2% — 25 = 3 nm 2% — 2z = —1. CneacsareabHo,
pelteHNaMH JaHHOTO YPaBHEHHs ABAAIOTCA YHcaa £ = —1;1; 3.

6) Ecm f{2? — 22) = —1, T0 22 — 22 = L, 3naunt, £ = 1 + /2.

Kak rosopunocs Bo Beegennn, dyHKUR MOryT 3agaBaThes rpacdbmae-
CKH.

Samaua B. [Iyctes f — »T0 33 aHHas Ha oTpeske [—4; 2] qyukrima, rpaduk
KOTOPO# #300paKeH Ha CIEIYVIOMEM PHCYHKE.
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1) Beraucnure 3uavenus f(0) u f(
2} Pemnre ypasaenne f(x) = f(0).
3) Pennre mepapencreo f(x) > —1.
4} HatiouTe BCe 3HaueHHA apTyMeHTa, IIPA KOTOPHIX 3HaveHHe sToi yHK-
I fBASIETCA HEOTPUIATEIbHBIM.

5) Haiimure BCe 3HAYEHUS, KOTOPBIe NPHHEHMAET JaHHas PpyHKuME.

6) Haiinnre Bce 3Ha9eHNA mapaMeTpa ¢, IPH KOTOPHIX ypasHeHKe f{xr) =@
HMEeT pemeHHs.

7} Hatingre Bee 3HA9eHHS HAPAMETPA ¢, OPH KOTOPHIX ypaBHeHue f{r) = a
HMCCT DOBLIO UBH, DCLUCHIMA.

8) Hanmmmmre hopmyny, 3a/R101YH0 3HATIEHAS JaHA0H (DYyHKIAA 0pyr - w3
otpeaka [—1;1].

9) Hanmunre dopMyay, 334810010 3HAYCHAS JaHHOK (DYHKIINA IPH T U3
orpedka [—4; —3].

[MpuBeaeM 0TEETH H NPOKOMMEHTHUPYEM NpeioKeHHbe 3aiaHud. [loa-
YepKHeM, YTO AJIA NOHCKA OTBETOB Ha [epPBbE CeMb H3 HHX bopMynbl He
HYKHBIL
1} Korewno, f(0) = 2, HO /118 BBIYKCJIEHMA BTOPOro 3HAYeHUA (hyHKIMM

3
HaJ0 HEMHOTO MOAYMAaTh. [I0CKONBKY ToYKa = ABNIETCA CepeMHON 0Tpe3-

2
Ka [1;2], To sHauenue mamHON DYHKLHHN IpU X = % ABNACTCHA CEpeIHHOMN
orpeska [2;3, cucgosalcanuo, f (g) = g .

2} Koneuno, pewenrem gasisercs oTpesok [—1;1].

3) Tloutn BCe TOukM Ipachuxa JaHHOH (DYHRUMH N€XAT BbiNle IPAMOR
y = —1, HCKIIIOUEHHEM SBIIdeTcs TOYKa ¢ KoopauBaTtaMp (—3; —1). Ilo-
3TOMY pelleHHeM fBRAeTCA ofbeJHACHHe NPOMEKYTKOB [—4; —3)U{-3; 2].
4} Hano maiitv Touky mepecetenus rpadbuka ¢ ochio abonpee. Paceyx taem
reoMeTpueckd: nyerb O — nekomas Toaka. Pacemorpum Touxn A(—3;0),
B(-3;-1), D(—-1;2) u E(—1;0). TTockonsky Tpeyraabanka ABC u CDE
SABASIOTCA TOACOHBIME ¢ kKoddpurpeaTom mogobna 2, To Touka C Je-
qut orpesok AE B ornowmwennn 1 : 2. 3paqut, abcumeca Toukn ¢ paBHa
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-3+ % = é Kpome roro, saadenne f{—4) = 0 TakxKe HECTPALATEILHO.

Tostomy oTBeT: % € {—4} U [—5 ;2] .

5) MuoxecTRO 3HATEHNN (DYHKITHA — 3TO MADYKECTRO BCEX ODJIMHAT TOYEK
ee rpacuka; B JaHHOM NpEMepe — 3To oTpe3ok [—1; 3].

6) 310 3amaKne MPUBELEHO AMA TOrO, YTOOBI YUallHecs OCOIAAIH, UTO Pe-
IaTh 3ZeCk HeWero; ypaBHeHue f(r) = o MMeeT pellleHHe, €ClM HUHCIO G
ABIAACTCH 3HaYeHneM manHo# dyHKOMM.

7) ¥paBHeHUe f(r} = 0 MMeeT JBa pellieHWd, €CIU FOPH3OHTANBHAA NP~
Mas y = a lnepecekaercs ¢ rpadukoM JaHHON (MYHKLUHU POBHO B ABYX
pasinyebx Todkax. [lo rpaduky sto Gyner semonkraTecs upa a € (—1;0]
(pUCYHOK).

............................

—4Ng ----Z----L---------l----.2

8) flz} =2mpu z € [-1;11. 9) f(x) = —4 —x npu x € [—4;-3].
CdopMynapyem aHATOTUYHBIE 3a,0aHHs A5 GyHKIHM, 330aHH0M (op-
MYJI0H.

Sanana 9. Paccmorpuy Ha orpeske [—4; 2] dyukumio, 3ajanayo dopmy-
aoh f(z) = x? — 2z.
1) Buuncnwre saagcuausa f(0) u f (%

2) Pemnre ypasuenue f(x) = f(0).

3) Hatliture Bce 3HAUSHAS APTYMEHTA, [IPH KOTOPBIX 3HAYEHHE 3TOM (DYHK~
LMK ABNAAETCA HEOTPHUATETLHBIM.

4} Peninre nepapencteo f(z) > —1.

5) Halinume Bee 3HANCHHS, KOTODPHIE NMPHHHMART JiarAas (DyHKIHSL.

6) Hattuwre see 3HaueHun napamMerpa ¢, upy koropuix ypaedenve f(r) =
HMEET pPelIeHHs.

7} Hattaure Bce 3HaueHUA napaMeTpa g, OPY KOTOPLIX ypakHeHue f(x) = a
HMEET POBHO JBA PELUEHH.

[lepBrie yeTHIpe 33JaHEA PEILNTD JIETKO, IOCKOJIBKY HaM H3BeCTHA $op-

Myiaa aas aaHHOfA yrkmun. 1) f(0) =0m f (g) = % —3= —% .

2) f(z) = F{0), ecmm x* - 2z = 0, orkyza x = 0;2.
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322 —2r ==x2(z—2) 2 0npu z € [-4;0] U {2} (mamommmm, 9TO 1O

VCIIOBRIO oﬁnacn.lo onpeeIeHns (HPYHKIHH SIBAASTCA OTPe3oK [—4;2]).

4} 22z > —1, ecam (z—1)? > 0, 90 umeeT wecto npm = € [—4; 1)U(1; 2).
A Temepb caMoe ppeMs B3IVISHYTL Ha rpaduk hanpoft dyHxoum (pn-

CYHOK).

24

18

-4

5) MHox&ecTBO 3HaYeHHN — oTpe3oK [—1;24].
6) Ypasmenue f(xr) = a uMeeT pemnenye opu a £ [—1;24].
7) ¥YpaBrenue f(x) = a HMeeT POBHO IBa pemteHus npu a € (—1;0].

3aga9n Oaa goMalnHuX 3agaHnii mo reme 1

1. HseecTHO, 9To pemenneM ypapHenusa f(x) = 2014 apIdeTCA MEOXECTEO
wyucen —1,0, 1, 4. Penmre ypasaenns: 1) f(2z+1) — 2014; 2) f(x?) — 2014;

.i)f(l) 2014; 4) f(JT) = 014.

2. H3BectHo, uTo pelllenneM HepapeHerrs f{x) < 2014 spngercs obvenu-
nciie npoMeyTkoB |—2; 0] u (4; —oo). Pemmmte nepascncrsa:

1) f(2z+1) < 2014; 2) F(2?) < 2014; 3) f(%) 2014; 4) (/) < 2014.

3. PyrkumMa f 3a7aHa paReHCTBAMA

2r+1mpux <1,
f(m) = 2
2 —a° upu x> 1.
Hadtaere: a) F(0); 6) F(3). B) Samafite dopmyadamu dynrnuio glz) =
J(2x +1).
4. ITycte f — 970 3a0aHHas Ha oTpe3ke [—2; 5] dyrEKUMA, rpadux KoTOPOR
H300paXkeH Ha CIACAYIOMEM PHCYIIKE,
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1) Bermcimre suanenun f{0) u f(1).

2) Pemnre ypasnenue f(z) = f(0).

3) Pemnre mepaeencteo f(x) < L.

4) Haliznre Bee 35a96¢HUS, KOTOPLIE NIPHEAMAECT JaHHAH DyHKUMA.

5) Hattnute Bee 3HAUeHMd NapaMeTpa a, OPU KOTOPHIX ypasHeHue f(x) = a
HMeeT pelleHHs.

6} HatiiaTe Bce 3HAUEHUA NapAMETPA ¢, OPH KOTOPHIX ypaBHeHue f(z) =a
HMEET POBHO JBA DeLIeHUL.

7} Hanumure dbopmMyity, nagaomyio 3uadcimg Aol OynKIHa Opy = 13
orpeska [(52.

8) Hannumre dhopmyny, 3aia101y10 3Hasedus JadHol dyakumn upu o u3
orpeska [2;3 .

5. Ipeanonoxum, yre dyrkums sazana dopmyaoh f(x) — x? +x + 1.
3anasite dopmynoll GHYHKLHIO, OOPEIEICEHYIO TPABKION:
Dy=Ffx)+22)y=Ffz—-2);3) y=2f(x); 4) y = f(2x}.

6. Pemnre ypabucouc f(z) = 0, cenu mweBecrno, 910 {3z + 2) =z 1.

7. Hanu dbynkmun f(x) = 22 — 2z u g(x) = 2.

1} Pemnre ypasuenus f(z) = f(3) u g(x) = g(3).

2) Haftyure suadcuuns a, upu koropux ypasucune [(z) = f{a) umeer oguo
penieHne.

3} HafiauTe 3HatsieHUs ¢, IpHU KOTOPHIX ypabHeHue g{x) = g(a) umeeT onHo
peLieHHE,

4) Peninte ypassenus f(z —1) = f(x) + f(1) 1 gz + 1) = g(z) + ¢(1).
5) Hatiaure 3nauennda a, mpu KoTopbIx ypasuenue f(x +a) = f(x) + fla)
UMeeT 5oJiee DJHOTO PeIieHHs.

6) okaxKuTe, UTO MHOMECTBO DelleHHit ypaBHeHRA g(z + a) = g(z) +
g(@) 1ec 3aBHCHT OT 3NAYCIHS [[ADAMCTDA @, H [IPHBCIUTC FCOMCTPHUCCKYIO
HHTEPITPLTALNID ITOTO (PAKTA.

8. a) Jokaamre, 110 ana mobol maaefinon dyakipn f copaseamBo pa-
seHcTBo f(z — 1) + flx + 1) = 2f(x). 6) BuscHrTe, CylIeCTBYET Ji KBal-
paTU9IHas DYHKIMA, AN KOTOPOHN CIpaBe]IMBC AHAJIOIMYHOS PABEHCTERO.
8) [lyers f(z) = az? + bz + ¢. Joxaxwmre, 9o ecam a > 0, To A7 Jio-
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OBIX PARNUHHBIX YHCET £1 ¥ T3 CTPABE/TMBO HEPAREHCTRO 2 f (..":1-5_3:2) <
< flz) + f(z2).
7’ 42

9. Ilycte f(x) = x“*’ T3 Briacaure, umeiorca sau y gasHol $yHKOUK

3HaYeHHs: a) 6Gasmue 1; 6) H6abmne % . B) Ha#iauTe Bee 3sHAMeHUA JAHHOM
byHKITHH.

10. 3agatite hopmynol DYHKIMIO, COTOCTABIAOLLYIO KAXKIOMY HATY PAIb-
HOMY MHCAY €ro OCTATOK NPHU JEJCHVH Ha 7.

11. a) U3 Tpexsmadiore 9ucia e cyMmy cro updgp. JokaxkaTe, 4to
MOAYEHHAS PAsHOCTh jeanres Ha 9. 0) W3 TpexaHasHoro 9ucia Bhisum
MMCI0, 3AHAGAHHOE TeMM 2Ke nudipamu, HO B 0dparsoM nopsake. JTokarxu-
Te, YTO NWIYYeHHaA PasHOCTh JeJuTed Ha 99,

12, a) Jdokaxure, uto [#]+ [y] € [r+y] npu 1106bIx 1eHCTBATENLHBIX HHC-
Jax & a y. 6) [IpuBenure Tak:Ke NpuMepsl THUCEN, A1 KOTOPHIX YKa33HHOS
HEPABEHCTBO OKA3BIBAETCA CTPOCHM.

Peinennsa goMaluHUX 3agad 0o Teme 1

1. 1) Tlo ycaoBuio f(2xr + 1} = 2014 Torza M TOMBKO TOrAa, KOIAA
APTYMEHT JAaHHOH d)VH}(U,HH T. €. 9uchno 2r + 1, pasen —1, 0, 1 um 4

IMostomy z = —1;— 0—0TB€TH2).’I!—0:|:1:|:23)$=:|:1
4) = = 0;1;16.
2. 1) Hepavscucrso sepuo, cean —1 € 22+ 1 € 0 wan xe 2z + 1 > 4.

HOF)TDM}V PENICHASM JITARHOT0O HEPDABCHCTRA ARMTACTCH Oﬁ"HBJIJTHE!HHE TTPOME-

YKYTKOB [—g ; —%] " (% ;+cx:-). Oteerui: 2) (—oo; -2} U {0} U (2; +x).

3) (—oo; —%] U (o%) 4) {0} U (16: +00).

3. a) Tak kak 0 < 1, To npu suumcaernn f(0) creayer HCnonbL3OBATH
nepsyio u3 ¢opmyn, a moroMy f(0) — 1. 6) IMockorexy 3 > 1, To f(3) —
2-3-32= -3,

B) Ilepeyic dopmyny MH npumeHseM, ecnx 22 + 1 € 1, T e. z € 0,
BTOPYIO, COOTBETCTBEHHO, IpH & > (. B pesynrrtare moayumm, uto

(z) = 22z + 1)+ 1 npu z € 0, _ J4z+3mpuax <0,
aE= 2(2z + 1) — (22 + 1)? npa z > 0, )1 - 422 apu 2 > 0.
4. Ananorayian 3a0a9a paccMaTpHBAlAch b 3Tolf Teve. [IpuBcacy oT-
1 2 8B
sern. 1) f(0) = 2 1 f(1) = 3. 2) {0} J [3-5] 3) [-2: —1) (g;§ )
4) —1;2]. 5) [-1;2]. 6) (~1;0). 7) f(=) =2 - 5. 8) f(z) =
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5. Cmbicha sTol 3808490 JospKeH ObTh Aced. B coyuae korga dbyHkous
3aJaeTea OPMYNO, IPH BHIYHCICHAH ee 3HAYCHU HA0 NOHHMATE «9TO
Ky/1a TOICTARAT Thy.

Dy=f@)+2=u2? 4z +14+2=a*+2+3;
Dy=flz+2)=(x+22+(z+2)+1=22+5z+T;
Ny=2f(x)=2(22+x~1)=22% + 22 + 2;

4 y=Ff2x)=(2x)2 + 2z +1 =4z + 2z + 1.

6. CobcTBeHHO TOBODH, 3TO — 3aJa4a-~<IIYTKA», Beb KTO-TO H3 y4a-
IMUXCA MOKeT HamucaTh: «KoHeuHo, ¥ = 1l». 11 oH Gymer mouTtu mpas,
IIOCKOJIBKY, NOACTABKMB £ = 1 B ¢dopMyny, OUpeIeNsonyo JaHHEYI0 DYyHK-
o, Vol moavaeM f(5) = 0, Tax 4TO OTBET: & = 3.

7. Harmad 3ajja4a ecTh YOPAKIICHHAE, JEMOICTRPHPVIONICE PASITHILY MCK-
JIy THAEHHON W KBaapaTagnoll yHKITASMA-

1) AcHo, uto £ = 3 ABAAETCA pelnenviem 000UX ypabReHUit. Dyayuu mnHed-
HbIM, BTOPOE ypaBHeHHe IPYruX pelleHu#t He umeeT. OAHAKO, HapHMepD,
B cHiy Teopemsl Buera ypasrerme f(x) = f(3) mMeer cRoMM pemieHneM
Talcke i T = —1.

2} B cuny Teopembl Buera eImHCTBEHHBIM pelUEHHEM VDaBHEHUS BHAA
&2 — 20 4 ¢ = 0 mBaserca « = 1. Tlostomy orser: o = 1.

3) VYparuenne 21 = 20 WMmeeT e, MHCTREHHUE PEITEHWe NpY JIOGOM 3HA9e-
HHHA 4.

4) Ypasmenne {x + 1)% — 2{z + 1) = 2? — 2z — 1 uMeeT cBOMM penleHHeM
x = 0. Papenctro 2(x + 1) = 2z + 2 copaBeLInBO NPH BCEX L.

5) flcHo, uTo ecim1 @ = 0, To papescTBO f(x +a) = f(r)— f{a) cnpaBeann-
BO Tpu Beex z. JIpyrux 3sHaueHuit HET, TaK KaK 3TO PaBEHCTBO OPOCTHIMH
npeobpasoBanUsME NIPRBOAHTCH K BUay 2azx = (.

6) Hewo, 9ro 2(z + a) = 2z + 2a BoobIne NpH Beex ¢ U z. l'eoMerpudeckas
HHTEDTPETAIAS 3TOrO (PAKTA — HA PHCYHKE.

A

21

2a
ma
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8, a) Ecmi f{z) =ax + b, 10
fa-D+fz+l)=alz-1)+b+alr+1)+b=2ax+2b=2f(x).
8) Ecnu f(x) = ax? + bz + ¢, TO
fle-D+flz+) =alz -1 +bc— D4 ct+alz+ 1) +bz+ V4=
=2(ax’ ! bz | ¢) | 20 =2f(z) | 2a,

nostomy, cemi @ = 0, o f(z 1)+ flz 4 1) # 2f{x).
IIpn pasGope sTo# 3aga9n ByeT OUeHR NOMEIHO 0BPATHTE BHAMAHHWE
HAa l'eoblﬂ'l'pﬂ‘lﬂﬂl‘(}‘lﬁ CMBICJ AAHBOUG PABEHCTBA.

)

b
T
a

'

o

a T b

Tlonosxuy anst KpaTkocTH ¢ = £ — 1 u b = x + 1. fcro, yTo ToOuka 2
YUCIOBOH OCH eCTh CepeauHa OTpe3Ka ¢ KOHUAaMu B Toukax a # b. C dop-
MATBIION TOYKH 3peiind, 3TO TAKXKC CIACAYCT U3 papenctsa 2z = a | b,
H| T = u—;—b Harnoe yenosue f(a) — f(b) = 2f(x) o3manaer, ur0o TOI-
Ka f(x} — ccpcauna oTpeaka ¢ komnuamu B Toukax f(a) u f(b). Teocpn
PACCMOTPMM TO'IKM ILIOCKOCTH € KOOpAMHaTaMu A (u; f (u.:l), M (.I‘, f(.])) M
B(b; f(b)). To qoxasarnomy A sIBASIETCH cepeIHHOH OTPE3KA ¢ KOHIAMK
B Toukax A u B. 3To 3naunT, uTo Touka rpacdika ¢ abeuuccolt o ABAd-
CTCA CCPCAHMNON OTPE3KA € KONOAMHM B TOYKax rpaduka ¢ abcuuccaMu a |
h. Takum cBolicTROM, KOHE'THO, 001a1210T NpsiMble — rpadVKa THHeNHRX
diyukumii n He odaa AT napadboabl — rpadmky KkBaapaTH IHbIX QYHKIMA.
B) Umeem

2
Qf(:m-;:w) = 9g (I] ;—xz) +2b¥+26=

2 2 P 2 2
= %+amlm+a2ﬁ+bm1+bmz+20 < %1—+%m2-

= aa:f + bry +c+ax§ + bxo + ¢ = flx1) + flxq).

2
+%+b¢1+fmg+2c =

Mmeer cMBICT MOKa3aTh W APYLOe pellleHne SToH 3aa4d, OCHOBAH-
HOe Ha Hiee «CHMMmerpmsanum». llo aHanormu ¢ myHKTOM (6) mosmoxuM
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=——pyd= =2 Tormaz; = 2o +d v 22 = zp — d. [TosTomy

o =73 3

fla) + flaz) = alzg +d)2+b(:1:g+d)+c+a(:rg —d)2+b(:.-:g—d)+c=

— 2(az} +bzo +¢) + 20d* > 2(az] +bao+ ) = 2f(z0) = 2f (24 2).

9. a) IlockoabKY QHCIHTENL H 3HAMEHATENb JAHHOW JApobH MOI0KU-
TEIALIIN, MPHACM THCINTEIL MOTIILIC 30aMeraTend, o f{x) < 1 npu Beex
. Cheposarenso, y JaHH0R QyHkumMu Her 3aareHuit, Ooubmnx 1.

2
z° 4+ 2 2
=13 > 3 HNzbBaguemnes oT 3HaMeHa-
Testelt, moayyuM HepaseHcTso 32246 > 222 +6, nam 22 > 0, koTopoe BepHO

6) Bynem pemarTs HePABEHCTBO

2
npe Beex r # 0. 3HauuT, f(0) = 3+ TIPU 3TOM BCE OCTIBHbIE 3HATGEHHHA

2
JanHol gyuakmm Gomsine 3
B) OTBeT: MHOKECTBOM 3Ha9eHHE AaHHON (OYHKLAH ABIASTCA POME-

2
SKYTOK [3 ; 1). Crowr pazobpars ABa Pa3HBIX HOAXOME K PEILEHRI, OJHH
M3 KOTOPBIX OCHOBaH Ha <¢Jorafkes. PopMyny n,1a DyHKIIHE eCTeCTBEHHO

npeobpazosars K Bugy f(x) = 1 — Tax xak r° + 3 MoxeT GBITH

2+ 3

NPOUBBOJIBHLIM YHCIOM A3 IPOMEXYTKa [3; +00), To — IPOU3BOIb-

) 2+ 3

HOE U0 M3 DPOMEXKY'TKA [0; 5], a noromy f(x) momer Obrh pABHBIM
- 2

MOBOMY YHCAY U3 IIPOMEXYTKA [3 ; 1).

Bropo#t nonxon, bonee thopvanern. Mur Moskes HallTH BeE 3HAYEHNS Q,
2
+ 2

T
MpPH KOTODKX HMeeT peneHie yparuenne f(x) = @, win 3 = M
: b
2 3a—12 30— 2
£° = J—_, KOTOPOC WMCCT pemienne, cerm —- 22 0. Pemrennem nony-
2
YEHHOTO HEDABEHCTBA M SIBJACTCA NPOMEIKYTOK [5 i1).

10. Ho oTBeTa JIErko «NpocTo JOTaJaTheas. UTOOH ONYHATH OCTATOK

n
OT JCJAcBRA JIAIINOrG IAc.1a 1 Ha 7, ITY>KHG BEIHCCTL 7 A3 3TOTO TUCLTR [‘f]

Tl
pa3. A moTOMy OCTaTOK 3amaercs (PopMyaoll r = n — 7[?}.
IIpuBenev Takxe opMalbioe penliedne. Yueno r ecTs OCTATOK OT Jg-
Jermg noa 7, ecnan = Td+r, coer =0, 1,..., 6 uaneao d — menoe. Toraa
T

T ; 7
7= i+ 7 Iockonbky 0 < 7 < 1, 1o d u ecTh HANDOABILIEE LENOE TUCII0,

HE [IPEBOCXOIALLIEE THCIA ;, T e d= [g] [ostomy r = n—"7d = n.—"([%].

11. CofcTBeHHO TOBOPA, K JAHHOM TeMe 3Ta 3a7a4a OTHOINEHWS He
umveeT. CMBICH €¢ — B IEpexode 0T C/IOBECHOrO ONHUCAHUA K anrebpamde-
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ckomy. Ilyete = = abc — IAHHOE "MCJIO, COOTBETCTBEHEO, G, b i ¢ — 3T0
ero nuohpel. lToraa r = 100a + 106+ c.

a) Tax Kak noayveHAas passocts pasHa 100a—10b+c— (a4 b+ ¢) =
= 99a + 96 = 9(11a + b), 1o ona gemures va 9.

6) TlomygenHas pasHocTs pabHa 100a + 106 + ¢ — 100c — 10b — a =
= 99{a — ¢), CcllenoBaTEAbEC, OHa ASIHTCT Ha 99.

12. a) Tak kak [7] € zu [y] € y, 10 [z + [y] € = + y. [Noaromy
[x] 4+ [y] ecrb uenoe aueio, ne upesocxousunee cymmpl & + . [ockonbky
N0 ONpeNeeHHEC TIeNas 9acTh [T + i ecTs Hambofibines meaoe YUCHO, HE
npesocxogamee x + y, o [2] + [y] < [z + y].

6) Hanpumep, ectm z = 1,5, a y = 2,5, 1o [z] = 1, y| = 2, a noTomy
[x] + [y] =3, Torna Kak [z +y| = [4] = 4.

CamocrosiTenvHasn pabora 1

Bapnanr 1

1. Ha pueynxe npcpcranicen rpadbuk Kycodno-antciiolt gynkuna f, 3a-
JUHHOR Ha orpeske [—3;3].

1) Haitnpre Bee saaqenms 310l hynkuny npu £ 2 0. 2) Pemwure ypasncnne
f{z) = 1. 3) Penmre gepasencrso f{x) € 0. 4) Ipu x € [1; 3] zagafite sry
GysKIHO GOpMYAoH.

2. Javny Kaxaoro u3 pebep NPAMOYIOJILHOIO IapaJiiieelnnesa yBean-
yin B 3 pa3a. BeiAcHuTe, KAK B PESYILTATE HIMEHIWICA €T0 00BeM.

3. Ilyers flz) = m:'“ L a) Jdokaxxure, uro f (i—) = fx).

6) Pemnre ypasuenne f (%) — f(z).

4. lycts f{x) = z°® — 4. Pemnre ypaBrenne:
a) flz+1) = f(z) +1; 6) f(8z — %) = —4.
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Bapnanr 2

1. Ha pucysxe npejictarien rpadik Kycourno-JAredHol dyukimm [, 3a-
JAHHOM Ha oTpeske [—5; 5]

1) HaiiauTe Bee 3HaYSHUSA, KOTOPbIE MPUHAMAET 9Ta (PVHKHHA Opu T > 0.
2} Pemnte ypasuenue f(z) = —2. 3} Pewnre nHepasencrso f(z) 2 0.

4) Tlpu « € [2;5) sagaitre oty dymxuuo Gopuynoi.

2. [Jdnmny xaxkaoro 3 pedep NMpAMOYTONBHOIO OAPAINENENUNena YMeHb-
IMWIA B 2 pa3a. BrisgcHATe, Kak B Pe3y/IbTATE H3IMEHHACH ero 00beM.

3. Tlyers f{x) = z . 1) doxarxcure, aro f( ) —f{x).
6) Pemnte ypasnenue f ( ) f(z).

4. ycts f(z) — x? — 6x. Pemmre ypaprenne:

a) flz—1)— f(x) - 1;6) f(dz — 2?) — —

Bapmunant 3

1. Adnuny Kaxmoro U3 pedep NPAMOYTOIBHOIO Iapasfiellenule]a YBelId-
yunn B 3 pasa. BolacHNTE, KAK B Pe3ysbTATE H3IMEHHNACH ILIOMEAb €ro
1IOJIIOH LOBCPXUOCId.

2. Mlycty f(&) — 4 —x° npr x € [-1;4].

1} Pemnre ypabuenne f(x) = f(1).

2) Hatizmre BCce z, npn xotopeix f{z) <0

3) Halinure BCe 3Ha9eHUs, KOTOPBle NIPHEHMAET JaHHas PyHKIHS.

4) Hatiante Bee a, npu KOoTOpBIx ypaBHeHHe f(T) = a HMeeT €QUECTBEHHOE
PCLICHMC,

3. Ilycts flx) — $2+1
a}) Jdokaxure, 110 f (—) = f(x). 6) Pewuure ypasHenne 4f (:%) =
4, llycre f{2x — 3) = z. a) Hattomre f(1). 6} Hatimare f{x).

_1
HEN
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Bapnanr 4

1. JdnvHy Kaxka0ro u3 pedep NpSMOYTOJIBHOIO OAPATENeNUIeNs YMeHb-
wua B 2 pasa. BriacHure, Kak B Pe3yibTaTe M3MEHHIACH IVIOWIAAb €ro
TIOJHOU [OBEPXHOCTH.
2. lyets f{z) = 2 — 9 mpu x € [-4;2).
1) Pemire ypanaeoue f(z) = f(2).
2} Hatiure Bee @, npa kotopeix f{x) 2 0.
3) Haligure Bee 3HAY€HUS, KOTODBIE IPUHUMART JaHHAs QyHKIMA.
4) HafianTe Bee @, Ipn KOTOPBIX ypapHeHEe f(I) = a HMEET €MECTBEHHOE
peleHwe.

o
3. lycto f(x) = i
a) Howraxwnre, 710 f (%) = —f(x).
6) Pemnte ypabuenue ﬁ - f (%) =2,
4. IIycts f(3z 4+ 2) = x. a) Hattaute f(8). 6) Hatoute f(z).

HdonogHuTensHble YOIPaKACHUA N0 TeMe 1

1.1. Haiimure f(1) u f(z), ecam: 1) fz+1})=2-1;2) f(z})+1=2-1;
3) f2x)=z-1;4) 2f(zx) =215 5) f(2x —3) =z 1; 6) f(a?) = 2% 1;

7)f(%):3z—5npnx9&0;8)f 2_;)::rnpux7é3.

r - xr— T

1.2.Ilyers f(x) = —5— n g(z) = —5— . Hattnure f(1+2)+9(1-2).
1.3. Pemure ypaenenue f(r + 1) = f(1 — x), ecau:
a) f2)=2r-3:6) flx)=2?+5z—1;8) f(z) =2°—-22+ 1

1.4. Jaa xaoxgok w3 yskumit: a) f(r) = 2o — 1 opu ¢ € [-1;3];
6) fl)=2c+1-z?npuz c[0:3]:8) flz) =22 —z+2mpuz € [-1;3):
1) pecmare ypasnerue f{x) = 2;

2) HAHAHMIE BCE 3HAMEHUN JAHHON QiyHKUMMY;

3) HafizpnTe BCE SHadeHHs a, NP KOTOPbIX ypabHeHHe f(I) = & mMeer
€AHHCTBEHHOE PELICHHE;

4} HaliuTe BCe 3HAYEHMS 1, IIPU KOTOpLIX ypasHenme f(z) = f(a) nmeer
€AHHCTBEHHOE pelleHute.

1.5. [IpuseauTe npEMEpPH HENOCTOAHEBIX (DYHKIAHN, 115 KOTOPHIX [IPH
BCEX 3HAYEHHAX T W3 0DJIACTH MX ONpelieleHHA CIPABETABH COOTHOIIe-
ans: 1) £(22) = 2(2); 2) f(2?) = (F(2))* 3) flw+ 1) = f(1 -z
1) fa+1) = —f(1 -2} 5) f(@) = f(~2); 6) f(z) = —F(~)

1.6. Mycre f(x) = 2 — x + 7. HaitaaTe 3HaueHMe ¢, MPH KOTOPOM

fley = fle—2).
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2

1.7. Ilycrs f(x) = i ; iy
1} Peninte nepaeencteo fx) < f(1).
2) Pemnte ypasuenue f(6x — 9x2) = 2.
3) IlaiiguTe Bce 3HAYMEHMA @, OPU KOTOPHIX ypaBHeHHe f(r} = & nMeer
pelleHHe.
4) Haitgure Bee spadcHud @, TpE KOTopbiX ypasucnue f(z) = f{a) uMeer
€/IHHTREHRAOE DOGIINCHUE.

Tema 2. Mouoronusie ¢byHKUMHA

AN MOTHBUPOBKH BaXKHOCQ TIOHATHA TTOCMOTPHM Ha rpaduxe (HyHaK-
mutt a3 3aga3 1 1 2 (Ha cTpautax 10 n 11). Koneuno, Ans TOro 4Todbl
5TH rpadrKi MOXKHO OBUIO HADHCOBATL He JHCTE ByMaru, creiyeT Bbi-
()!_)H..’I‘h PA3ZHRIE Mﬂ(![]["l'&‘]ﬁ]ﬂ HiL (STX Hﬁ[:[LHlf‘_f H OMJTHHAT. EATJTH TOYHKR ¢ KO-
opiuHaramu (i; b)) nexur va rpaduke HekKoropofi PyHKUMH, TO YMepo b
€CTh 3HadeHue 5ToH yHKINA PH 3HAYEeHHH apTYMEHTA, PARPHOM HHCIY 4.
Ana byskumrn n3 3ama4u 1, rpad¥k KOTOPoll M30DparkeH Ha JNIEBOM pH-
CYHKe, HOIbLIEMY 3HAYEHAK APCyMEHTa COOTBETCTBYET onbiiee 3HAYEHUE
GYHKINA.

140: 20000
120}
100} 15000
80:
60 10000
40: 5000
20;

0.0 05 1.0 1.5 20 2.5 3.0 0 S50 100 150 200

AlelicTBUTENbHO, IPU ABHMKEHUH IO 3TOMY IpadHKy CleBa HAIIPABO ODAH-
HATA TOUKH HNOCTOAHHO pacteT. ['paduk dbyukums us 3amaum 2 (mpassiit
PHCYIIOK ) TAKUM cBoteTBOM 1ie ob1agacT. I1py Apwkeun no 3toMy rpadn-
KY OT HATAAA KOODPJMHAAT JTO €70 TOTKK ¢ aberecol, pasroi 100, opyirHaTa
pacTerT, a nocie — yOhIBaeT.

B cBsi3u ¢ aTUM BBEAEM cienyromee onpefenenue. [opopar, uto dynk-
ISt f GOITRLCTIACTIL HE MHLHCECTIGE D, e40.TH ﬁl)ﬂh[]TBM)’ JHATEHHHK) &8 apTYy-
MEHTA M3 3TOTC MHOMKECTBA, COOTBETCTBYET Boubillee 3HAYIEHHE ITOH (yHK-
nun. dpyruMu cnosamu, (PyHKIHSA BO3pacTaeT H4, DD, ecnw u3 Toro, 4ro
T1 < X2,THE X1,%2 € D, crenyer, uto f(z1) < f(zz). Avanornusmm obpa-
30M, roBopAT, 4To dyHKoua y = f(x) ybweaem na muoncecmee D, ecrm
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GospmmeMy 3HAYCHUIO €€ APTYMEHTA W3 3TONC MHOXECTBA COOTBETCTBYET
MeHEbIlee 3HAaYeHne 3ToH (PYyHKIIHN.

Ecnv w3 toro, aro xy < g, eneyet, 4o f(z1) € f{x2), o dyHknus
HEZBIBACTTEH HECTROrO B(]apﬂﬂ'l'ﬂ..mllleﬁ1 a eClid W3 Toro, o iy < g, cle-
ayet, ato f(z1} 2 f(z2), To QyHKIMA Ha3BIBAETCH HECTPOTO YObIBAIOMIEH.

BospacTalomue, 8 ToM 4#cle H HecTPoro, uan y6uisaloume (pyHKUHK
Ha3BIBAIOTCA MOMOTMOHHDMU, 300DIe-TO roBopsA, 3ZeCh HET YCTOSBIHE!-
cst tepMuHonorau. UHorga HecTporo Bozpacralomue (GYHKIHAH HA3BIBAIOT
HPOCTO BO3PACTAIOLMMHA H BBOAAT TEPMHH <«CTPOLO BO3PACTAIOLIKES s
GYHKITHI, ABISIOMIXCA BO3PACTAIONIAMH BO BBEJEHHOM HAMH CMBICTE.

Chagnyiomee csoficTBo TaHelivolt YHKIIAH XOPOIG H3BECTHO, HO 8-
BAKTC BCC 3KE Cro cOPMYIUPYCM TIa HOBOM AZLIKE.

Teopema 2.1. JInnettnag dynxupa f(x) = ax + b ApndeTCs MOHOTOH-
noi 11a. Beeft vucnonodt opavod. ITpu stowm, ceam a > O, To ata PyIKOHA
STRITSIETCH BOBPACTARANEH, . ecom a < ) — yORiBamn @it

Aeticreurensio, ccm a > 00 2) < #p, 10 f{r)) =arytb<azy | b=
Jlxa). BEcom xe ¢ < 0, vo wry — b > axg + b

3azava 10. Hadigure pee 3madcHns @, IPHA KOTOPLIX JHUCHIaA (bylKoHA
y = az + 1 nonoKUTeNsHA Ha oTpeske [—2; 1).

3aMCTHM, 9TO (DYIIKOHA [TOJOXKHTCILIIA 14 OTDC3KE, CCIH ABISCTCA
NOJHKHTEIGHBIM £8 HAHMEHBLIHEE JHATEHHE HA 3TOM OTEEKE. J_.[“HB]‘—"IHH.S'[
dyHKUMA IIPUHEMAaeT CBOE HAMMEHbLIEE 3HAJEHHe Ha JAHHOM OTpe3Ke Ha
OAHOM H3 €rc KOHLOB. TaKk Kak 3HadeHHe AaHHOH DyHKUEH npH & = —2
paBrO 1 —2a, a 3HadueHMe npu £ = 1 paBHO ¢+ 1, To 0Ba OHH ACMKHBI OBITH
HOJIOKHTEIbEBIME, IIOSTOMY YHCAC ¢ JOJAKHO YAOBJIETBOPATL CHCTEME

1-2a>0,
at1>0,

U3 KOTOPOH H ¢HeayeT OTBET: & © (—1; % ) Creayonmil pucyHOK WIINKO-

CTpUpYeT O0;1VYeHHBIN OTRET.
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Tenepep pemumM 38034y, B KOTOPOH PACCMATPHBAETCA KBAIPATHIHAL
¢dyarmmua. pu aTtoM clegyeT ¢xa3aTh YUANIAMCSA, 9TO UX 381848 He CO-
CTOHT B NMpoRefeAun oneparmii ¢ apobava.

3amaua 11. Iaa byaxupmu, onpenenennoit Gopmynoit f(z) = x? — 3z,
BBISICHMTE, KaKoe U3 ee 3HaxeHdil HGonabine, f(}—;) HITH f(ﬁ)

UTy = 4 B npeobpasyeM paznocTh f(z) — flxs).

IHonowum 1 = 17 3

12
TTonyyum

f(@) = flze) = of — 321 — (2] - 3z2) = 2§ — 2§ — 3(x1 —22) =
= (:I:l — 3:2)(;131 + x2) — 3(:5‘1 — :5‘2) = (1 — 3:2)((121 +za2 — 3).

T&KKa‘szﬁéT£<%'_xlsToxl—$2>0.TaKKaxxlr
<= mom e <2 < momuy 3 ba -3 <0

Cregoratensno, f(x1) — f{xz) < 0, nostomy f(}—;) < f(%) )
He IpPaR/Aa MW, HTO LHMIBOJMTE TAKOE DACCY XK JIEHHE GUJ]HH HPHATHG, “18M

Heuucpe,u,(:'l'uPHHD BbI*l MG b 3HATEHUSH f(}—;) u f(é)" Eciin f(é) HAMTH

HE CHOXKHO, f( ) = 16 —4= # = 290 , TO IIOXCK 3HAYCHHUS f(lg)‘

323
PaBHOTG — 177, BAC HE obpaayer. He ropopsa yixe o ToM, 4TO Jajiee HAM
MPHACTCH CPABHHTL HONYHCIIILIC SIAYCHNA.
ITpuBenem Take HECKOJBKO MHOE DellfeHMe 9To# 3aia4y, Mpeobpazo-
BaB GHOPMYIY IAA JaHHOH PYHKIHMH CAeAYIOUHM 00pa30M:

2
2 _3po (23} -2
flx) =z 3:1:—(3: 2) 1
WKk 2 < o3 o g, —3 -3 . 2o — 3)2
Tak kax <1.Z<2’IU'L2 2<;I:1 2<0,ule,u015me,1bﬁ0(.t2 2) >

> (zy — ) noaromy f(x1) < f(z2).

Oanaxo camoe €CTECTEEHHOS PenieHne 3Tol 3aJa'iM OCHOBAHO HA, CBOf-
CTBe KBaApaTHIHOH dynryuy. PasyMeercs, 4To yyalnuecs yxe yMewoT pH-
coBaTh «mapaborasi». Ha ciaeayionieM prcyHKe m300paxed rpadhuk KBaja-
parugnolt dbynkoun f(x) = 2% — 3a.
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3
Taknm OGPaBOM, <TI0 rpa.d)pmy:s» MBI BHAHM, 4YTO Ha [IPOMEIKY TKe (—OC,' E]

3
pacemarpusaemas byHKUMA yOBIBALT, A HA UPOMBIKYTKE [E ; -|-D(J) — BO3-

4 17 _ 3 17 4
pactaeT. [Tockonbky 3<z <;TO f(ﬁ) < f(§) )

Ho neno B ToM, 4To nocTpoeHue rpadpuka GHyHKIMHA €CTh OOCTETHEHE
ATAIl €2 HCCIEIOBAHHA, B JACTHOCTH, HCCAEAOBAHHA HA MOHOTOHHOCTD. [1o-
STOMY OJHO  9TO 3HAMSH HA KAKHX NPOMEIYTKAX JAHHAS KBaAPATHYHAS
dbyukima apascTea yduiBalomett, 11a KAKHX — BO3pacTalonicit, a apyroc —
YMETE 10 Uﬁﬂf."l—t'.()ﬁ”;’”.’,h.

MosroMy mone3ro npeadokKuTh yyamuMcs chopMyTapoBaThk OO0
TeOpeMy W JOKa3aTh ee. Bo3MoxkHO, 4TO Ienecoobpa3Hee BCero mpeisio-
YKUTB UM B KauecTBe JOMalllRero 3aJaHKd HaHCATh JOKa3aTe/bCTBO 3TOH
TeOpEMBL.

Teopema 2.2. Ioaoxnm T = —%. Ecau a > 0, To KpagpaTHtnag

dyskua y = az® +bx+c¢ yObIBaeT Ha MPOMEXKYTKe (—00; To| H BO3PACTAET
H& OPOMEKYTKe [Zp;+o0c). Eemn a < 0, To 5Ta. pyHKUHA BO3pPACTAET Ha
apoMexyTke {—o0;xg] 1 ybbiBaeT HA HpoMexyTKe [€g; —00).

IIycrs ) > &2, 1 PacCMOTPAM Pa3HOCTD Y1 — Yo 3HAMEHHH (hYHKUHH B
ITHX TOYKAX:

Y — Y2 =azi + bz +c— (axs +bra + ) =
— a{z1 — z2)(z1 + x2) + b(x1 — 22) — (71 — x2)(ax1 + az2 + b).

b b b
Ilyers 2 > 0. Ecomm 22 < %1 € —5g 1O & < -3 # ar; < —3, cleJoBa-
TedbHO, ary + axs < —b, llockoabky 1 — 22 > 0, aaxr; +axe + b <0, TO
1 — Y2 < 0, TaxaM obpas3oM, naHHAA (DYHKIHASA VORIBAET HA ODOMEXYTKE

(—o0i 5],

 2a
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b
Ecn o3 > 10 2 g O &T1 + axe + b > 0, oTKyZa ciacayeT, 4To
1 > y2. TakuMm obpa3oM, JaHHas DYHKIUS BO3PACTAET Ha MPOMEKYTKE
[—E N +OO) .
Bropas 4acTs 9TOM TE€OpeMH JOKASHIBAETCA AHAJIOTHYHLIM 06pa30M.
IIpoaomkum yrpaxkHeHHa HAa MpahUYECKYI0 UHTEPTIPeTalMI0 BOBPAC-
Tan|da | youipanua QyIKipi.

3anmaua 12. JAna dysxmmm, rpaduk koTopo# n306pazker Ha pucyHKe, Hall-
muTe: 1) ee HanGoubliee ¥ HAUMEHBIIEE 3HAYSHUS; 2) MBOKECTBO 3HATCHUM
aTol byHKIMA; 3) DPOMEXYTKY e€ 06NACTH ONpeAeIEHN, HA KOTOPBIX 3Ta
dyHKIUMA fBIAEeTCA &) Bo3pacTaollelt n 6) yOLiBawLIet.

4:

3
2
N
0 1 2 3 4

O'I'Be'l' Ha 3&83aHHH [HYHKTOB 1 u 2 acew: HHH&')JleIHE AHAMEHHE 2TOHR
dhyHKIHE paBHO 4, HAHMEHbIIee €€ 3Ha'IeHHe PABHO 1, MHOMECTBOM 3Hate-
Hul asngeTca otpesok [1;4]. 3) Tlo rpadmrky sToll dynkunn AcHoe BRAHO,
YITO OHa BO3PACTAET Ha Kax oM m3 orTpe3kos 0; 2| u (3; 4], yOeiBaeT — Ha
oTpe3ke [2;3].

Tenepr pemuM oOpPATHYIO 3a7a4Y.

Saga4ga 13. Hapucyiite rpaduk pyssuun y = f{x), x € [0; 3], re apasgio-
metics HA BO3PACTAICmEH, HM yORIBAIONISH HA STOM OTpPE3Ke, M ¥ KOTOpoit
f{0) ecTp ee HamMeHbmIee 3Ha4eHEE, 4 f(3) — HamboJbIIee 3HAYECHHE HA
J8HHOM OTPe3Ke.

OTBeToB HECKOHEUHO MHOIQ, OJMH U3 HUX - HA CNENYIOUMIEM DHCYHKE.
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Teneps chopMynuapyeM U DOKaXKEM IBA CBOHCTBA MOHOTOHHBIX (DyHK-
wutt, KxoToprie HyaeM HEeOTHOKPATHO HUCTIONB30BATL B AAJLHEHIIIeM.

Teopema 2.3. 1) Ecaun obe ¢pynkuun f u g SBAAI0TCS BO3PACTAIOMU-
Ma (uam yGeiBaromuMu), To npasuio y = f(x) + g(x) 3anaer dyEkmHIO,
TAKIKe SBASIONYIOCT BO3PACTAINEH (COOTBETCTBEHHO, YObIBaOmE!H ).

2) Ecnv w3 hyaxruit f 1 g onua apngeTes BO3pacTaloineti, a apyras yOriBa-
To1elt, To yImxmus, 3aamras npasuioM ¥ = f(x} 4 g(z), ne obsraTensio
HBJHETCH MOHOTOHHON,

1) IlpeanonoxuM, 4To obe byuxkimu f(r) u g(xr) aeagoTea BO3pac-
TammumMa. Torag, [0 OOpejeiean, K3 TOro, 1I0 &) < €z, CASAYETr, 110
Slx1) < flx2) n g{a1) < g{zz). B cuay cBoCrB LMCIOBBIX HEPABEHCTH
cupaseaanso sepaseacTrso f(xy) +g(z) < f{z2} + g(x2), 9uTo n oznragaer,
4T hyHKIMA, onpeesaeHHasa npasuaom ¥y = f(x)+g(x), asaseTca Bospac-
Tameil. AHATOrAYHBIM 00Pa30OM PACCMATPUBACTCH CIy4al yObIBaIOIIHMX
Gyuxmuii. ([Iyers yuanipecs NpoBeAyT PacCy,IeHHEe CAaMOCTOATEBHO. )

2) docTaToYHO IPUBECTH NPUMED ABYX KOHKDeTHbLIX (hyHKIMH. PyHK-
mia f(x) = z° pospacTaeT Ha ayde [0; +o0), a dyrkmus g{z) = —2x y6bi-
BAET Ha Beell YHCIIOBON NPAMOl, B YACTHOCTH, HA YKABAHHOM ITPOMEKYTKE.
Omrako Gynkoua ¥y = z2 — 2z Te ApTACTes MonoTommod na [0; +o0o); ona
yOnmaer ua [(); 1], soapacraer va [1; +00).

151 3K PCILICITAS NPOBCACHIION0 PACCYXK,ICITHS CTOHT [IDCI0KATD Y4a-
HIHMOSH PEILATE CJIENYKHIY ) 48, 1aM Y.

Samaua 14. Horaxure, uro ceau pvikuns y = f{x) — pospacraomas,
0 QYRKIWM, onpejenerAas npasunosr y = af{(x), npu a > () sirnaercs
sBoapacraowmel, a upn o < (0 — ybuiBawouiei.

Caeayommii npuMep NOKASbIBALT, 9T0 O Pean0Criy BospacTaomux (hyHx-
Ml HEHEro ONpeIeIeHHOTO YTREPKIATh Hellb3s.

Bana4ya 15. [Ipusenure npusmep ABYX BO3IPACTAIIINX Ha Beell 4HMCROBOH
upsamoit dyukuuii f u g, pasnocrs f — g KOTOPDIX:

a) ecTh BOAPACTAIOINAS Ha Beed npsimal hyHKHsT;

0) ecThb ybrIBaroman Ha Beell npsMol QyHKOHA;

B) ybsiBaeT Ha (—o0; 0] 1 Bospactaet Ha [0; +00).

a) Monomum f(z) =2z, a g(z) = z.

6) Haobopor, nycts fiz) = z, a g(z) = 2x.

B) MoXKHO B3:ATH, HAOPHUMED,

x, ecia x <0, 2¢, ecn 2 <0,
Jflz) = u g(z)=
2z, ecmmx 2 0 x, ecau x = 0.



34 I'napa 1. PyHxumn

1 nocnegumit TeopeTHyuecKHil BONpPOC, 110 OTBETY HA KOTOPBIM MOXHO
OVIeT CYIUTh, HACKOIBKO BAITAM YYAIMMCA HEOOXOTUMO MOBTOPHTL MA-
TEPRAT CHEYIQMEH TeMhl.
3anaua 16. BuiacHuTe, Bepro o, 9TO TPOM3BCACIIHE BO3PACTAIONTAX (DYIK-
it sTRAfeTes BospacTaomed yarnuedi.

Koneuno, 1o sereprio! Camuiit npoctolt npumep — dbynkims f(ir) = z,
BUBPACTAKOWAN HA BCeH LPSIMON, UpoU3BeseHne KOTopod camy Ha cehu jaer
dbyuxmmo g(z) = 22, youBanmyio 5a HpoMeXyTKe (—o0; 0],

Sagoan Anm aOMAaHUX 3agaHnil oo Teme 2

1. Ilyers yuuua f vouiaeT Ha Beelt uncsosoll npamoit, PelunTte Hepa-
neretna: a) f(z) > f(4); 6) f(2x —5) € f(bz — 2).

2. a) JokaskuTe, 9TO ecu (PYHKIHS BO3PACTALT HA KAYKIOM H3 [IPOMENKYT-
k0B [a;h] w [ ¢], To oAa Bo3pacTaeT Ha npomexyTke [u;c]. 6) BriacawTe,
BE])HO oIH, "IT¢ 2CIn d)yHKuHﬂ BOF;]'J&C’I‘HH[‘ Ha KAXKNOM H3 llpﬂMe}K}'TK{]B
[a; b] u (b; €], To OHa BO3pACTAET HA NPOMEKYTKE ' a; o).

3. Haitpure Bce 3Ha<eHHA @, P KOTOpBLIX (yHKIMA, 33JaHHAA Ha BCel
qUCIOBON npaMol pagencTeoM f(z) = ax 4 2|x|: a) ABIAeTCA MOHOTOHHOM;
6) HMeeT HaMEHbIIeE IHAYEHNE; B) HMeeT Haubo:Ibliee IHAYCHNE.

4. O uncnax g ¥ b M3BECTHO TO, YTO ¢ > b. Brisicaure, Beeraa am:

1)a? > 8% 2) 0 +40> 0 +45;3) 3a—1>26—24) 1 < 3.

5. Haliunre sce 3uadcuus @, upu koropnx dyukuus f{z) = 22 + az:

a) yomBaeT Ha npoMercyTke (—o0; | u BospacTaeT Ha npoMexyTke [5; +00);
6) yGniBaeT Ha npoMexyTKe (—o0; 5);

B) BO3DACTAET HA MPOMEKYTKE [5; +00).

6. lorkaxmre, 4To cacayomue HPYHKIHN ABIAKTCH BO3PACTAIOLIIMHE:

a) f(z) = Vx; 6) g(z) = 2°.

7. HattonTe npoMeXKyTKM MOHOTOHHOCTH (PYHKIINM, rpahuk KoTopoi u3ob-
PazKeH Ha PHCYHKE:
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8. CyMmma apyx peabx uncen paBHa 19. Haltnure nanbosnbuiee 3sHaueHue
TMPOU3BEASHUS STHX YHCe].

9. Brigcuure, BeprO JH, 9TO ecyin HepaseHCTBO f(r + 1) > f(x) cupagea-
JIMBO 14 BCeX 3HadeHHH z, To GYHKIMA f — Bo3pacTaomas.

Peinennsn aoMamHuax 3aga4 no reme 2

1. a) Otpet: = < 4. HeficTBATE:.IBHO, €cant x < 4, TO B CHILY ONpejere-
HuA yObIBaoWed GHYHKINM CApaseanuBo HepaBeHcTBO f(x) > f{4). Ecnu
we x> 4, To fx) < f(4).

§) 3aaHHOE HEDABEHCTBO DABHOCHIILHO HEPaBEHCTRY 22 — § 2z hr — 2,
OTKYIa T & —1.

2. a) Ilyers 1 < 29 Ecmu 2y € buma 2y 2 b, To f(21) < flze) B cuny
YCJI0BHMA  Ha  ganHyilo  Jyexkumio.  [lostoMmy npeamonoxmM, 9TO
#1 < b < 3. [ockomeky f(z1) < f(b) u f(b) < fz2). 0 f(z1) < f(z2).

8) Ouennanpn, wro JaAarge yreemkenane Hesepro. Jocrarouno pac-
CMOTRETb, HaupPHMED, QYHKIUMIO

£2) z, ecm x € [0:1],
Il =
z—1, eecmn z € (1;2].

3. a) Ha kaxcnom m3 npomexyTtren (—oo;0] 1 [0; +00) nannag dynk-
LHH HBJIHAECTCA JIHHEﬁHDP’l, BH&'IH'I'.I. MOHC TOHHOMA, B COOTHETCTBHH € [)P.LIIHHH-
eM OpelbIyliel 3a1atd, 3Ta GHYHKIEA MOHOTOHHA TOrAa M TOJLKO TOL/A,
KOIA4 Ha KaXkIOM U3 IpoMekyTKoB (—o00; 0] m [0;+00) oHa mveeT oxAHa-
KOBHINi XapakTep MOHOTOHHOCTH. [I0CKOIBKY

{a+2)x, cenu z >
{a - 2)x, cema z

flz) = N

1

TO paceMATPUBAEMAas (DYHKIUS MOHOTOHHA, €CIOU ¢ 22 2 HIH Xe ¢ § —2.

) Janpan byikuus MMCCT HAUMCHBILCE 3HAYCHUE, CCIU O1la yOuBact,
x0T 681 B BECTPOroO, Ha npovexytke (—oo; 0] n BOapacTaeT (BO3MOXKHO,
YTO HECTPOro) Ha TpoMexyTke [0; +0c), 9T0 HMeeT MecTo, ecd a — 2 = 0
na+2<0, nenpuac|[-2;2.

B) Paccyxaas ananorvasnM o6pa3oM, IOMYIHM, YT0 @ > 2 A a € —2,
YTO OTHOBPEMEHHO BHIOMHATECT He MOXET. TaknM 006pa3oM, HauboIbHIero
3HaueHHaA JaHHaA GYHKIHA He UMeeT.

4. KoHeuHo, KarkI0e 13 JaHHBIX HEPABEHCTB CIIPABEINMBO He MpH BCEX
o 1 b, BO BBICTPO M YHAMHECA [IOCTPOST COOTBETCTEYIOIUAE OPHMEDPLIT
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KosTpnpuMep K HepaseHcTBy (1) mocTporTs coBeeMm mpocto. [Jas sroro
JOCTaTOYHO, HAllpuMep, B34Th ¢ = 1 1 b = —2. «[lonofpaTs» COOTBETCTBY-
KON IpUMep JTs HepaBerReTRa (2) Dy leT nocToxkHes, a MOTOMY CTOHT He
IJATh, & PACCYZK/ATD. THK Kax

a*+4a—-b*—db=(a—b)(a+b)+4(a—b)=(a—b)(a+b+4)

uag—b >0, 7o J0CTATOYHO B3ATL TakKue a B b, wrobbl @ + b+ 4 < 0.
Hanpumep, monoxum a = 0 u b = —5. HelicTeuTenpHO, B 3TOM ClIy4dae
o? +40=0,ab>+4b=5.

3) Koneuno, ecnu a > b, 70 3a —1 > 3b—1 > 3b— 2. Ogaaxo He Beerga
3b—2 > 2b—2! Tax kak

3a—1—(26—-2)=3a—b)—b+1,

TG MBI MOMKEM B3ATh 9HCAO b Tak, 4yTobei 3(a — b) + b+ 1 < 0. TIycTs
e — b =1, roroa JoctaTouHo, YTOOH! b < —4. Hanpumep, ecmu b = -6 m
a=-5,103a—1=-16,a2b—-2=—14,

4) Ecnm a > 0, ab<0T01 1

>0 > T

deno B ToM, 4TO HCCJ]G,I[OB&HHG TeMeHTapHBIX GYHKOWIA Ha BO3pacTa-
HYe U YOBIBaHHe, ONpelejieHHe MPOMEXKY TKOE HX MOHOTOHHOCTH OIIUPASTCH
Ha CBOMCTBA YHCIOBBIX HEPABEHCTR. JTH CBOHCTBA HMCIOJIL30BANNCH U Pa-
Hee, HO IOJIe3HO HX NMOBTOPHTE, NOTOMY H IIPEJIONKEHA 3Ta 381a9a. Ecm
3ATPYAHEHHH OHA HE BHI30BET, TO, BHIAMO, OOIYIO TeopeMy MOKHO Byxer
TOMILKO HATIOMIOHTE A HC JOKA3LIBATL.

Teopema 2.4 {0 crOfiCTRAX YNCNORHX HEPARCHCTR)

l.Ecma>buc> 0, o ar > be, ecin e ¢ < 0, 10 ae < be.
22Ecmma>buc>d, 10a+c>b+4d.
3. Bema>b>0nc>d >0, 10 ac > bd.

4. Ecmi g > b u uncna ¢ u b naubo 06a nonouTebLHE, JUGo 00a oTpUIa-

TE.IBHE, TG — 1 ( %

3. Ecma > b 0 ¥ n — HATYPAJIBHOE YHCJO, TO a” > b7,

5. Orperni: a) @ = —10; 6) @ € —10; B) @ 22 —10. Ilpu pasGope atoit
33,481 ODPATUTE BHUMAHME V'IAIUMXCH HA CEA3b OTBETOE K 3ajanunv (6)
4 (B) C OTEETOM K 3aJ3HHIO (a).

6. a) IIycre z; > z2 2 0. Ecam npeamonoxuTs, uTo /IT1 € /T2,

TO, BO3BEAA B KBaJApaT 00e YacTH 9TOTO HEPABEHCTBA, MBI NOJYYHM, YTO
&1 € T2, YTO IPOTHUBOPEYUNT IPEIIOIOKEHHIO,
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8) Ecim ¢4 > @2 2 0, TO 3:3 > :1:2 10 CBOMCTBAM THCJIOBBIX HEPABECHCTB.
Ecma x; 2 0 > 73, To 2 2 0 > z3. Hakoner, ecmu o3 < 7, < 0, T0
—zg > —x1 2 (], nosToMy —.'L'g > —:L"fj BHATTHT, :z:% < :ﬂ‘f.

7. Hannas GyHKIMS Bo3pacTaeT Ha OTpesKe [—7; —3] H Ha TIpOMeXKY TKe
(—3;0]; y6nBaeT Ha oTpeske [0; 3| u Ha nmpomexyTxe (3; 7]

8. QO6osHaMKMM STH YHCIA Yepe3 £ ¥ ¥, TaK Kak 1o yeimosun £ +y = 19,
TO KX mpouskeaenre Ty = (19 — z) = 19z — z? aBIAETCA KBAAPATUIHOM
dyermmedt oT guena x. Hatipernaa oyHKOHA BOIPECTACT HA NPOMEKYTKE

19 19 )
( oc) 71 K YORIBAET HA NPOMEXYTKE [? 100). [IOCKONBKY MO YCAOBUIO
HHUCIIO X — OeJqoe, To HAHOOJBIIIM ﬁy,ELBT SABIATLCA SHAYeHHE 3TOH (l)yElK—
maw npu & = 9 wm 2xe npa & = 10. Herpyano sugers, aro B oGonx ciyya-
fIX MBI MOJIYYMM OJHO M TO XKe 3HaueHHe mpownsseaeHus xy — 910 — 90.
ProcyHOK MMIOCTPHPYET 3TY 3324y,

: sl g
80: o ‘e
L} -

60 e .

9. Kouneuno, oTseT — OTpHL[a.TEfIbelﬁ
Paccviorpum dyrkigia f{x) = = + {z} (3neck, kak obnraHo, epez {a}

2
ofio3HauesHa ApobHas YacTb dncaa a). [lockonbKy ApobHEIe YacTn 'mce.ﬂ x
ur+1 (()Blm;gd}()l T f(r +1) > f( C apyrodi cropausr, f(1) = n
( } = 5, Tak 4To BBeJeHHAS DYHKUMA He SBASETCH BOBpaCTalomeﬁ

Em,e OJIHH TPHMED, KOTOPHWH yqalHecd CaMKE 11¢ IPHAYMAlOT, Ho KoTo-
PHI 0:183HO NOKA3ATE Opu pasbope aroft 3aganu. KonrprippMepous ssas-
eTcsl (DYHKIHA, ONpeIeNleHHas PaBeHCTBOM

T, eCJIH "INCNO I palnOHATEHO,

flz) =

2.7]3$ eCJIK THCTO & HpPpallWoOHAIBHG.

Brnonre BO3MOXKHO, UTO YHalNHecs GYAYT CTPOUTH MPHMEDPHI COOTEET-
cTByOmux GyHKImEl, 3anaBasg nx rpadUdeck, — H 3TO BIOJHE Pa3yMHbIH
TIOAXOA,
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Tema 3. IIpumeps1 nccaenoBanns byHKIA

PaccMoTpuM emie onHy <3;1eMeHT8PHYIO (DYHKIHIOS, & HMEHHO (DyHK-
U0, HAILIBAEMYIO 00paIntoll RpoOnepULOHLABHOCTINIO.

k i
Teopema 3.1. [Iycte f(x) = e Torna, ecnu k > 0, To JauHHas DyHK-
If1a yOBIBAST HA KaXKJOM W3 HPOMEXXYTKoB (—00;0) 1 (0; 400}, ecant ke
k< (O, 1o »1ra (DYHKIMST BOIPACTAST HA KAXKIOM H3 9THX MPOMEXKYTKOR.
Ecm oy > 20 > 0 nau 33 < @ < 0, To 12 > 0, noaromy, LOIeIUE
o0€ 9aCTh HEpPaBEHCTBa &1 > T2 HA ITPOM3BEAEHHE I3, MBI IOJIYYHM

11 kK .
HEPABEHCIBO — < —, OTKYAR flz) = <= f(;g) upu k > Q.
Ecnu k < 0, To Mu nonyuum, uro f(z;) = o = T— = f(z2). Teopema
JOKA3RHA. b 2
Ha pueynkax maobpaskennl rpadukn: y = % (tnesa) w y = —% (cupagsa).
10
4 :
2
__ o - B 2 4 B ‘_4 ‘—2 4
-5
B ~10

CaMi KPHBBIE HAZBIBAIOTCH 2unepfoitsu.

Paccevorpam Goree obiue ¢GhyHKIME (MocTpoeHHE uX rpachaKoB — OT-
JebHAd TeMa, O KOTopolt ByeM TOBOPUTH JaJjee).
3aaaua 17. Halinpre npoMeykyTKH Bo3pacTanis @ yOLiBanxa (pynkimii:
xT+2 6) y = r+1
z+1’ 7 T+ 2

a) Ilyere 2 > 2o, ¥ OGO3HAUKM Yepes y, ¥ yz 3HadeHHd OYHKUHN B
sTux TouKax. lIpcobpasvem dopMmyny ans BLIMHCTCHHEA Jtadcennii Gynx-

a) g =

LLHHKBH,’{Yy=1—I-ﬁ.ECJIH1’1 > > 1,10 +1 > w41 >0, ue-
1

r1+1 < r:+1°
uua ybriBaeT Ha npoMexyTke (—1;+00).

BTOMY JMAMHT, Y1 < Y¥3. Taxum obpazov, gannag oynk-
1

< ,
r1+1 " x2+1
3HAUNT, §f; < Yo. JHAYNT, AaHHAS (DYHKIHA yOLIBAST U Ha MPOMEKYTKE

(—o00; —1).

Ecmm oo <1y < =1, To 29+ 1 < 21+ 1 < 0, mostomy
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- 1
6) B aToM cay9ae cupaBeJIABO PABEHCTBO i = 1— e R Paccyxnenne,
AHATIOTMYHOE MPOBEAEHHOMY TIPH PEMIEHHY 3aaHUS NPEALIAYIIErO IYHKTA,
HOKA3BIBAET, 4TO JaHHAS (DYHKOHA ABIACTCH BO3PACTAIOINEH HA KaxKIOM
H3 OPOMEXYTKOB {—00; —2) u (—2;+0<).

PacesMorpaM teneph Bofiee camkinie yHKIHA.

3amaua 18. a) JokaxnTe, uTo Gyskmus f(z) = 22 +% yOLIBaeT Ha MPo-
MexyTKe {—00;0). 6) BriacHuTe, BepHO 1M, 4TO Ha mpoMexyTke (0; +00)
byuxmua f(z) — x? + % ABNACTCA BO3PACTAIOMIEH.

a) Jannas dymknusa yOLIBAeT Ha YKA3AHIOM OPOMEKYTKE, IOCKONLKY
OH# ECTh CYMMH JBYX (DYHKUME, KAKIAS W3 KOTOPBIX yOBIBAET HA 9T0M
TIPOMEXKYTKE.

6) CocTaBuM Tabauuy sHadeHud JaHHON byHKIMA (YT0 0OHYHO Jes1a-
0T y4aILyecd ),

r |12
flx) | 359

]

4
-1
165

Ll o

Maoxker nokasateea {eM. Tabaniy), 9To »ta GyrnKiyva sospactaeT. Koned-
1
HO, 3TO HE TaK, HOCKOJBKY 3HadeHue 3To#t QyHKUHE, HANPUMED, IPH T = 3
17
paBHO —, HUTO boabile, yeM ee 3Havenue npu = 1,
2, 2
Samaua 19. Jdokaxure, 9o dynkmua f(z) = 72 + - yOLIBACT 118 IIPOME-
xyrre (0; 1] u Boapacraer Ha poMexyTke [1; —o0).
Kak Bcerga, natiieM BhpakeHUe 1A PA3HOCTH 3HaYeHHE QYVHKIMHE B
JBYX Toukax. Mmeem

fla) - flaa) =at+ = —af- 2 =
2(x, — x2)

2
=(:r1—:r2)(1:1+:1:2— )

= (x1 —xe {1 + 22) — ——

IiTz

2
Eemm 12z, > 22 >0, T0 31 —22 > 0, m1+x2<2,aﬁ>2,noromy
1-£2

Jle)—flxze) <0.Ecomxe x2 > z2 2 1, 1021 +32 > 2 > 7o ¢ NOITOMY
Flz1) — flxa) > 0.

CsoticTBa npocTelimeit KBaAPATHYHON BHYHKIHH XopoIo n3secTHH. Kak
cneayeT H3 pelmeHns AoMamnHed 3azaqu 6 TeMmul 2, Kybmueckan GyHKOHS
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BO3PACTALT Ha Beeil uncnosoil mpsMoii. Ha pucynke usobpaskenst: nmapabo-

na  rpacbHK npocTetiuredt KesapaTHaHON (PYHKIME i = 22 B «KyDUYecKas
KpHRasty — rpadvk QYRAKIAR = T°.

OxaspIBaeTca, UTO CBOHCTBA CTemeHHOU (PYHKIMH, 3a7aBHON popmy-
ol ¢ = ™, e YACO 1 HATYPAJLHOE, 3aBHCAT OT TOPQ, SABJSCTCA JTH
NOKA3aTCIL CTCIICIIM WCIOM YETIIBIM HWIIH HCYCTHLIM.

Teopema 3.2. PaccmorpuM crenennyio dynxuuno f(x) = z" (3zech
n  HarypaisHoe uYncao). Bcean uwcno n nederso, 1o thyHknus [ Bo3-
pacTacT Ha Beel yacnopoit npsivolt. Ecn unesio nokgeTiio, To dyukuma f
yOnBaer Ha npoMexyTie {—oo; 0] 1 BoapacTaeT Aa pomescyTke [(; +00).

3UMETHM (PEFIE BCEID, 0 & 2y > @3 2 0, To B cauy cBOWMCTS
TUCIOBBHIX HEPABEHCTB A MoBOTo HATYPATLHONO 'IMCIa 10 CIIPABeITUED
HepaBeHCTBO &T > &§. CnexoBaTensHO, OpH MOGOM HATYPAIBLHOM N AaH-
Haf (PyHKIHA BO3pacTaeT Ha npoMexkyTke [0; +00).

ITycts n veuerno. Ecou x; 2 G > 2z, To 2T 2 0 > 23. Teneps npen-
nonoxuMm, uro 0 = x, > xo. Toraa —zy > —x1 2 0, CnemOBATEIBHO,
—28 = (—x2)" > (—2z;)" = —zF, 35aanr, 27 > 5. TeM caMbIM ME J0Ka-
347, 9TO JaHnea GyHKims BospacTaeT Ha R.

Teueprs nycrs @ — aerHoe meno, 0 2y > x3. Torpga —we > —xy 2 0,
ceAoRATETRHO, o = (—z2}" > {(—21)" = zl. Taknm obGpazom, a7 < x¥,
ceOBATEILHG, B 3TOM clydae Ha mpoMexkyTke (—oo; 0] nasnas dbyuknus
ABJAAETCH YOBIBAKOLIEH.

3azaga 20. Haitaure npoMeKyTKH MOHOTOHHOCTH (hYHKLIMIL;
a) fi(x) = 2%+ 2z; 6) fo(x) = x* + 222,

a) JlaHHaa (bYHRIIMA BO3PACTAET Ha BCEN YMCTIOBOMN MPIMON KakK CyMMa
ABYX BO3PACTAIOIHX <DyHKIHI.
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6) dasnaa $yEKIMa BO3pacTaeT Ha mpoMmexytke [0;+oc) n yGeisa-
eT Ha OpoMexyTKe (—o0; 0] xak cyMMa (yHKIEN, 00IaTAIMX TEMH Ke
CROHCTEAMW HA K@XK/OM M3 3THX TTPOMEXYTKOR.

3amgaya 21. Haftaure 0poMexyTKH, Ha KOTOPHIX ABIAETCA: a) BO3PACTa-
ol u 6) youpaome# dymkuua f{r) = ¢ — 4z2.

Koreuno, nockoneky f(z) = 0 npu ¢ = —2;0;2, to gsnuas Gyak-
U4 He SIBASETCA MOHOTOHHOM HU HA OZHOM B3 NPOMEKYTKOB (—o00;0] u
[0: +00). C narrol hyHKIMeR ecTeCTREHHEIM 06DAZ0OM CRIZAH KBAIPATAY-
HbI MHOLI'OLIEH L'.Z — 4!{, 11])(‘}&18}1{3?'1‘1{14 MOHOTOHHCTH KOTOROIO HAM M3-
BecTHHBL. [loaToMy ZaBaiiTe paccyAaTh caeayomuM obpazom. Ilyers m3-
HaganbHo ¥ = 0. Ecan MH HauHeM ero yBeJMYMBaTh, TO OYIeT PACTH H
t = z?, mostomy sHauenre f(zr) Gyner ymenbmarbed. [lo Kak TOTIBKO 3Ha-
veHEe r craHeT 6SaBmHM V2, To 22 Gyzer Bonbme, veM 2, mOSTOMY OpH
TanbHefilleM YBeSIHUEHWN 3HAYEHMA T BMeCTe C POCTOM I ByaeT pacTu
u f{x). CnenopaTensro, f(z) y6bBaer Ha orpeske [0;v/2]| u Bospacraer
Ha TIpoMexkyTke [v2;+oc). Alasee, Tak kax f(z) = f(—z), To noBefeHue
gatmiolt Gynkuua ma mpoMexyTKe (—20; 0] OMPCACHACTCS o¢ NOBCICHACM
Ha upomexyrke [ 400} (em. sagany 1 somaninero sasanus). B pesyie-
TaTe MOMyuaeM, TG JaHHAS yHKIMSA BOSPACTAET Ha OTpeaKe [—v/2 ;0] 1
yObiBaeT Ha mpoMexxyTke (—oo; —v2].

[IpuBeseHHOE PACCYXKACHHE ABIAETCH CTPOrHM. KOHEYHO, MOXKHO 3a-
nucaTh ero B Gonee opmanbHOM BRge (CM. 3amady 6 JoMalliHero 3aJaHus
K J2HHOl Teme).

Jagaun o8 JOMAUTHHX 3aJaHAH oo Teme 3
1. Tlyers f — soapacraonas hydgups. PacemorpuM (pyHKIKIO g, 48/(@H-
Hyw papeHcTBoM g(z) = f(az + b). JokaxuTte, 110 ecam a > 0, To aTa
GbyHKIMA Takke ABIAETCA BO3pacTaollel, eci ke ¢ < 0, To oHa — ybbI-
BAOIIA.
2. Joxaxwute, uto ynxkms f(r) = ¢ — 3z ra3pacTaeT Ha KaX/IOM K3
npoMexyTkos (—oc; —1] u [1; +00) u y6riBaeT Ha oTpeaxe [—1;1].
3. HalguTe npoMoKYTKE MOOOTORHOCTH (ynxiud f(x) = x™, tae n —
HeNM0e OTPRNATENLHOS THCMO.

4. Ilvere dbyukmms f 3agamna oa npoMexyTke [D; 400} 4 ABIEETCs BO3-
pactalomeir. Pacemorpuy dyvHKIn, abiIacThio ONPEENEHAST KOTOPOR S8
JISeTCA BCA HMCTOBAs IPAMAA, B KOTOpas 3aTaHA TIoCpeIcTEOM PaBeHCTE:

f(z), eccm z 2 0,

glw) = —f(—z), ecim z < Q.
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a) Hoxaxnre, 970 3Ta (DYHKLAR BO3PACTAET HA DPOMEKYTKe (—o0;0).
0) BuisicuuTe, BepHO NH, YTO 5Ta (DYHKIHA BO3pacTaeT Ha Beell unc;oroft
PAMOH.

5. HafianTe Bce 3pa¥enUs @, NpH KoTopblx dynxuus f(z) = & + az Bo3-
pacIaeT Ha BCcefl 9HC/IOBOH NPAMOIH,

6. [IpuBegnTe dpopmanphHoe pemenue 3802494 21.

7. PasmoeTs AByX nenwix gdcen papia 5. Hafinpre: a) nanMenisince 3nade-

HHE WX TTDOIRETEH A, ﬁ) HAUMCHENIEE FHETCHHS UX T4 THOTD.

8. HOKMPITB, "TO [IPH BCeX OOIYCTHMBIX 3HAYEHHAX X CIIPABEAJHEDL] HEpa-
|
BEHCTBa: &) VOx + 1 + 4/ 2 1; 6} Z "IV —-2<3

9. Ilyere f(x) = ?_:-11

pacTaeT Ha NPOMeXyTKe (—1;-+00). 6) Haftaure Bce 3HaueHHa JaHHOH
dyarmaa npu ¢ 2 0.

H a > 1. a) dokaxure, 910 3T (QYDKIHA BO3-

Pelnmenns aoMalIHUX 3a0a9 0O TeMe 3

1. Koneuno, yTBepKAcHYe 3TOR 33104l €CTh YACTHRIR craydalt odureit
TCOPEMB, KoTopad Oyer farma gaice. Ho anst cc «IponeacBTHKAY Bragadie
MOAC3HO DACCMOTDETh YACTHR A corydal.

Myers a > 0. Ecawm 1y > T3, To @ey + b > axg + b, 3uavuT, g(x;) =
= flaxy+h) > faxa+b) = glxz) B ouay roro, wro drynknns f Bospacaer.
Ecim a < 0, To ax; + b < axs + b, oTKyaa u caenyer, 4ro g{z1) < g(za).
Takny obpasom, B JagHOM cayaae byHxms ¢ — yOnBamOWLAs.,

2. llycth 11 > 29. BocnoabsveMmced pa3ao:KeHHeM
f(@1) = flxo) = (@1 — x0)(2F ~ 2120 + 23 - 3).

Ecmmaza 2 1lumz < -1, 10 1:1 + 129 +x2 > 3, noatoMmy flx1) > flxa).
Ecia —1 € zg < #; €1, T0 2% + 123 + 75 < 3, nosromy f(z1) < f(za).
3. Brenem vaTypanbnoe uncno k = —n. Torga f(x) = ;—k . Ecii ancao

7 4eTHO, T0 pyHKNUA [ BO3pacTaeT Ha poMexyTKe (—oc; 0) H y6uiBaeT Ha
npomexyTke (0; +o0). Jelficrearensho, ecom 22 < 21 < 0, 1o 25 > 2¥ > 0,

nostomy f(xa) = ik < i = f(x1). Benu 0 < 15 < x1, To 0 < zk < 2k,
Ta 1

nostomy f(zz) = a:i > — = flx1).
2

Ecnn yucno n He‘-IETHO TO B3 HEPAREHCTBA T3 < I1 CJIeIyeT Hepa-
BEHCTBO 12 = :1:'2c < :c’l" = t;. 113 toro, uro dbymkuma y = = yOpIBaET HA
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KXKJIOM K3 mpoMexyTkoB (—o¢;0) u (0;+00) crenyer, uyro ecim ¢y < 0
Ha 0 < ty, 0 f(21) = i f(z2), wro u TpeboOBATIOCE AOKA3ATE.
1 2

4. a) YTBepK/eHNe STOCO OYHKTA €CTh MPAMOE CAEIACTBHE Pe3Y/IBTATA
zajavn 1.

6) Koneuno, dbynxnua g He obasana OsITh BospacTalomeit. Paccyxae-
HHe, aHAJOTHYHOE TIPOBE/ICHHOMY B NYHKTE {a), MOKA3BIBALT, 9T0 GYVHK-
A g BO3pacTaeT Ha mpoMexyTke (—o0;0). OaHako A3 TOTO, 4TO HEKOo-
Topas (PYHKHUA BO3PACcTaeT H Ha IMPoMexKyTke (—oo;0), U HA IDOMEKYT-
ke [0;+00), He clneayer, 9TO OHA BO3PACTAET HA Brell duCIIOBON IpAMON.
Haupumep, Moo ssars f(e) = & — 1 upn © 2 0. Tpadwmk dyukupu g

TIPUBETEH Ha PHCYHKE.
/} ' /
77

5. Oreer: ¢ =2 0. Ecan ¢ — 0, To BCe oueBHIHO, ecan ¢ > 0, To f
BO3PACTAET KaK CYyMMAa JBYX Bospacrawomux $yaxumid. Ecom ¢ < 0, 10
byHKIHA o0pamaeTcs B HYMb B TPeX PA3NAYHBIX TOUKAX, a NOTOMY He
MOXKeT OBITh BO3IPACTAIOMEH,

8. Ecnu nonoxute p{x) = w2 4z, o f(z) = p(z?).

Myers 2o < 21 € —v2. Torma to = 23 > 22 = t; 2 2. [ockoabKy
BbysRUEI p BO3PACTACT A TPUMCKYTKE [2; +00), To p{ta} > p(t1). Takum
ofipazOM,

f(za) = p(ta) > f(x1) = p(t1),

YTO W O3HauaeT, uTo DYHKUMA f yOblBaeT Ha MPOMEXKYTKe (—oo; —v/2|.
IIycre /2 € 29 < 31 < 0. Torna z% < 22 € 2. Tlockonpky byHKOHA
P y6BIBART Ha NpOMeXxKYTKe {—oc; 2], To

J{x1) = p(ad) > p(ad) = [(z2).

CresopaTensno, ma NpoMexyTKe | +/230] dbynkmaa f — podpacTaomas.
Eemn 0 € 22 < 71 € V2, To 23 < r§ £ 2, nosromy

flzz) = p(x3) > p(]) = fz1),

3HauUT, Ha npoMexyTKe [0; 2] dbynkmua f — ybuiBaromasn.
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Haxkoner;, ecna V2E 29 < Ty, TO 2 & :1:% < :c%, CHeI0BATEILHO,

fl@2) = p(ad) < pl(al) = fla1),

3HAUUT, GYHKIUMA f BO3IPACTAET Ha MPoMexyTKe [v2; +00).
7. a) Ecm z —y = 5, 0 xy = &(z — 5) = x° — 5z. Haumenbniee 3ua-
b
"eHHe N0y IeHHOIO KBaIPATHIHOI0 BHPAKEHHR JOCTHIACTCH IIPH L = 3,
OAHAKO MOCKOMBKY TIO YCAOBUIO YKCHIO & ABASCTC LIEIHM, TO HAHMEeHBIIHM
Oyner 3naverne npu £ — 2 (mam npu & — 3), paeroe —6.
§) B 1eliCTBHTEIBHOCTH, 31€Ch €CTh JBa CIyYas, TAK KakK He CKA3aHO,

T Y x x
Kakoe JacTHOC a0 PACCVATPHRATL, 5 HTH K& z° Tax gax — = =

r—5
1+ -—5-, TO HapMeHbINM Oyzner 3Hadenwe —4 upu xr = 4. Bo Bropom
Y r—>5 5
caydae = = ——— = 1—-= = ¥ HAHIMEHbIIHM Oyaer 3HaveHne —4 npu r = 1.

B, a) ﬂonyc'thmu ABAAIOTCA BCe 3Hauenusa ¥ > 0. KeagpaTtuwilt ko-
pemb, Kak ObLTo MOKa3aHo, Bo3pacTaeT Ha [0; +00). B cany yTeep:kaenus
sagaun 1, dyaxmas f(r) = +/5x + 1 Taxxke ABIAETCA BO3PACTAIOIIEH Ha
cBoeli o6acT onpeaenenns, NosToMy B cymMa g(z) = 5z + 1 + /1 a8-
nsercst Bospacraoweit Ha [0, +00) dyukumet. 3nauur, upn Beex £ > 0
copase;JIHBo HepapeHnerso f(z) > f(0) = 1.

§) JdonycTuMmBIME SIBASIIOTCA 3HAYEHHA T 2 2 IIyets f(r) = % -
a+/30 — 2. Herpyago suaerh, uto f yHoiBagT Ha [5 ; —I-Oo)i a4 MOTUMY 0OpH
BCEX T > % BMeeT MecTO HepaBseHCTBO f(x) < f(%] = ;— :

9. a) IoaommumM g(x) — % Torma

f()_a:.-:+1 a—1

T+1 ¢TI

=a—(a—1)g{z+1).

TlockoawpKy GyHKINA g yORBaeT Ha (0;+0oc) 1 a > 1, 10 f BOBpACTAET Ha
(—=1;+ox).
6) Ecnix x 2 0, 10, B cumy npe,[uﬂ.z(ym;em OyHKTa, f(x f(0y = 1.

MOJIOKHTS/IBHO H MOXKET 6bITh CROJIb

C pyTofi CTOpORBI, BHIPaKEHHE — pogreg

YIOAHO MaJabiM NpH GoablumX 3HadeHuax x. CneaoBaTeNbHO, MHOKECTBOM
3HAYEHHI JaHHOM MYHKIHM mpn x 2> 0 ApaseTcs MPoMexyTok [1;a).

Tak kak

¢«Anrebpanueckoes pemende: ecaa f{z) = b, o £ = a: 2
rz0ua>1l, T0olLh<an
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CamocrosiTenpran pabora 2 (Tems1 2 u 3)

Bapmnanr 1
1. H.) Iﬂ()KH.)KH'[’H, G BCNH U > b? T} HE BCer, A BhITHUIHEH HEDABEHUTBO
a? +2a > b2 + 2b,
6} JokasknTe, uro ecau ¢ > b = —1, 10 @? + 2a > b* + 2b.
2. Tlycty f(z) = 32° — 4z. BuacuuTe, Kakoe U3 3Ha3eHU# 3TON bYHKIHK
bosibine Jpyroro f(g) MK f(3—1)
AT | 3947
3. JokazxmTe, 4TO \/22? +1+x3>+/3+ 1 npu Beex HATYPATBHEIX Z.
4. Ilycre f{x) = uzr 20

+ 3
a) JdokaxnTe, 9410 JanHan GYHKONA ABIACTCA BO3PACTAIOMEH.

6) Haiiqure BCe 3HaYEHUs, KOTOPble NPHHUMAET JaHHAs PYHKIME.

BapunanT 2

1. a) Jokakure, 416 ccnd a > b, 10 11 BECLIA BLUIONIICHO NCPABCLUCTBO
a® 4+ 40 > b% + 4h.

6} JokaxuTe, 9To ecan a > b 3 —2, 10 a? + 4o > b? + 4b.

2. ycte flz) = 522 — 4z, Bbmcnn're, Kakoe M3 SHa4eHmi 3Tol PyHKIUK
6 :

WHIbILE JPYIOre, f(ﬁ) MK f( 8)

3. Jdokaxuare, 4to 4z — 2 + 3z > 3 + +/2 npu Bcex HATYDAJIBHBIX .

4. Tlyers flx) = = 3y

r+1
a) Jokaxure, 4To JaHHad OYHKINA ABAgeTcs yOuIBalomed.

6) Hahjaure Bce 3navedus, KOTOpble HPHHEAMAET maHHas PYHKLMS.

Bapunanr 3

1. Joraxkwme, 910 ecny ¢ > b, TO! 4) He BCET(3 BHITKNTHEHO HEPABEHCTBO
a? + 20 > b? + 2b; 6) BepHO HepaseHcTBO 0 + 2a > b + 20,

2. Hokaxdre, yro /22 — 1 — % 2 0 0pH BeeX NMATYPAILILIX X.

3. Cymma pasyx ueasix auced pasna 100 Hafipure: a) wauBosavwee n
6} HaMMeHbIllee 3HAYMEHNE WX YACTHOTO.

4. Ilyets flz) = ?:23 :

a} JlokaxxuTe, 410 NpH o = 1 navHas hysxupa yObIBaeT Ha NPOMEXKYTKE
(—2;+0oc).

6) HaltauTe Bee 3HaYeHHA a, IPH KOTOPHIX AaHHAA (DYHKIINA yOBIBAET HA
npoMexyTKe {(—2; +00).
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Bapnanr 4

1. JMoxaxxume, 910 ecid ¢ > b, TO: 4) He RCEr;(3 BHITKNTHEHO HEPABEHCTBO
a? 4+ a > b* + b; 6) sepro nepasencrso ¢ +a > b* + b,

2. HokaxnrTe, 4To Tv3dxr — 2 — ﬁ > 0 npu BCeX HATYDAJLHBIX T,

3. Cymma apyx uenbix umcen pasia 8. Hailawre: a) wanBGossuwee w
6) HamMeBblIee 3HAYCHWE UX YaCTHOTO,

azr + 2
4. [lyets f{z) = it
a) JokaxkuTe, uTo npK ¢ = 1 naBHan DYHKIME BO3PACTAST Ha NPOMEKYTKE
(—3;+ec).
6} HaltauTe Bee 3HAYENNA @, IPH KOTOPHIX AQHIAA (DYHKIEA BOIDACTACT
Ha, npoMexkyTke (—3; +00).

AdonoaHuTeNLHbIE YIPAIKHEHHA 0o TeMaM 2 1 3

2.1. llyers f{x) = 5z% — 2z 4+ 7. CpaBH:HIe SHAUEHH:

a) [ (v2) u f(v3);6) f(—g) f(-@)-
2.2. a) HoxaxmuTe, uT0 ecvt a > b > 1, To 103a® — 3a > 103b% — 3b.
6) BriscunTe, BepHO MH, 9TO ecmi ¢ > b > 0, To 103a® — 3a > 10362 — 3b.
2.3. BridcHuTe, CyNIECTBYIOT JTH BOSPACTAIOINAS HA BCell YHCAOBOH IpsA-
Mot ¢yuriusa f ¥ ydniBawimasa He Bceli aucorol npamolt pyHkIua g,

takee 9To: 1) BX cymma h(z) = f(z) + ¢g{xr) ybupacT; 2) Bx pasnocTL
h{x) = f(x) — g{x) Bospacraer; 3) ux upoussegenne h(x) = f(z)g(z)
BO3pacTaeT: 4) UX oTHOmeHwe A(x) = f(=) BO3PACTaeT.

g{z)

2.4, JloraxuTe, 4T0 ecau PYHKUMA f BOPACTAET HA HEKOTODOM IIPO-
MEHYTKE H BCe ¢ 3HAYEHHS Ha DTOM NPOMEXYTKe HEOTPHULIATESILHE, TO
dyuxuua ¢{z) = f2(r) TaK>Ke BO3PACTAET Ha 3TOM MPOMEXYTKE.

2.5. CymMa gByX HaTvpanbHbIX umucen paBHa 101. Halimure HanGos1b-
Wee U HafMeHblllee SHAYEHNA NMPOU3BEIeHHsT YTUX JHcell.

2.6. TIpom3peeHne JBYX MOJIOXHTEILHBIX ducen pabHo 8. Haitaure
HauOoNblllee W HaNMeHblllee IHAYCHUA CYMMBI 3THX YHCET.

2.7. Haiinure wDpoMexyTkd BOBpaCTa.H}Iﬂ 1 yOplRaHWSA HYHKUMHA:

) filz) = 22 + 62 — 115 2) fo(z) = 3z —1; 3) fa(x) = V3 —4z;
9) fulr) = 22 5) fol(2) = X2, 6) fola) —”1  7) folo) = SEL

8) fulz) = vbzr —22 -5,

2.8. Nokaxure, uro dynximma f(z) = 12z — z? BoapacraeT Ha oTpesxe
(—2;2].
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2.9, IloerpoitTe 3ananay0 Ha R GyHKUIAIO, KOTOPAad HA HA KAKOM IIPO-
MeXyTKe He ABJISETCA HH BO3pACTARIell, H yObIBatomel.

Tema 4. 'pacpukn pyHxmuit

Haunem ¢ Tounoro onpegenenns. [padukom dyukimn f(z) HasbiBaeT-
CH MHOKeCTBO BCEX TOUEK IIFIOCKOCTH, KOODIUHATHI (Z; i) KOTOPELIX YAOBIE-
TBOpsIOT paBeHCTBY y¥ = f(%). Xorda rpaduk TuHelHONH QYHKIUM JABHO
H3IBECTEH, HO [IOPA COOTBETCTBYIONEE YTBEP)KIEHHE aKKYPATHO JOKA3ATD.

Teopema 4.1. I'pachukoM mrHelnol ¢GyHKIHN ABNfeTCA NpAMas HA
TIJIDCKOCTH.

Pacemorpam aancitinyio dhyvikauo f{z) = kx+b. Echw & = 0, To dbyok-
1HA T TOARHA, €6 ]'Ilﬂ(l)lr’[l((}l\fl HBJNACTEH MHDXKECTBO BCEX TOMEK, O/IHHATA
KOTopBIX paBHa b. TakuM obpazoM, sToT rpadmk ecTh IpAMan, Iapaj-
JgesibHad och abenmee, Teneps npeanonoxam, are & > 0. [Iycre B — 310
TOYKa Mepecedenns rpaduxa ¢ ocko opauHaT. [1ocKonbKY abciacca aToR
TOYKH PABHA HYMIO, TO ee OPAMHATON sBAseTCs 3HadeHue y = f(0) = b.
Pacevorpum Ha rpaduke ewe caenyviompe TOUKYM: Touky A, abenucca Ko-
Topoii pabHa 1, 1 Touxy C ¢ IPOH3BOMBHON NONMKHTENbHOM abcnnccolt 2.
BosbMewm eme gpe BenoMoraTenbHble ToukH K (1;b) n L(z:b) (pucynok).
llockonbky Toukm B, K u I AMCIOT DARILIC OPAUNATEHI, TO OIH JICIKAT
HA l[l)HM()l“'l, []E—LI)H.IIJIHJIbH()ﬁ (H:H Hﬁ(!]lH(:(f. Tl)ﬂﬁ_‘y’(—!'l‘tfﬂ AOKA3ATH, 910 TOUMKH
B, A u C nexat Ha ofHOH UpAMON, AAd "I€r0 JOCTATOMHO YCTAHOBHTH
paseHcTBO yraos LKBA w ZLBC.

. C
A

B

1K L
Tz

OpauaaTtoli Touky A ABAAETCA 3HAYUEHHE pacCcMaTpuBaeMoll PpyHKIuM
npu r = 1, TakuM obpaz0M, OHa pPaBHA K + b, ¢.1eI0BATEABHO, JJIHHA OT-
peska AK pasna k. Oppunato#t Toukn C spageTtes yacao kr + b, nostoMy
CL = kx. CiejoBarensHo,

BL = CL

BK — 7T CK-
TTockonbky Tpeyronsankn ABK n CBL — npAMOYrossHule, TO U3 J0Ka-
3aHHOI! IIPONOPIHOHANBLHOCTH X CTOPOH GNeAYeT Nonobre 3TAX TPeyroib-
HUKOB, OTKYZa MBI H nouydaeM, uto LK BA = ZLBC,




48 I'napa 1. Pysxumn

Teneps HaA0 PaccMOTPeTb ciTydaii, korma ¢ < 0, & 3aTeM caygail, B KO-
TOPOM KO3 hUIHEHT & ABNACTCA OTPHIATENBHEIM YHCAOM. PaccyaeAns
AHATOTHYTHRL TIPOREIEAHOMY, TPHBOAHTE MBI uX Ae: OvieM, ocoBeRHO B ey
URURIARSULY FJUJIEB UPHCTOE QOKA3ATeNILETBD 0 TedpeMbl ﬁy,;l,l—"l [P Ee A8HO
Janee (cM. Teopemy 10.2 Ha crpanune 122).

Samaua 22. a) Hanumure ypapsenue npavoi, npoxoagied iepes ToUKH
A(-1;-3) & B(2;4). 6) Brscaute, Jexar 1H Ba OZHON NPAMOH TOYKHA
A(0;2), B(2;3) n C(184;93). B) Haiiante TAHreHC yIJia HAKIOHA MPAMOR
y = 2x + 3 K ocm abcuuce,

a) Tpebyerca HaiiTnh Takue dncna k u b, NPH KOTOPLIX IpsaMad y = kx+b
[IPOXONAT 4Uepe3 JaHHble TOUKHM. Takum oGpazom, mapsl (—1;—3) u (2:4)

JOJIKHBL YAOBJETBOPATL ypaBueHno ¥y = kx + b. [lostomy —3=—-k+bmu
4 = 2k + b. Pemue nosyvyeHAyI0 CUCTEMY, HONYYIHAM, 49TO k = % Hb= -é,

TE—2 ' '
TakAM 06DE30OM, MONYY4eM YPaRHeHne y = 5

6) Naest npocTa: HAlTH YpaBHeHHe TIpsAMol, NpoxoAsniet depe3 TOUKH
A u B, a 3aTeM NpoBCpHTL, ACKHT JH na nci touxka C. Ilpamas AB
A, HETCH YPABHEHUEM Y = ITH . Honoxkus & = 184, Mel noayunm, "11o
1 = 94. ITosToMy Ha 3Toft TIpAMOlL JeXKHT Touka ¢ KopausaTtamu (184; 94),
a Touka C NTeXHT HEXKe ee.

8) M3 jgokazarenscrsa reopems 4.1 caeyyer, 110 anvua orpeska AK
paBaa k (obozpagenns — Ha npuBeneHAOM Brime pucyHke). INockoneky
BK =1, to Tasrenc yrna ABK pasen k. B n1aHHOM ciyvae TaHreHc yraa
HaKJIOH& PaBeH 2,

B cany pesyapraTa mociegHEro NyHKTA NpeIbayned 3aaa9u koagpdm-
IVEHT & B ypaBHEHHN Yy — kz+b, 33Ja010€M OPAMYI0, HASBIBAGTCH Y2.4060tM
koaPuyuenmonm 3TON npaMoi.

3azaua 23. Haiiaure 06uyyo dopmyiny ans yraosore koagdpuunenTa npsa-
MoH, npoxoxsnmieit yepes toukk A(xy;y1) 1 B(xa; yo) (38ech 21 # 2).

[lycrs y — kx + b ecTb ypaBaeHNE OPAMON, NPOXOAANIEH YePe3 JAHHLIE
toukd. Torga y1 = kx1 + b 1 y2 = kao + b, mosTOMY Yo — 11 = k(22 — 1),
OTKYAA

R
Xy — X
B npoBesieHEOM pacCyK/€HHH CYIUECTBEHHO, YTO HAM He NPUILIOChH pac-
CMATPHBATE Pa3/IHYHBIE CAYUAH B3aMMHOLO PAcioIoxKeHuA Toudek A u B.

3agaua 24. [loctpoiite rpaduk byskmuu f(r) = z + 2|z - 1|.
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Ilockonsky
3r—2,ecmnx 2 1,
|

2—x, ecmazx <1,

T0 rpacbukoM JaHHOH yHKIKA gBjdeTcH H300paxkeHHoe Ha pHCYHKe 00'b-
eAUHEeHne JPYX TyHeil.

YacTaa olHOKa yUaIIFXed TPH MOCTPOSHUH TPaPHKOB Kiyjcouno 3adaH-
15 PYHKIHR COCTOUT B TOM, ITO MPCALARTACMEIYE HMHA OTBET Boobmie He
SIBAACTCH TPAaUKOM IIHKAKOH iy IKIHA.

3azaga 25, Cpeay IpHBEIEHHBIX PICYHKOE YKAZKHTE Te, KOTOpHIE ABJMA-

10TCA rpaHKaMi HEKOTOPHIX B3 CJIAYIOWKX (PYHKIHI:

1) fulz) — |} + |2 = 2[5 2) fa(x) — [z —|& = 2[+ 2 3) f3(z) — 22+ |2];
x|z — 2|, ecnu x < 2,

4} falx) = {

xr, ecan x =2 2.

(2)
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|

S0 23
(3) (4)

Naea monsTHa. SHauenneM GYVHKIUME IIPH 3aJaHHOM 3HaueHuH b ee ap-
I'YMeHTa ABJIAETCA OpJMHATA TOYKH IepecevdeHus npamoli ¥ = b ¢ rpadm-
KoM 3Tolt dyuruun. [TockoabKy Opu Kaxk oM 3HAUEHHH apryMeHTa QyHK-
LA BHMEET TOJIbKO OIHO 3EAYEHNE, TO BCAKAT BEPTHKANBHAA IPAMAA JOJLK-
HA, [IEPECEKATRECA ¢ IpadukoM Be Gosee, 9eM B oanoil Touke. Ilosromy Ha
prcyakrax (2) u (4) mao6paxenn rpadvkn HekoTopex DyHKIMHA, TOrA Kak
MHOXKECTBA, 300paKednne Ha pucynkax (1) u (3), rpaduxamu dynkuuit
He ABJIAKTCH.

Ha pucynxe (2) nsobpaxker rpaduk byukime f3, Ha pucynke (4) —
rpachux dyEKUME fi.

Paccyxnenne, npoBejeHHOe DM DELIEHHMH TIPEABIAYINEH 3aJa4i, MOX-
HO OBODIIHTE,

Teopema 4.2. MHOXKeCTBO Ba IIOCKOCTH AB/1A€TCH MPahHKOM HEKOTO-
pott bYHKIMK TOrAA U TONBKO TOTIA, KOTZa BCAKAA BePTUKAIBHAS MPAMast
HePECEKAsT 3TO MHOMKECTBO He Bonee, yeM B ogHol Touke. [Ipn sToM mpoex-
I(Hs 3TOr0 MHOXKECTBA HA 0Ch abCIUCe U ABAAeTea OOMACTRIO ONpeAeneHus
ATOH PYHKITHA.

Barngnem Ha caenyomme DHCVHKH, HA KOTOPHIX B306paXkeHH rpadu-

x x
KH: cJeRa — JHHeHHRX (DyRkiml y = 5 WY ="%5 , Cpapa — K-

paTHaHLX GYHKIME ¥ = x? — 2z u y = 2r — r2,

MO}KHO 3aMeTATE, ITO KaK NDAMBE CTeEA, TAK H napaﬁonbl cIIpaBa CHM-
METPHYHbBL APYT APYTY OTHOCHTENIBHO 0CH abCIHce. DTO CIelyeT U3 OHOrO
IPOCTOro H OOLIETe ¢BOHCTBA rpadHKoB.
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Teopema 4.3. I'paduk byrkumm ¢(z) = — f(x) cummerpien rpadu-
Ky QYHKIHNA f OTHOCATEIBHO OCH abCIiuce.

YTBep:KIeHAE 3TOH TeOPeMbl CIAeAyeT H3 CHEAYIOIEro HadIIOmeHNs.
Paccmorpum touku Mz, y), M'(z; —y) u K(z:0) (prcyHOK).

M
5.
IM’

Hcno, uro orpezox MM’ nepneHIuKynspeE ocH abclpcc, IIPH 3TOM €ro
cepeauHa, TouKa K, JexkuT Ha ocu abcumce. Chenosarensio, Toukn M u
M’ cMMeTPHYHDL IPYT APYTY OTHOCHTENLHO 3ToR ocl, Ecau A nexut Ha
rpacpuxe bpyskmm f, To y = f(z), 3paunt, —y = — f(z), DosTOMY TOUKA
M’ nexurt Ha rpaduke ¢viuxkuuu — f. 1 naoBopor, ecnun Touka M’ nexut
Ha rpachuke —f, To Touka M (¢ Tolf xe abeumecoli) Bymer pacnonaraTbes
Ha rpacduxe pyaxkmuA f.

M3 moxazaHHOrO yTBep2IAeHWS Cpady CAEXVET M METON NOCTPOSHUS
rpaduka y = |f(x)| no rpaduky y = f(x).

Cnencreue. Jdna noctpoenus rpaduxa y = f(r)| cnegyer oTpasuts
CUMMETPHYHO OTHOCHTENbHO ocu abcuyce wyacTs rpadmka y = f(x), ne-
WHANLYIO HHXKE 3TOM OCH, COXPAHUE TY 4acTh rpaduka y = f{x), xoTopas
PACIOJIONKCIIA BEINIE OCH abcIuec.

deticrsurennio, ecin f{x) 22 0, o, ¢ 0/HO# CTOPOHBI, TOUYKA ¢ KOO[HA-
HaTamu (z; f(z}) nexxur Bbime ock aboupce, ¢ APYTOR CTOPOHHI, TIOCKOJILKY
B 9ToM cayaae | f(x)| = f(x), oTa TouKa ABIACTCH TAKAKE TOYKOH rpaduka
y = |f{z)|. Ecam xe f(z) < 0, To TouKa, cuMmerpnuHas Touke (T; f(x))
OTHOCHTCILIO OcH aDCIIHCE, HMCCT KOOPIHIIATIL (:{:; —f(z)) u aoxur ma
vpachure y = | f(x)], rak kak B gasnom cayuae |f(z}| = — f(x).

F

3azaua 28. Uaobpaskre rpadmk dynknun f(z) = |22 - 2x|.

OTEeT Ha CNeAYIOMEM DHCYHKE, Ha KOTOPOM IIYHKTHPOM OTMEYEHA, IyTa,
napabonul y = r? — 2z, nexamas Hwxe ocu abeiuce.
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Komy-To MOXKET IOK&3aTBCH, 9TO [OCHEIHAA 38Ja498 3TON TeMEl, KOTO-
PYI0 MBI celiac cOPMYIHPYEM, «CIHIMKOM TpyIHa». (JIHAKO ee 1enb
TIOKASATEH, YTO €CAH TPOMENKYTKH MOROTORHOCTH (DYHKITHK yKe HallIEHH,
T HOTT[OEHHA o8 I‘[]ﬂ(})}‘ll‘;ﬂ FIACTO JOCTATONHO «30PAaBoro CMblCAR».

Sanaua 27. Uzobpaszure rpaduk y = z° + % .

A
LY
A
1]
L
L}

[ S S~ W - -

M3 peutenus 3azaq 18 v 19 npenpaymeft TeMe! u3secTHO, 910 JaHHAaA
dyuxuua vOEIBaeT Ba KAXKAOM W3 HPOMEXYTKOB (—o0;0) u (0; 1], Bospac-
TAET Ha MpOMeXyTKe [1;+oc). Ecnu ¢ «fonbImoe Mo MOZYMIO YHCIO»,

2
TOC E ABNASTCA QUYEHB MAJIEHBKHM, INOSTOMY IIDH OoABIMIUX MO MOOYIK T

2 a ee rpacux 0am30x K napaboie

2

snadenne gaanoli dbyakony 6au3Ko K &

2
¥ = .’.1'.‘2. Ecnu xe x MaJo, TO |E‘ B&JHKO, TOrJa KakK I~ MaJtlo. HOE)TOM}'

2
MPHE MATLIX & HCKOMEBE Tpadwik Gmu3oK K ranepbone y = e Orrer —
Ha PUCYHKE, Ha KOTOPOM OYEKTHEpPOM OOO3HAYEHH YKa3aHHBIE Napabona u
ranepboia.

3agauM A4 JoMAaLIHUY 3anaHuii nmo reme 4
1. BriAcHNTe, J€XKAT IR Ha QIHOH NpaAMOl TOUKHM ¢ KoopauHaTamy (1;1),
(2;2) 1 (3;5).
2. HattnuTe ycnoRue, IpH BEIIOTHEHHH KOTOPOro Touku A(xy; 1), B{Z2; y2)
u C(rs;ya) acxkar Ha oguOH npamol (B NpCInosIoiKelMn, 4To abeuucenl
BOEX TOMEK PA3JIHUIHSL).
3. TToctpo#re rpadwk y = f(f(x)). ecnn: a) f(x) =x—1;6) f(z)=1—a;
B) f(z) =z - 1].
4, OnpeaennuTe B 3aBUCHMOCTH OT 3HA4YEHHA TADAMETPa ¢ YNCIO pelleHkHH

YpaBHEHHU:
De+2z-1=a2)2z+z-1|=;3) zlz-2|=a; 9) |z|{(x-2) = a.
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5. HailguTe 9HCTIO ¢eCTECTBEHHBIX> DVHKLIHH, rpadHKH KOTODHIX JTEHKAT

B OOBeIHHEHHH NPAMBEIX Y = 22 A Y = -3

6. BeiscraTe, KaKHe U3 H300PAMKEHHBIX HA CACAYIOIIMX PHACYHKAX MHO-
#KecTB ABNAKOTCA rpadukom HekoTopoit pynkmmn. Orser 0boCHYITE.

2 2
1% /\
-1 1 2 1 12 3

-1 -1-
(1) (2)

7. Bolacuure, neXar 11 Ha oHOR napadone Touky ¢ KoopaAuHaTamu (1:1),
(2;4) 1 {3;5).

8. Ha pHeynke uzobpaxkcena napabona ¥ = az® + bz + e,

Onpenennre sHaKH Ko3d(pUALIMEHTOB 4, b 1 .

9. Hokaxure, uaro ecan toukn A{x1;y), Blzaiys) m C(xrs;ys3) He Jexat
Ha OJHOM OpAMON N UX alCIMCCH PAa3JIHYHbL, TO CYIIECTBYET 8IUHCTBEHHAS
napabona, Ha KOTOPOH BCE OHRE JIEHKAT.
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10. JokazxuTe, 9To ecian dbyEKIMa f — Bo3pacTaomas a ee rpad K AeKAT
BhIINE TpaAMOl ¥ = «, T0 rpachuk y = f(f(x)) Taicke NeUT Boie TOH
PAMOH.

11, [lyers dyuxkumun f u g cBaA3aHEs! cooTHoweHueM ¢(x) = f(—z). Ho-
KayKuTe, 9T0 rpaduKkn 5TUX (PYEKIHA CHMMEeTPHYHE JPYT APYTY OTHOCH-
TE&TIBHO OCH ODIHAHAT.

Pemenua goMalHuX 3a0av 0o TeMe 4

1. Slcao, uTO NEepELIe ABe TOUKM JexKaT Ea npaMol y = x. llockoneky
3 # 5, TO TpeThd TOYKA HE JIEXKUT HA 3TOH IPAMOL.

2. Touku OyayT NexaTh Ha OJHOH mpAMON, ecii COBOAJAKIT YTJIQBLIS
xkosdppurnentel npaveix AB 1 AC. B cuny gokazanso#t GopMyanl 3TO
6y1eT IMETb MECTO, €CJIH

Ya—1t _ s —W
Fo — M .1",‘3—1".’,‘1'

3. a) Tak kak f(f(z)) ={x —1) — 1= — 2, ToO HCKOMLIM rpabEKOM
HBJMELCH IpHMAad i = 1 — 2.

6) Tak kak f(f(z)) = 1—(1—z) = z, To UCKOMBIM IpadHKOM SBIACTCH
npsaMaf y = .

B) B aaunom cayae f(f(z)) = ||z — 1| — 1|. Jocrarouno srasaie
noctpouts rpacuk y = & — 1| — 1. Tak kak

r—2, ecmuz =1,
e -1 —-1=
—x, ecum < 1,

o rpadmkom ¥ = |1 — 1| — 1 sasnseres n300pakerHoe Ha pUeyHKe 0Db-
eJMHEeHRE JBYX JVUuel.

Ilo Teopeme o nocTpoeHAH rpadmxa Moayad (ByHKIMHA BCe, YTO OCTAIOCH
CAEMATh, — 3TO OTPA3HUThL YaCTh MOCTPOSHHOTO rpaduka, JeKallyK HHKe
oCH abcupce, OTHOCHTENBEO ocH abewpce. Mexomeit rpachuk — Ha pucyHEke.
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4. Orperon:
1} Her pemennii upm ¢ < 1; ojipo penedne npa o = 1; 184 peniedus npu
a > 1.
2) Oaxo pemenne npu n:060M 3HAYEHAH Q.
3) Ognxo pemenve npu ¢ < 0 1 ¢ > 1; apa pemenna npr ¢ — 0 9 a — 1;
Tpu pemenns npu a € (0; 1).
4) Oggo pemenue mp ¢ < —1ua > 0; aBa pemenma mpu e =0 a = —1;
TpHU pemeHnd npu a € (—1;0).

Bee onn npaMo «udTalTCA» Mo rpadhHEAM COOTBETCTBYIONNX DYyHK-
IMi, IpHBEAEHHBIM HA CJIeIYIOUMX PUCYHKAX.

5. OTser: veThipe GpyHKOUH. KoREUHO, caM0 00beJHHEHUE JAHHBIX MTP-
MBIX He ABIfeTcH rpadukomM HEKaKOHA hyHKIuM,
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x
MokHO E34TH NpocTo JeHedinee dyaxupn fi{z) = 2r u folx) = —5
rpachbUKaMB KOTOPLIX H SABIAOTCA, COOTBETCTBEHHO, MpAMBIE ¥ = 27 K
z
=-3 ( pHCYHOK).

BosMmoxken gpyroft BapuaHT, KOTJa H3 9eThIpeX Jgyuell. HA KOTOpLIE Ha-
YAJI0 KOODAUHAT paibEpaeT o6beJUHeHHe TTPAMBIX, MBI BLIOHpAeM Ay4H,
NEXANAE HA PAIHHIX NPAMBEIX ( PUCYHOK).

Ha nmesom pacynke usobpaxken rpasduk dbyukonn, sagaaHol dopuyynamu

€
—=.ecmu £ 0,
fa(z) = { 2

2z, eci x > 0,
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Ha npaBoM — rpadnx dyBEKUEE, 380aHHCH dopMyiaMi

£2(2) 2r, ecn z £ 0,
a(T) =
—% . ecqn x> 0,
3aMeTHM, YTO KaXXAVI0 U3 JBYX MOCJAEAHUX (DYHKIHH MOXKHO 331aTh,

TaK CKA3aTh, <OJHOH dopMyioi». A NMEHHO,

fale) = 2 ey = 20

OJIISKO, 6 HANI BIMJIAT, CMLICIA B 3FOM HEMIIOTO.

6. Ha pucyuke (2) usofpasxen rpaduk dhynxiwpu, obIacThio onpeaene-
HHM#A KOTOpOH ABIgeTcd 00beJHHEHHE OTPE3KOB {—1; %} u [1; 2]. Tloaromy
Ha pucyaKax (2) i (4) u306paskensl rpadrku DYHKOUY, TOrIs KAK MHO-

JKCCTBa, Hiobpaxerninic ia pucynxkax (1} u (3), rpaduxkamn dynkuult oe
SIBJIS YT,

7. Ecnn yuainmecst ckaxkyT, 9TO JaHHBEIE TOYKH He JI€KAT Ha OJHOM
napafone, NOCKONIBKyY napabosa y = 2 IPOXOAUT Hepe3 ABe TepBhIe 13
3THX TOYEK H HE MPOXOIUT HEPE3 TPETHIO, TO MOMNPOCHTE HX HANTH OMIHOKY
B 9TOM paccyxieaun. A omubka o9enb npoeta. Jdeao B ToM, ITO Yepes npe
TOYKH LPOXOLAT COUNCINOEI0H LpHIMad, 10 DerKonedno Mioro uapaboyr,

Pewarn 3aya4y oauo «<qccruos, Hycrs y = ax? + be + ¢ — ypasucuuc
uekoMo# napadonsl. [ocKonbky e yeIoBHIO TOTKH JIEXAT HA TeH, TO

a—-b+e=1,
da + 2b+¢ =4,
9a + 3b -+ ¢ =b.

Tenepr Hama 3aja4ya — PeUNINTh CHCTEMY B3 TpeX YPABHEHHI ¢ Tpemd
HEHZBECTHEIMH. B pe3yibsTare MEl NOAYHAM YPABHEHUE HCKOMOM Napafoms:
y=—z2+6z —4.

8. OreeT: a <0, b <0, > 0.
Ya— W 4 ¥s— i

S — I T3 — &

9. Hago aoxazars, 9TO ecad . TO CHCTEMA
axi + bry + ¢ = y1,
azs + bza + ¢ = ya,
azi + by +e=13
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uMeeT pemenne. PaccMOTPHIM pa3HOCTR BTOPOrS H IIEPBOIC W3 3TUX YPaB-
HEHHH, & TaK¥Ke TPETHEr0 U NEepROro U3 HUX. lak kak xp — ) # O m
w3 — &1 # [}, TD MBIl IOTY9UM CHCTEMY

_ kW
a($2+$1)+bv——&r2_§l,

_ Bt
a($3+$1)+b——$3_m .

TlockoNBbKY IO YCIOBAIO MPABLIE "ACTH [IOJAYISHHBIX YPABHEHHE pasidd-
Het, T0 6 # 0. [lonyuns 3nagenme koadrpHIpeHTA G, MBI 34TEM CMOMKEM
TOCNIEIOBATENBHO HallTh kKoo puiueHTr! b 1 C.

10. To, ato rpashuk y = f(x) JeKUT BhIlle NpAMOH ¥ = &, O3HAYAET,
910 HepaBeHeTBo (1) >  CHpaBeIMBO IIPKU BeeX T. Tak Kak [0 yCAOBHIO
ZaHHas Gynkuusa — Bospacraomadt, To f{f(x)) > f(r) > z. Do u 3Haunr,
yto rpacduk y = f(f(x)) JexuT Bhime npsaMoil y = I.

11. Iycts Touka M{x;y) nexwur na rpaduxke dbynxmuu f, a moro-
My ¥y = f(z). Touka M’', cumMeTpuyHas Touke M OTHOCUTEABHO OCH
OpAMHAT, HMEeT CBOHME KoopamHaTamu umcna (—x;y). Taximm obpaszowm,
y = f(z) = f(—(-x)) = ¢(—=z), cneaoparenvo, Touka M’ NeKHUT Ha
rpaduxe byukuuy g. O6parro, ecnn rouka M'(x;y) nexxur Ha rpaduke
dyuxupn g, ro y = g(z) = f(—=), nosrouy Touka M(z;y) (cuMMeTpHEY-
Has M’ OTHOCHTENHHO OCH ODPJIMHAT) NEXKHUT Ha rpadwke pyHkinum f.

Tema 5. Muao»xecTERO 3HaWeHnid hbyaRKIEN

MEe: mpausem o6CyKIeHHe OCHOBHOILO IIOHATUS STOH TE€MBI ¢ DEIICHHA
CAeAyOINEH 38081,
3anaua 28. Haliaure Bee 3Ha4EHNHA @, 0PH KOTOPBIX HMEET PEIIeHHe YPaB-
2z 41
x—1

Bce peumreHua BrioAHe CTAHTADTHBL

a) JucKkpuMHHAHT JaKHOrO ypabHeHnA paseH 4 +4a. [lockoaeky kBaa-
PATHOe YpaBHEHHe UMEeeT pelleHne TOILIA M TOJIbKO TOrna, KOrja ero Auc-
KPHMHHAHT HEQTPUNATENEH, TO TIONYIaeM OTBeT: ¢ = —1.

6) 136aBnBIInCh OT 3HAMEHATEIA, HONYIHM ypabBaenue 2r+1 = ax—a.
Heno, uro * = 1 HH NPH KAKUX 3HAYEHHAX 4 He ABIAETCA pelleHneM
ITOTD Yy PABHEHWS, & TIOTOMY HHKAK X «JIMIIHAX> KopHeil HeT. TTpeobpasyem
ypaerenme K Buay (¢ — 2)r = a + 1, oTkyza | cienyer, 7TITO OHO AMeeT
pelleHye IpH ¢ 7 2.

B) AHATOTHYHEIM o0pa3oM U3GaBMMCA OT 3HAMEHATeNd A MOCTIe Ipeod-
Pa30BaHMil [IOAYYHM KBAIPATHO® YDABHEHHE I° — (a+1l)xz+a+4=0,

Hemue: a) r° — 2z —a = 0; 6) =a;B) T+ —— =a.

r—1
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JHCKPHMHHAHT KoToporo paped (a+1)? —4a— 16 = a® — 2a — 15. Hanncas
YCIIOBHE €r0 HEOTPHIATENLHOCTY, MOIYYHM, STO JAHHOE YPABHEHHE MeeT
peTieHne pH & s —3 W Npu a 2 5.

A Tenepn ganalTe cicTKa UIMCITHM (DODPMYITHPOBKY.

3agaua 29, Haitaure Bee 3HAYCHUA @, TP KOTOPBIX ¢/IeAVIOLUIEe YPaBHe-
¢ AMCCT pemiciise na orpeske [—1; 2):

a)2?—2r-a=0,6)2z +1=q;8) 21

a) IlpoBeneM BHavAlle CTaHAAPTHOE paccykaeHne, KopHAMA JaHHOrO
YPABHEHUS ABIAI0TCA YuciIa 2) 2 — 1£+/a + 1. Goapmmit 03 HuX He MeHb-
me 1, nosToMy OH aexkaT Ha orpeske [—1;2|, e 14+ va+1 € 2, 4T0
uMeer Mecro, ecol —1 € a < 0. Meupmu#i u3 Hux He Solple 1, MOTOMY
OH NexXHUT Ha oTpe3ke [—1:2], ecin 1 — Va+1 2 —1, uTo UMeeT MecCTo,
ecmn —1 £ a < 3. [losToMy gaHHOE YypABHEHEE HMEET DELIEHHE HA OTPE3KE
[ ;2 uppac| 1;3]

Otako cyniecTeeHHD NpoHIE paccyX<;laTh naade. Ha caeayiomem pu-
cyHKe HaobpaxkeHa ayra mapabome y = 12 — 2r npu z € [—1:2]. Jauuoe
VPABHEHHE HMEET pelieHue, ecIH NpAMasd §j = a IepecekaeT u3obparkeH-
HYIO YTy, 9TO M OyIeT MMeTh MecTo Opu a € [—1; 3,

a.

f) ByzeT xoporio, cetH OPH PCOICHHH 3TOMO 3aJalHMe YYAIHCCA CPa-
3y v3o0pasuin Obl orpesok (eBnifi PUCYHOK), ¢ KOTOPOre «HPOYMHTANKY
oTBeT: ¢ € [—1;5).
5r
4:

15

10
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B) Mbl HaMeDEHHO BKIIOHIIHA 5TO 3agaHKe. B ganHBIil MOMEHT ¥ y4a-

IMUXCA HET TEXHHKH, TIPH MOMOIIM KOTOPOit MOMHO H300DA3UTH Ipadhirk
2 +1
r—1
EHHUK)} 2TO1( I'IJH(I}HKH.. A B HFI.(TT()HIII\HI:‘JI MOMBHT ]l])H,}.I,H'I'CH II[}(]H?}B(}JI,H'['h
npeabpasoBanys.

Hamma mems — cipopMupoBaTh y nHX DoTpebilocTh K NOCTPO-

a+l
PelneHueM JaHHOMG YPaBHEHUS SBIASIETCS MOS0 £ = t 5 KOTODOE
u —
JEXKHT HA JAHHOM OIPE3IKE, 8CuM & HBJHEICH PDELIEHHEM CUCTeMbl HEpa-

ReHOTR
a+1

23]
+1
—0
WA
~n

—1.

=]
[

Peniennem mepBoro HepapeHcTBa SBISeTcA 06benaHeHne (—0; 2)U[5; +oo),
1
peleHreM ETOporo — obbennHenue (—od; 5} U (2; +00). PemenueM man-
HOH CHCTeMBI HEPAREHCTE SBASeTCH obllad 4acTh HalAeHHBIN o0beauHe-
1
Huil, IOSTOMY OTBET: a € {—00; E] U [5; +o0).

A nackonbko 6ni0 6B1 IpAATHEE K300PA3UTE YacTe runepbons (mpa-
BRIt PUCYHOK Ha NMpeABLAVINEH CTPaHULE), H Cpa3y DNOJNYYHTH O0TBeT. TeMm
HE MCIEC, XOTA rpadiik MR MOKa CTPORTR He ByaeM, TonpohyeM Hermaab30-

) 2r+1
BATh MIBECTHBIE HOAXOAR s ueeaedosanus (yaxuun fx) = -7
MOHOTOHHMTh.

2¢r+ 1

Bamaqa 30. Jokaxdre, yro pynxups f(z) = v

yOBIBAET Ha KAXKJIOM
w3 npomMexxyTkan {—oo0; 1) u (1; +00).

20—2+3 3 !
=1 = 2—|-ﬂ:_1 H (ynkima y = "

yOBIBAET Ha KaXKIOM K3 NpoMexyTKos (—o0; 1) u (1;+50), To n paccMar-
puBaeMas (DYHKIUS yOBIBAST HA KAXMIOM H3 3TUX IPOMEXKYTKOB.

[Mockomuky f(z} =

Ilozromy mpH pemleHUH HOCHEIHEro 3aJAHEA 3aA09H 29 MOXHO OBLNO
PACCYKAATL CACIYIOMHM 0Opa30M.

Ha mpomexkyTre (1;2] HanMeHbIIMM 3HAYEHHeM ABIderca f(2) = b.
Ecau ¢ 6mr3ko k 1, To amadenue f{z) BOIHKOC, IPH 3TOM OHO MOMKCT BLITL

cxonh yrojipo Gonsmuy. Tlovrovy aHauennamu Ha {1; 2] apaswores uncna

H3 [IPOMEKYTKa [5; | 20). AmagorugmniM obpazom, suadcnue f{ 1) = L

2
sIBIAercs HAaMDOBIIMM AnareHneM 910 GrvHkunn Ha npomexxy ke [—151),

1
A BeC MIIQKCCTBO 3HAYCHHH CCTh IIPpOMCAKYTOK (—OC; ;2"} .

Chenymoias 3a71a4a M01e3HA, HO YBIECKATHCA MOMODHEIMH 3aa4aMH He
CTOHT, IIOCKOAbKY 9TO — CBOETO POAA HIPA.
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3amaua 31. Halinere dyuxiuum ¢ obnacreio onpesertenud [—1; 2] u Muo-
JKECTBOM 3HAYeHHH [—1;4], KOTOpHIE ABMAIOTCA: &) THHEHHEIMA, 6) KBAA-
PATHIHBIMWA; B) ADOOHO—THHERARIMA.

a) 3aJaya HHTepecHa TeM, YTO OTBETOB B Helt JBa, rpadmku — Ha
PHCYHKAX.

CTouT MU TPeHOBATH OT YYAIIMXCS, 9TOORI OHK HATIHCAMW U (DOPMYaIH A
COOTBETCTBYIOIINX AuHeHabXx Gyuxumi? TlogyepkueM, 9ro npeabaBieH-
ML l'pﬂl]_)ﬂl(}i — ITra B[Zplihlﬁ H HO b oTBeT. BllpU"iUM, MO YB3 Th

Sr+2 7—bx
W HopMYyaR: § = g My=—5 -
f) B paarosm caygae orseror — Geckoneano muoro. TIpue atom, ec-

¥ ecTh OpPMYL], ONpeielsSolIHe ypaBHeH|e npAMol, npoxogauel e
Pe3 [IBe JAHHBIE TOYKH, TO ¢ KBAJPaTUYHBIMHA (DYHKIMAMH ECE HECKOJIBKO
cnoxaee. [loaToMy CTOMT DpefIOKHTE YHAIAMCH BHAYANE HAPACOBATH
HECKOJIbKO «KapPTHHOK®,

a. 3aTcM [NadHCATL M.14 ITHX COOTBCTCTBYIOINHC (bOpM_YJ'ILI. Ha sTux PHCYII-

2z 2 2
Kax u3obpakedbl rpaduky y = 5z -4 VY= Sr 41004, Y= % X

TloscayM, oTKyaa B3aauce 3t dopmyast. [lapadona Ha mepBoM pHCYHKe
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38,1888 BopMynoil Buga ¥ = ax® + b opu a > 0. [lockonsky COOTBETCTBY-
IDIAA KBAIPATHYHAS (DYHKIMA NPAHUMALT CBOS HAHMEHBIIISE 3HAYEHHE B
HYTE, T} b = —1. on{ =2 oHa TIPAHAMACT CBROE HH.F‘[GOI[EHIEE JHAYEHAE
Ha orpeske [—1; 2], orkyia cagiyer, aro 4o — 1 = 4, srauur, o = %

Ha BTOpOM pHCyHKe BepIHHON Tapabonbl ABISeTCA TOYKa ¢ KCODAHHA-
tama  (—1;—1), mnosromy sTa mnDapabosa 3agaeTCA  ypPABHEHAEM

= a(z + 1)? — 1. Ocranock momoGpaTh 3HAYEHME @ Tak, uTOBL mapa-
Gona mpouna Yepes TOUKY ¢ KoopauHaTamu (2;4).

Mapatosia Ha TpeTheM PUCYHKE TPOXOJHT Yepe3 TOUKH ¢ KOOPAHMHATAMH
(—1;—1), (0; 0) u (2;4) (cM. pemeHne goMammeRd 342491 7 00 TeMe 4).
A1 — 2w)
Wty
HOAYMAKT, KAKUM 00pasoM MOXKHO HaliTH COOTBETCTBYOINHE Koshbuu-
€HTEI ).

r) Ha cnepywmev pucyHke — rpadwmk y = (mycTh yuanmecs

3agaga 32, [lakanre MAOKeCTBA 3HAYEHHH (ryHKUHIL:

1) file) =z + 1|+ |z - 3[; 2) falz) = lz + 1| — [z — 3};

3) fulz) = e+ 1+ |zl +|e—-3;4) falz) = |z + 1] — |z| + |z = 3;
) falx)=|x+ 1]+ |z|+ |z - 1|+ |z — 3.

1) 3amaqa cTAHIADTHA, HO CTOMT IOKA3ATH HECKOIBKO PASHEIX Dellle-
uuft, HaudeM ¢ Toro, B KOTOpOM HeT HHKAKHX Opeodbpasopapnil. PaccMoT-
pum Touxke A(—1) u B(3) yncnopoli opamoi. Jaa touku M 3Toit npsmod,
afiiees KOTOpo# paBHa x, sannad (pyHKUs ecth cymma AM 4+ BAM pac-
crosHmnti or roukd M o pannbix voaek. Kak wssecreo, AM + BM 2
= AB = 4, pu 3TOM paBeHCTBO ZOCTACASTCH AAA ToueK oTpeska AB. He-
HO, 4YTO AaHHAA PYHKIHA MOXKET UMETh CKO/Ib YTOAHO GOIbIINE 3HAYEHWA.
TTosTOMY MHOXKECTBOM €€ 3HAUEHHH ABIJeTCA MPOMEKYTOK [4; +00).

IMpuBeaeyM Tenepb TUNMHYHOE PEIISHHE, OCHOBAHHOE Ha «DACKDBITHH MO-
Aynay, Ecam x 2 3, 1o fi(x) = 2z — 2, Takum oGpasoM, Ba TpOMEKYTKe
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[3; +00) MBI DoyIHAH NuHEHHYI0 GYHKONIO, HAMMEHBIINM 3HAUYCHHEM KO-
Topolt aasgerca fi(3) = 4. 3HAUNT, MHOXKeCTBOM ee 3HadeHHUH Ha [3; +00)
STRASIETCS NPOMEXYTOK [4; +00). Eemv 2 € —1, To fi(2) = 2— 2. Tax kax
J1{—1) = 4, 10 u Ha upomexyrke (—oc; —1] MBOKeCTBOM 3HAMEHUH JAHHON
dbyukuun apngercs [4; +o0c). Ocranccs saMeTuTs, 4To ecu z € [—1; 3|, To
fi(z) = 4, a noToMy OpYTHX HOBBHIX 3HAMEHHI MBI HE NONYYHM.

Hakogen, nagrMm pemenre, HaxoJsileecs, TaK CKa3aTh, <«IIOCPelNHeE»
MeX 1y TIpHBeJeHHbIMH Bbime. Ha kaxnoM n3 npoMexyTkos (—oo;—1],
[—1; 3] n [3; +o¢) byukuus fi asnderca smnettnoti. CocraBum Tabmany ee
SHAYEHHH,

x | -2 -1[3]4
fitx)| 6| 4 [4]6

Tax xax fi(4) > f1(3), To Ha npomexyrre [3;+00) dyrkuus fi BO3-
PacTaeT, 3HAYAT, €6 MHOKECTBOM 3HaudeHHM seagercda [4;+00). Tak kak
fi(-1) = f1(3) u bysxuua fi aunelina Ha oTpeske [—1; 3|, To oHa mocTO-
SIHHA, H MHOXKECTBO €€ 3HAYCHHA Ha HEM COCTOHT M3 OJHOH TOYKH. TakK Kak
F1(=2} > f1{-1}, To dynkuus yGrBaeT Ha (—oc; —1].

KoEeuno, HHZero He CTOHNIO 3alHCATL sABHble GOPMYAbI, 38IaroLlie
paceMarpanacMyIo MYIKIHIO, B H300pa3uTL ¢c rpaduk.

2—2x, ecm x £ —1,
filr)=¢4, ecrm — 1<z <3,
20— 2, ecmn x = 3.

6.
\ /
:
2
|

__i.?: :‘ i_O_l ‘-.-.2‘" - 3_ 4

HU B (R}Jlee CUAOMHON l:H']:'yaJ_[‘HH d}(}phl)’.ﬂﬂ. MOKET 6]:»1']:’]) CIHHAHIKOM «1'HHEe-
JIOBECHOI », IOTOMY MBI IPOIEMOHCTPHPOBAJIE B APYTHE ¢NocoObl paceyx-
JeHui.

2) U3 tabnuusl sHaueHni gads0i GyHKIAR

z | 2] 13[4
@ | -4 444
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SICHO, 9TO OHA [OCTOAHHA Ha KaXKA0M I3 IPOMexyTKoB (—oc; —1] u [3; —o0),
2 TAK KAK OHA JIHHeMHa Ha oTpe3ke [—1;3], To MHOMXeCTBOM ee 3HadeHMH
SRASIETCS OTPEsOK [—4; 4).

Mouiezno 3amerurs, 10 LOCTORHCTBO GIYHKUHM fo HA YKAZAHHBIX 1PO-
MEXYTKaX cJelyeT 3 PeOMETPHTECKON HHTepIpeTAIHN, TIOCKONLKY f2(x) =
= MA - MB. Ecnn Touka M JexuT npabee ToYkH B, To pa3HocTh IAHH
ITHX OTPE3KOB paBHA JJHHE oTpe3ka AD, ecau xe M jleXHUT JAeBee TOUKHK
A, TO 3Ta pa3HOCTh €cTh —AB.

3) Ilpome Beero paccyxaath caenywmmM crnocofom. Tak kak fi(z) 2
2 fi(z), opu stom f3{0) = f1(0) = 4, To mpoMexxyToK [4; +50) U sBIAETCH
MHOKecTBOM sHadeHH#l dyHKInM f3.

4) JdanHad (HYHKIAA 9BASETCA THHEHHON Ha NpOMEXYTKax (—oo0) —1],
[—1;0], [0;3] u [3; +o¢). Cocrarnv Tabnuiy 3HaqerRnl (DyHKIHW B ToUKax
-2, -1;0; 3; 4.

T |-2]-1]0]3]4
falx) | 4 | 3 [4|1]2

Tak kak f3{—2) > fi(—1), To Ha npomexyTke (—o0; —1| mamHan QyHK-
A ABiIseTcsE yobiBalomwet, a Tak Kak f(3) < f(4), To ona Bospacraer Ha
npoMexyTke [3; +00). [losTomy MHOXKecTBOM 3HaveHHH JaHHON byHKIMH
SIB/IIETCA IPOMEXYTOK [1; +0c). 3aMeTun, 9TO O HallJeHHBIM 3HAYEHHAM
JIerKo u300paszuTs U rpaduk »Tol HyEKIIMN (PHCYHOK).

5) Otrer: npoMexxkyToK [0; +00). PellieHre aHANOMMYTHO DENEHAK) NPE/bi-
AYWEero IauaHus.

Ilocneguras cepus 38184 CBA3AHA ¢ UCCASHOBAHUEM OOHOH HHTEpPECHOM
¢yuxipn. [lepByio B3 HUX BOOIHE MOKHO ODPeLIOMHTL YUANAMCA A5
CAMOCTOATCIBIOTO DEHIEHHS.

3azaga 33. Halinure MHOXKecTBO 3HaveHnit pyukmmn f{x) — x + g (npu
pasnuyHbIX k #£ 0).
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[IpcoGpazoras ypasicnae T + % = @, NOJY<HAM KBAIPATIIOC yPABIICIIHG
2 ax + k = 0, xoropoe uMceT pemcrue, eexn a2 - 4k 2 Q. llosTomy
npa k < 0 ypaRneHHe AMeeT pEemende MpH ReeX ¢. Takum obpasom, ecau
k < 0, T0 MHOXKECTBOM 3HATICHUH JAaHHOH DYHKIUU SIBAAETCS BCY TTMCA0BAST
OpAMast.

Ecin k > 0, 10 pelueHne ypaBHEHHM: CyIECTBYET NpH |a| = > 2vk. Ta-
KuM o0pa3oM, B 9TOM CAyda€ MHOMKECTBOM 3IHaYeHHMH manaol hyHKUMH

ABaseTCa obbeanHeHHe TPoMeRyTKOB (—o0; —2vVE | 1 [2vE ; +00).
Toseano MocTpouTh rpadBk 3Toi GYHKINA, ANS 9ero pellM cleay-

IOLIYIO 334a4Y.
3amana 34. [loxaxkure, 1TO:

a) npu k < 0 Qyuknua f(c) = ¢ + 2 ROBDACTAET HA KAKJAOM W3 TTROME-
XKyTKOB (—00; 0} u (0; +o0);
6) mpn k£ > 0 3Ta HYHKUMA BO3PACTAET HA KaXKAOM M3 MPOMEXYTKOB
(—oo;\;_va] u [vk ; +00), yOuIBaET Ha KAXKIOM H3 MPOMEXYTKOB [— vk ; 0)
u (0; vk

HNnmoctpaums K yTBepKASHUAM 33Qa4H — Ha CJISAYIONINX DHCYHKaX.

VTBepIK,EHME TYHKTA (4) OYEBHAHO, TAK KaK CYMME BOSPACTAIOLIMX
byuKImi ecTh Bo3pacTalonan QyHKIHL.
0) Mlyerk 71 < 3. PaccMoTpuM pa3HoCTE

Flxa) - (I1]—£2+%— 1—3:—"‘:1=
= (@) (1- g ) = B b

Fridtae 1Tz

Ecmm 22 < —vEk mim 71 2 v(_ TO Z1x2 > k > 0 1 Jpo0p ONOXKATEIBHA.
Ecma —vVk € x1<x2<0nnp{0<x1<x2<\/_ k, To x127 < k n gpobs
OTPHOATENLHA.
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3agauyy oA DoMalHHuX 3agaHuil mo teme 5

1. IIyers MEOMNKecTBOM 3HaveHuit dyukuun f abaserca orpesok [—3;1].
Haitnure MunoxkeceTro 3nadenuit GyukInA g, Coud:

1) g(x) = 2f(w); 2) glx) = 2 — flw); 3) gler) = F(2z+1); 4) gle) = | (@)].
2. Myers f(z) = ©2 4 2 + . HabjuTe Te @, NP KOTOPBIX MHOMECTBOM
zrauenndt dyrkimn f Gyer npomexyrok [—3; 4+00).

3. HaliiuTe Bee 3HANEHUS ¢, IPH KOTOPHIX ypasAenne 2 + 2r 4 a = [
a) HMeeT pemnesHe Ha orpeske [—2; 1];

6) HMeEeT eJNHCTBEHHOE PELIEHHE Ha ITOM OTPE3Ke.

4, [Iycrs f(z} = ax + |x — 2|. HaligaTe, B 3aBUCHMOCTH OT G, MEGXECTBO
3nadenny GpysKima f.

5. Hafiqure MHOXK€eCTBO 3HAYeHHH GyHKUME;

a) filx)=2x++vx—-2,6) fo(r) =2z —vVx — 2.

6. Hahgure BCE 3BAYEHHSA @, IIPH KOTOPBHIX YPABHEHHE

a) 2r — % = 0; 6) 22° — azx — 5 = 0 umeeT pemenue Ha OTpeske [2;5].

7. [lycts f(z) = |x| + alxr — 2. a) Haitaure Te 3HaYenHd @, IpW KOTOPHIX
MHOXECTBOM 3HAYEHMH 3Toil dyHKIHH aBaseTca orpesok. 6) Ilocipoiire
rpacdpur asaHON (QYHKIHE DpK HallTeHHOM 3HAYEHHAH Q.
8. Hafinure: a) MBoXecTBO 3HaueHHH ¢hyHknmn f(x) = e
) BCe 3HAYEHNUA @, IIPH KOTOPHIX ypaBHeHHe f(r) — o HMeeT e IMHCTBEHHOS
pellleHye.

9. Haitqurte MHOXkKeCTBO 3HadeAutt gyuakuvn f(x) = vz + 1+ /3 — 2.

Pelrennsa aoMalIHHAX 3a7a4 110 TEME D

1. 1) TTockonbKy uucso f(x) ecTh TPOU3BOILHOE YHCO OTpe3ka [—3; 1],
to 2f(x) BAOBOE BOJIbINEe YMCIAG  €CTh [IPON3BOJLHOE YHCIO OTPE3KA
[—6; 2], KOTOpEIl ! SIBNFETCA MHOKECTBOM 3HAMeHUH (yHKIMAK g. 2) B sToM
CJIy9ac MIIOXKCCTEOM 3Iaderii g siiactea orpesok (1; 5], 3) Oyukiua g
HMEET NG HHCE CMOE MBONKECTBO aHadednil, 1ro u Gyuxuus f. 4) Orser:
otpeaok [0; 3].

2. Hanmenbunm anavennem qjanaoi ¢yakoun seagerca f{—1) = a—1,

MO3TOMY MHOXKECTBO €€ 3HAYEHHI eCTh NPOMEXKYTOK [a — 1;+00), cae1o-

3. VaobHee Bcero HAYATh ¢ TIOCIPOEHHS AYTH NApabonbl § = X2 + 2%
npa x & [—2;1] (pucyHok).
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Taknv o6pazoM, MHOKECTBOM 3HadeHult KpagpaTuddolt dyaxupu f(r) =
= 22 + 22 Ha yKa3aHHOM OTpe3Ke ABJIAETCH OTPe3CK (—1;3].

H,) ,Z[H.HHUE YpuBHEHHE HMeeT pellienye, e MHCiy —d BXOU AT B MHO-
X)ecTBo aHadeHuid BYHKUMH, T €. eciid —1 € —a £ 3, otkyga e € [-3:1].

6) r.[L.“M-ll—]{]‘ll:! YPABRAEHHAE VMEeeT B [MHCTREHHOE DEeMeHHe, eClld —a2 — —l
um 0 < —a £ 3, 1. e. npu a € {1} U [-3;0).

4, CpaBHNTe NpeATarasMoe pellleHHe ¢ PellleHReM 3a1a% 3 TOMALIHero
3aJaHASA IO TEME 2,

Hanamem, utc

v _Jla=1)r+20opux<2,
Jlx) = >

fa+ 1z —2opux 2 2,

U PACCMOTPHM HeCKONEBKO cnydaes. Ecmit a > 1, o byekima | so3pacTaer
112 Beel TuCA0BON MpaAMOM, IIPA 3TOM [ia MIPOMCXKYTKaX (—na; 2] 1 [2; +00)
0OHAL JIHHHﬁHﬂ., a 1IO0TOMY MHDRKECTBOM eg HHAYEHHR 6)’}[(—?'1‘ BCH “THCTOBAR
npaMas. Ecan g < —1, To, Haobopor, ¢dpyHkua f yOnBaeT Ha Beelt NpaMO#,
HO MHOXKECTBOM €€ 3Ha<deHmi Tak:ke OyIer BCs npsMast.

Ecm xxe -1 € ¢ € 1, 0 2 — 1 € 0, a noToMy JaHAadA PyHKOUS
He Bo3pacTaeT Ha (—o00;2], H ¢ + 1 2 0, clezoBaTensHO, 3Ta (ByHKOUS
He yObIBaeT Ha [2;+00). TakuMm obpasom, sHauenne f(2) = 2a ABnaeTca
HAHMMEHBIIIHM 3HaYEHHEM 3TO (PYHKIIHH, NOSTOMY €€ MHOXECTBO 3HAYeHH
€CTh NPOMEXKYTOK [2a; +00).

B. a) [lockonbky (byHKIMA fi BO3PACTAST HA MPOMEXYTKe [2; +00) KaK
CYMMA PO3pacTAIINAX (BYHKIMHE U OPH 9TOM OYEBHIHO MPUHAMAET CKOJb
Y1roJiHO (_)(Mlhlllﬂﬂ dHAMCAW, TO MHAOKELTHOM 6 AHAMEHHA ABASIOTCH Bee
mcna, He verbmye f1{2) = 4, T. €. MBOKECTBOM IHATIEHUH NAHHON (yHK-
Il ABMASTCA MPOMEKYTOK [4; +2¢).

Koreuno, BO3HUKAET clienyoNMit BONpoc. XOpoIo, Mbl 3HAEM, ¥TO BCe
3HAYCHHH He MEHbOIE 4 ¥ CPeiy HHX €CTh CKOJIb YLOIHO (OJbILINE QHCITA.
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OnHAKO OOYeMy 3HAYEHMAMH ABIAIOTCA 6C€ THCIA OPOMEXYTKa [4; +20)7
Hanpemep, byBEKIMA [Z]  nejgas 9acTb 9HCIA — TAKKe HMeeT CKOJb
YTOJIHO BONBITAE 3HAYCHHS, HO SICHO, 9TO MHOMKECTRO €8 3HAYeHUT HEe ecTh
llpﬂMe}Ky'l‘UK (l[ﬂ(‘?KUJle‘Y COCTGHT TOJBKO U3 LU IbIX ‘IHCE..'I). O'[‘BE'I‘ HA [1{}-
CTABJIEHHBIA BONPOC CBA3AH C [OHATHEM HENPEpbeHOCTAL GYHKILUY, KOTO-
poe OVIeT BBeJeHO B CTAPIINX KAaccaX IIKOJHL,

Ecre v fpyroif 110,04 K DEITIEHUK JAHKOTO TIYHKTA 33091, KOTOPhIH
KaK pa3 H NpPUISTCH NMPEMEHATh TIPH pelieHBH CJAeLyIlIero e¢ NyHKTA.
Homoxuv t = vz —2. Torma z = 2+ 2 u 2+ /1 -2 = 22+t + 4.
Ecma Bectr pyuxumeo gi(t) — 2t* +t + 4, to fi(z) — g1{vz —2). Tak
KAK 49HCI0 4/ — 2 €CTh NPOH3BOJBHOS HEOTPHUATE/NLHOS YHCAO, TO MHO-
JKeCTBO 3HadeRnH GyHKuun f) €CTh MHOMXKECTBO 3HAYEHMIT (DYHKIUH ¢ HA
npoMexyTke [0; +c0). ITockoIbKY KBaApaTH9HaA (PYEKIMA §p BO3PACTAET
HA 3TOM NPOMEXXYTKE, TO MHOXKECTBOM c€ 3HAYEHMIT H ABIA€TCH IIPOMEXKY-
ok [4; {ec).

6) dns GyrKOmE go(t) = 2t? — t + 4 cIpaBeAnHBO PaBeHCTBO fa(T) =
= ga(yv/x — 2 ). lloaTOMY MHOKECTEO 3HaueHUU GVHKUMAM f COBOANAET C
MHOXKECTBOM 3HadeHuH GYHKIMA g Ha npomexyTke [0; +o00). Takum of-

31
PA30M, OTBET: MPOMENXKYTOK [? : +oo).

8. a) Kax mbi yxe 3paeM, dpyaknua f(x) = 2m—% BO3pAacTaeT Ha [2; 5],
SHAYAT, MHGKECTBOM B€ 3HAYEHWI araaercs npomexytok [f(2); F(5) =

= [%9} 3HAuNT, AaHHOE YpABHEHHe HMeeT pellleHHe DD a & [Q;Q]

(preysok).
9.
b3
7
6:
5
a
3
2
Ik

6) $lcHo, 9TO OTBET TOT K€, 4TO M IAA OpeABAYINEro MyHKTA. 3aJa-
HHEe JAHO UMEHHO A7 TOTO, YTOOB YYAIHECS 3TO 0cO3HAJNH. Jlefo B TOM,
910 £ = 0 HH PN KAKOM 3IHAYCHHH ¢ HE ABJAETCH PElIeHAEM YDaBHEHUA
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nyakTa (6). [losToMy MHOKeeTsa pemrennit ypapHenuii 27 —ar —5 =0 ®
2r — 7 = O COBIAZAIOT.

7. a) Ha npomexytre (—o¢; 0] manunaa dbyaxknus sagaerca GhopMymnon
flz) = —(a+ 1)z + 2a. Ecan xosddunuerT npa ¥ oTaudeH 0T Hyad, TO
MHOXECTBO e 3HAYEHHH HA 3TOM TIPOMEXYTKE SABASCTCH HEOrPAHH YEHHEIM
MPOMCIKYTKOM. 3IIAYHT, @ 1I¢ MOXKCT OLiThL oToim4HLIM oT 1. lorga, ecom
2 2,10 f(r) = (e + 1}z — 2a = 2. Takum 06paszom, f norTOHHHA HA
KaKJAOM U3 npoMexyTkos{—o00;0] u 2 +oc). Ecan ke 0 < o € 2, 10
J{x) = 2z — 2, nosroMmy MHOKeCTEOM 3Hadenutt jamdoit dbyrknun Gymer
oTpeaok [—2;2].

§) I'paduk sadgentnodt GbyHKOHN XOPOINO H3BECTeH (PHCYHOK ).

8. a) I'paduk nannoli HyHKIHE yIAMMAECT TOKA CTPOMTE HE YMEIOT, I0-

TOMY JReifCTBOBATH HaA0 aNrebpandecknM METOIOM. ¥ paBHEHHE =a

24+ 1
MMEEeT DeINIeRne, eclin IMeeT permenve ypasrenue ax’ — 27 4+ a = (. Ecin
¢ = 0, 10 pewenuem upasierca ¥ = 0. Ecim ¢ 3 0, 10 Mbl umeem Ksaj-
paTHOe ypaBHeHHe, KOTOpoe HMeeT pemerne, ecin 4 — 4a% = 0, T. e. nOpH
la] € 1. TakuM 0GpazoM, MEOXKECTBQ 3HAYEHUN — oTpe3oK [—1;1).

6) [Ipn @ = 0 ypapneHre Takxke HMeeT eAUHCTBEeHHOE pemenue. OTBeT:
a=-1;0;1.

9, Obnacteoo oupegenennsn sto# dbynkuun spagerca orpesok [—1; 3]
OnHako 0Ha ABIAETCA CyMMOH Bo3pacTalomeil u }'Gbmalom,eﬁ dyHKUMT,
IOSTOMY TPYIHO ONPENENHUTh NMPOMEXYTKH €€ BO3pacTaHHA U yOHIBaHMA.
llockonbKky moka HeT MPOCTOH TEXHHKH HCCAeJOBAHMA TOZOOHEIX (DYHK-
I, 3Ty 3a0A9Y MPUICTCA PeMIATE AJre0panyvecKH.

Acno, uto ypasncane T+ 1 + /3 — T = @ HMCECT PCUICIIAC TO.IE-
kKo upu ¢ z 0. Boaseun B ksBaspar obe ero IacTu, HOUYIAEM Y PAHHEHWE
2v/3 + 2z — 22 = g — 4. MEOXeCTBOM HEOTDHOATENbLHEIX SHAUEHHH KBa-
parnanot byuxoun f{z) — 3 + 2z — 12 asnaerca orpesok [0; 4], nosTomy
ypaBHEHHe HMeeT pelreHHe, ecid 0 € a° — 4 € 4. Tak kak a 2 0, T0
MHOXKECTBO 3Ha4YeHHH — oTpedok [2; 2\/5]
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CamocrosiTenpran pabora 3 (Tems1 4 u 5)

BapmuanT 1

1. a) Hanmunmne ypasaenue upsimoii, npoxos@mei epes touku A(7;8) u
B(8;6). 6) Bosicuure, JexuT a4 Touka C(13; —3) Ha aTofl apsavoft, skime
3TON NpAMON HAH HHIKE Hee,

2. TToctpotite rpaduk byukuun f(z) = £ +3|z+ 1| 1 HalianTe MHOXKECTEO
ee 3RateHut,

3. a) Moctpotite rpadux dyaxumu f(r) = |22 + 2r — 3| 1 BaltauTe mpo-
MEXKYTKH, Ha KOTOPbIX OHa BO3pacTaeT wid yOuisaer, 6) Halinnre see 3na-
YeHNs 4, IPH KOTOPHX ypaBHeHue f(r) = @ UMeeT JBa PeIleHnAs.

4. Hatinure MHOXKECTBO SHAUEHHN byERURH:

a) filz) =7 — wil Ha oTpe3ke (1 4]: 6) fo(x) = 24/9— |2+ 1].

Bapunant 2

1. a) Hanmmure ypasreHue npaMofi, npoxonameil yepes To4uku A(4;5) 1
B(5;3). 6) Bracaure, mexxuT a1 Touka C(15; —18) Ha sTofi npamoit, Brime
3TOlH npaMoll HaH mIDKe Hee,

2. [Tocrpotite rpachuk byrknun f(z) = x + 3|z — 1| v HaliapTe MEGKECTBO
£e 3HAICHME.

3. a) Mocrpotite rpaduk dysxkupy f(z) = |22 — 2z — 3| u HaliguTe Opo-
MEKYTKH, Ha KOTOPBIX OH& BospacTaeT win yOrpaer. 6) Hafinnre Bee 3Ha-
YeHUs g, IPY KOTOPKIX ypaBHeune f(z) = a uUMeeT ABa pelleHHAs.

4. Haiprre MHOXKeCTEO 3HAYeHHH DyHKUEA:

a) fifz) =vr+1- % Ha oTpe3ke {3;8]; 6) fo(x) = /4 - 3|z —2|.

Bapunanr 3

1. a) Hanpumre ypasHeHRe mpamMoit, npoxoasmeil depes touxa A(—1;1)
u B(3;3). 6) Boiacuure, nexaT 1A Touku C(15;8) 1 D{19:9) no oany niu
KC 10 Pas3ilbic CTOPOIILI OT 2TOH IPaMOR,

2. a) TlocTpotire rpadmk ynkimn f{z) =z + 3|c+ 1]

6) Haligure Bce ¢, 1pu KOTOPBIX MHOXKECTBOM 3Haseduil dynkuun f(z) =
= ax + 3|z + 1| He ABAAECTCH BCA YHUCIIOBAs NIPAMAS.

3. Onpenenrre (B 3aBHCHMOCTH OT ) 4HCIO JICAKALAX HA OTpe3ke [—1; 1]

KOPHEH ypasHedus 2@ — — =

4. Hataure MHOXKeCTBO 3Hadenult Gyakuwn: a) fi(z) = 2v8 — 2z — &2;
6) fi(r) = 24/ — z Ha oTpeske |0;9)].
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Bapnanr 4

1. a) HanumnaTe ypasHerne npsaMoii, npoxoaameit gepes Touka A(1; —1)
n B(3;3). 6) Busicware, scxar an roukn C(5;9) u D(29;21) no oauy nin
KE TG pa3Hble CTOPOHBL OT ITOH MpAaMoi.

2. a) ITocTpotite rpaduk dbyukmua f(x) = z + 3|z — 1.

6) Halijure Bee 0, NP KOTOPHIX MHOKECTBOM 3HaseHnd hynxipn f(r) =
=ur+3z—-1

3. Onpeaenure (B 3ABHCHMOCTH DT 4 WAKTO JEHKAITIAX Ha oTpeske [—2; 2]

HB.IHETCH BCH ‘IMCAOHAH LPHAMAH.

2
KOPHe# ypaBHeHH: 2 — ~ = ¢.

4. Hafimure Mumkecreo 3aagenut Gyekupm: a) f{z) = Vb — 22 — 8;
6} falx) = 6y/z — x ua orpesxe [0;49).

AJONoNHATEeNbHbIe YIIPAXKHESHUA M0 TeMaM 4 H 5

3.1. BuisiciiaTe, ACoKaT Jd 118 oArof npaMofl TOUKH ¢ KOODJHIIATAMHA:
a} (1;2), (2;3) n (0;0); 6) (1:2), (2:3) u (500; 501).
3.2. HafizuTe smadcouc @, Ipe KOTOPOM TOYKH CO CIICAYIOMIAME KOOD-
JUHATAMHA JIEKAT HA OFHOH DpsaMoi:
1) (1;2), (23) u (0;2); 2) (1;2), (2;3) u (2;0); 3) (1;-1), (3;3) u (g0);
4} (1, -1), (=1;5) u (2:9).
3.3. Hailayre pce 3Ha'i€HMs @, UPU KOTOPLIX CASAYVIOIILE Y [1ABHEHMUE
HMEET DOBHO JBA PEINEHWHA:
Dz’ -3z=0;2) |lx-1+1=a;3)|22-3| =0a;4) 22—z — 1| = u;
5y z-2|—|z|l=2;6) | -2/ +|x -3 =a.
3.4. Hatiaure MuokecTBa 3HateHUt hyHKIHL:
T+ 1
1) file) = % +2:2) fale) = 2 +2% 3) fa(s) = o+ VE; 4) fala) = L.
3.5. M3BecTHo, 9YTO MEOXeCTBOM 3HaueHHP byuknun f asagerca ol-
pesok [—1;2]. Hafizure MuONKecTBO 3HaYeHKN DYHKUHK ¢, €C/IM:
1) g(x) = f(-2); 2) g(z) = - f(x); 3) 9(3?) = 5233 3): 4) g(x) = 2f(x) -3
5) glx) = f(x); 6) g(x) = f(&®) 7) g(= Sk

3.6. Haiiirre MrmKecTRA, AHAMEHWH cbyHKunﬁ

) file) = 2% — 6z — 11; 2) fole) = V3z—1; 3) fole) = ZE5;
8 fule) = 5E1:5) folx) = VEE =27 =5,
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Tema 6. PyHKOHMOHAJBHBIN NOIX0H K pPEIOIeHHNIO YDaB-
HEeHUMA

OcHoBHas 1eab 3TOM TEMBI COCTOHT B TOM, YTOOE NOAYEPKHY T Pa3HH-
Iy MEXAY @i2e6pauveckum U PyHKyuonaibHbism HOIXONAMH K PeUIeHHIO
ypaBHEHNH.
3azaua 35. Pennre ypasuenus: a) 2% —5x3 +4r = 0; 6) 25+ 5x -6 = 0.

a) O HEM K3 ODIIMX METOIOB peieHns y PaBHEHNH ABIAETCH DU3A0HCE-
HUE MG MHOHCUMEAY. DB JaHHOM cTydae NPeKAe BCero CTOUT HaNHCATh, YTO
2% — 52% + 4o — x(z? — 522 + 4). TTockoabKY NpON3BEJICHHE YHCeN PaBHO
HYJIIO TOLJA M TOJIBKO TOTAA, KOTJa OJMH W3 COMHOKHTENeH pPaBeH HYIIO,
10 z = 0 wm x* — 522 + 4 = 0. B nonyuennoM YpaBHEHHH €CTECTBEH-
HO CHENaTh 3aMeHy f = T°, B De3Y.IbTaTe HYero MH IONYYHM KBAIPaTHOe
ypasrenue 12 — 5f + 4 = (. Tak k4K ero KopHsMU spisoTes 1 v 4, T0
t2 —5t+ 4 = (L — 1)(¢ — 4), noaromy

=52+ 4= - )(z" - ) = (z - Dz + 1)(z — 2)(z + 2),

ClIEIOBATEBLHO, PEIleHNaMA ypaBHeHHdA 2 — 522 + 4 = 0 ApJA0TCH vHCAa
+1 u 12, [losToMy naHHOe ypaBHEHME UMeeT nATh Kopaeit: —2,—1,0,1,2.

6) Koneuno, oanum U3 KopHe# 3Toro ypabHeHus sapasercda 1. Moxuo
TAK e, KaK 1 IPH PelleH’H NpebLiyINero VPaBHeHUs, IIPOM3BECTH pas-
JIOXKEHIE HA MHOKHTETH. A HMeHHO,

P +5r-6=x’—z+6z—-6=x(z' -1 +6(x—1)=
=zlz-DE+D)E+D+8z-1)=(z - D+ 1)@>+1)+6) =
—(x-DE'+22+22+x+6).

OHAKO KaK HalTH pemenus ypasaerna r + 23 + 2% +1+6 =07 U ectp
au onn Boobwe? (Koneuno, HETPYJHO AOKA3AaTh, YTO WX HET...)

Brino 6el ecTecTBEHHEEE ¢ CAMOrO HAYATIA paccyKaarh nHaue. [lockosns-
Ky, K4K MBI yKe 3H8eM, QYHKIME ¢ = ©° 1y = 5 — 6 BOo3pacTuioT Ha Beelt
uncsionolt upamol, To u hyukiun f(x) = z° | Bx — 6 auuscren pospac-
ratomeit. Caepopareasro, nockoneky (1) =0, to f(x) > f(1) = 0 npr
Beex = > 1 u f(z) < 0 npu Bcex z < 1. Mosromy Apyrux Kopmeft, Kpome
Z = 1, JaHHOE YPaBHEHHS HE HMEeT.

Caenyiomas 3a1ax1a 110 GOPMYIAPOBKE NO'ITH HE OTAH TACTCSH OT NPk
Iymefl, Ho UMeeT coBceM Apyroif xapakrep. [lonobHEIe 3a1auu HeoOxoTUMO
TIPenIAraTh YYAIHAMCS, KOTOPBIe IPABKIKIH, UTO ¢11000e YPaBHEHHE MOXNK-
HO PELINTDb>.
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3amaua 36. Pemnre ypassenns: a) 2° +5z—5 = 0; 6) 2° + 52— 0,01 = 0.

a) Hukakue «CTaHAapTHHE IMKOAbHLIE» METOMBI He MOMOTYT PeliuTh
Jamroc ypasierue. Boace Toro, NUKAKHC MCTOALI ¢BLICIICH MATCMATHKU
TAKIKE HE 1TPHUBELLYT K YOIBXY. /IHJI() B TOM, T PENHIHTE 3T0 ¥ [IMBHEHHE TAK,
KaK 3T0 NOHMMAIOT B ILIKOJE, NPOCTO HEBO3MOXHO. IlofobHas cuTyalus
BUOJIHE THITHYHA LJIs ¥ PABHEHHE, BOSHAKAIOUFX, HAPUMED, ¥ HEDKEHEPOB
WM YK€ SKOHOMHUCTOB IIPH PElIeHAH TEXHRYECKNX MM K€ YKOHOMIIeCKHX
33,049,

[MosTomy camu 3amanmEs cregyer GopMYIAPOBATH MHAYE, HAOPHUMED,
caeayouEM obpazom:
1} Jokaxure, 9T0 SAHHOE yPABHEHHE HMEET He BOJIee OQHOIO DELNEHNH .
2} JOKaXKHUTC, 9TO PEIICHHE TOTG YPABHEITHS CYIECTBYCT H JICKUT B IIPO-
meskyTke (0,8:1).

1) Tak kak dhynkuus f{x) = z° + 5z — b usivercd BoapacTaiolleit, To
IBYX U o/lee KOPHEH 3TC ypaBHEHHE UMETh He MOMKET.

2) Paccmorpum MBorowten p(z) = z° + 5z —5. Ero snavenue npu x = 1

pago 1. C apyro# cropoH®, p(é) = (%)5 — 1 < 0. CienoBaTenbHo, Ha
npoMexyTke (0,8 ; 1) 3TOT MHOrOWIeH I1e-T0 00pATHTCA B HYJ/b (DHCYHOK).

10
0.5

090 095 1.00
05
-1.0

A HaliTH KOpeHb 3TOT0 MHOTOYJIEHA — 3TO COBCeM Apyras zagada. Huxa-
KO «bopMyabl» o0 KOpHA OBITE HE MOMKET, H HAMTH 8r0 MOXKHO TOJBKO
npubImKeEHe. MeToa, mpu IOMOIIH KOTOPOTO MOMKHO AOCTATOMHO OBICTRO
HaliTR Xopollee NpUGMMIKEHHe, H3YYAeTCA B CTAPHINX KAACCAX IIKOMb! (K
yiKe B KYPCe <«BBICIIEN MaTeMaTHKHE» B By3¢). Ero unes ceasana ¢ peme-
HHWEM BTOPOTO 3aJJaHWd, TIOSTOMY MPOCTO MPUBEAeM oTBeT: ¢ =2 (), 888966.

6) 3nadeHue nepoil YACTH JAHHOIO YPaBHeHHs npu z = [ oTpULATe b
Ho, ee 3HadeHre O0pu x = {),002 — monoxkurensHO. Te e coobpAXKeHHs,
KOTOPKIE BRLTH DPUMEHEHK TTPA PEIIIEHHA TTPE/IBAYIIENO Y PARHEHH, 1T0KA-
3HBAKT, ITO PACCMATPHBAEMOE YPABHEHNE AMEEST €JHHCTBEHHBIN KODEHD,
nexkamni Ha npoMexyTtke (0;0,002). Kcratn, MoxHC OB10 paccyXJaTh
YyTh HHaYe. ECNH ¢ — 3TO KOpPeHk YPABHEHMS, TO H3 €0 TOJOKHTEIb-
HOCTH caenyeT, aro ba < a® + 5a = 0,01, nostomy a < 0,002, Oxsako
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ecmu a < 0,002, To umeno a® < 2810715 < 10713, mosTomy mCKOMBIt
KOpeHb «04eHb O30k K yucty (0,002, lloguepkreM eme pa3, 9T0 OH 3a-
naetest beceromesnofl decamuyiot dpolieto, TOMHACTHIO BREITTHCATEL KOTOPYH)
HEBOIMOKHD. [lepe,| BaMy ee tepsbie 42 3HAKA HOCHE 33U T08i:

0.001959922999993600000000102322998337706240

3agaan Oaa OOMALDHAX 3aaaHuil mo reme 6

1. Ha#znpre Bee Takue 3gadeHus 4, 9T0 Ipy moGoM b ypasrenue ax+b = |z
HMEET peleHne.

2. HadiguTe Bre SHAYCHMA MAPAMETPA ¢, NPH KOTOPBIX OSUH M3 KOpHeH
ypasueuust 2 + ax + 1 = 0: a) Goavme 1, a apyrofi mcuswe 1; 6} Sosnme
3, a gpyrofi MeHkme 1.

3. [lokaskuTe, uTo ectu a(a—b+c) < 0, To ypaHenne ar?+br+c = 0 uMeer
ABa& Pa3IHIHBIX KODHA. BbIS[CHHTe, BEDEO JIH 06[)3.’]:2—108 YTBEPXKIOCHHE.

4. Penmnre ypasmerne £° -5+ a° +a = 0.
5. a} Onpeacaure (ABYMS CHOCOOAME) U0 DCIICIHE yPABIICHHA

1 1

r—1 r—2

B 3ABUCUMOCTH OT 3HAYEHUA a.
0} Onpenenwre 1¥CI0 penienri ypaRHeAUA

B 3HBUCAMOCTH OT 3HAESCIIMA (4.

6. Peminte ypaBHEHUS:

A V2z—-1+22=26) vz + 2+ - 1=19 — 62 — z2.

7. a) JoxaxkuTe, 9T0 ypasHeHne x- — 27 + 2 = ( HMeeT OTPHIATEIRHOE Pe-

IeHHe H He HMeeT MOJOKHUTeNbHbIX pelneruit. 6) OnpeaesanTe (B 3aBUCAMO-
CTH OT 3HAYCHUHA IAPAMETPa a) YAciIo pemerntt ypasaenus z°—az+2 — 0.

Peinenna goMalnHHX 3agad 00 Teme 6

1. ECTeCTREHHO TEPENHCATE JIAHHOE YPARHEHHE B BWIe || — ax = b w
BBECTH B pacemorpenne dyukumo f(r) = |#| —az. Teneps dhopmynuposka
3a1a4YA BHICAAIAT JApYTHM, Gosiee ecTecTBeHHBIM, obpasoM: HaliguTe Bee
3HAYEHHS @, TIPH KOTOPBIX MHOMXKECTBOM 3HaueEHH (yHkuuu f seasercs
BCH YHCJIOBASA IIPAMAH.



Tema 6. PYHKUHOBAJIBLHBIHA [TOAXOI K PEIIeHHIO YPaBHeHMIT G|

Ha kaxcaom w3 nyvuedt (—o0;0] n [0; +o0) aaaHaa GYHKIUEA ABIACTCA
EeHHON, MOATOMY MHOMKECTBO ee 3HaYeHHY Ho KaiJ0M U3 HHX TAKOKe SIB-
JAETCSE OJIHAM W3 JIBYX 3THX ke Jyvedt (mbo Toukod). Ecnu ama dyuknus
HE HABJASTCH (C’_l'pl)l'{')) l\'lUH('}'J.‘UHH('}I‘&, TO MHOMKECTBOM €8 3Ha'eHMi 6}',”1(-3'1‘
aubo ay4a (—xo; 0], aubo ayq [0; +o0). [ockaasky

fla) - (1-—a)x, If

0.
—-1+a)r, <0

to KO3punpents (1 —a) 1 —(1 4 @) JOIKHB HMETL OAMHAKOBLIE 3HAKH.
Taxuv ofipasoM, —(1 + a){(1 — a) = a2 — 1 > 0, oTKy/a H CICLYCT OTDOT:
la] > 1.

2. a) TTonomuy f(x) = 2+ ax + 1. fcno, uro ecau f(1) < 0, To napa-
Oona, asaAwNasca rpapukoM JaHHON QYHKIMH, TepecedeT OCh abCIHACe
B JIBYX TOYK&X, O H3 U3 KOTOPBIX JIE2KHUT JIEBee eAMHUIE], TOTIa KaK JpY-
rag — npasee ee. SlcHo Takke, wTo yeiosue f(1) < 0 ABrfAeTCA HE TONBKO
JOCTATOYHBIM, HO U HeoOXoAuMBIM. /leficTBuTenbHO, ecmm 1y < 1 < 24,
flz1) = f(x2) = 0, To ayra napadonabl MeXKAy TOYKAMH €€ NepeceyeHus
¢ 0CbIO ABCOMCC JICKHUT [KC 3TOH OCH, B YACTHOCTH, TOYKA Tpadura ¢
afipecolt 1 nexur Hioke ock abepce. 1o oznauaer, yro f{1) < 0.
Tlogcrapue 2 = 1, moayuuM, 1o a +2 < 0, . e. a < —2.

6) Paceyanenne amanorwano npeyimiemy. Ouan us kapueit Gyaer Gosk-
we 3, a Apyro# Mesbilie 1, ecyid sBASIOTCH OTPULATEbHLIMU 3HASEHU
dyukmua f B rouxkax 1 B 3. Takum obpasom, 9uCIo 6 AO/KHO OHITE pe-

a+ 2 <0, .
MEeHHeM CHCTEMEI HEPABCHCTB H3 KOTOPOHR IOMY™IHM, *IT0
Ja—10 <0,
10
< ——.
3

3. Koreuno, 3Ty 3amady MOAKHO pemars aarefpamdeckn. Belumcians
JUCKPUMHMHAHT U [MEPENnucaB AaHHOE VCIOBHe Ha K03 DHINEHTH B BUJE
—ae > a® — ab, DOIyIHM, YTO

D =b® — dac > b% — dab+ 4a® = (b - 2a)% 2 0,

3HAYHT, YPABHEHHE HMEeT JBa Pa3ardnbix KOpHA. OAHAKO [PH 3TOM Me-
TONe He BIOJHE ACHO, KAK OTBEYATH Ha BTOPOH BOIPOC 3aa4H.

MosroMy nonoxuM f(z) = ax® + bz + c. JanHoe yci10BHe UMeeT BUI
af(—1) < 0. fIcEo, yTO 9TO YCI0BHE He ARIAeTCs HeobxommuMeM. Hanpu-
Mep, MOXKHO B3ATH ypasHerue x° — 2z = 0,
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4, Oysxmua f(z) = 2° + ¢ + a® + @ — sospacTawmag, N03TOMY OHA
uMeer He GoJIee OIHOrO KODHS, KOTOPEIM, 0UEBMIHO, ARISETCH & = —a.

5. a) M3basusmuck oT 3HamMeHaTenel, noayuuM ypasuenue 2r — 3 =
a(z? — 3z + 2). BamernmM, 4TO 9uciaa 1 B 2 He ABNAIOTCA PEIUCHUAAME IO
JYYEHHOTO YPABHeHNA HH NPH KAKOM IHAYEHHH 4Ucla q. [lepenumem 3To
YPABHEHHE B BHAC GI° — Ba+2)x+2a+3 = 0. Mpn a = 0 o#O WMe-

eT eMTHHCTBEHHOE PElleHde £ = % Ecnu a # 0, To ypaBHeHHE SBIACTCS
KBaIpaTHBLIM, TIO3TOMY JJA ONDENeNeHHEsd HUCHAS €r0 DOIICHHH BLIUHCIAM
ero uexpumpnanT. Tak kaxk D = (30 4+ 2)?2 —4a(20 +3) =a® +4 >0, 10
310 ypasHeHue umeel ABa pellenas upu Jobom a # 0.

Teneps 6yaeM paccykgaTe coBceM nHade. [Tockonbky dyHKIMA f1{x) =

yOBIBAET HA KAXIOM K3 npoMexyTKoB (—oo;1) u (1;40x), & dryHk-

z-—1
ma fo(z) = m—iz yOLIBACT 118 KaXKJOM W3 OpOMCKYTKOD (—00;2) H
(2; +oc), T wx cymma flz) = L + L yOMRBAET HA KadK;[OM Wi

x—1 x—2
apoMexyTkor (—oc; 1), (1;2) u (2;400). Ha mepBoM ©3 HHX 3Ha4eHU
f{z) oTpHOaTCABHLL, 1A DOCHeAHeM — OOIOKMTEALHEL. 1pi aToM 14 qo-
CTATOUHO BONBIIKMX N0 MoKy © 3HaveHue fx) camoil gansod dyHKpy
ABJIHEICY MAJBIM, & €CJIH apryMen’ T Jocraroudo Dimzok k 1 mimn 2, ro
anagenne f{x) Gyakumn, BAOOOPOT, IO MOIYIIO ABISETCH OYETTE GOIBIIHM.
Takuy obSpazoM, rpaduk GyHKINKE f UMeeT cleayonmit Bua (MyHKTHPOM

)

1
HA. ATOM PHCYHKE U300paXkeHhl THTIEDOOH iy = —— W iy =

x—1 x -2

Y3 storo rpacdaxa sAcHO, YTO JoHHO? YDABHEHUE HMEeT OUH KOpeHb NIDH
¢ =10 u jipa kKopHa Opu Beex a4 # (.

) B mannoM cnytiae paceyKaaTh <anrebPanIecka» He YAACTCS, XOTH B
OpUHIMOE A8 KyOWuecKHX YDPaBHEHH! MMelTcA aiarebpanyieckue KpUTe-
PUH ONpefeneHns YUCAa ero KopHe#. 1109ToMy pHMeHHM (DYHKITHOHA b~
Hbll moaxod. PaccyKaeare BIOMHE aHAJOTHYHO BTOPOMY PEIIEHAIO IPEIbl-
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Iymierc sagaHud. [Tonoxum f(z) = = 1 T+ i 5+ 1 1

. TTOCKOJIBKY BbI-

paeHue onpeaensier GyHKIH0D, YOLIBAOILYIO HA KAXKIOM B3 HpoMe-

—1
SKYTKOD (foo 1)} u (1; +00), H AHANOTMYHEIMHE CBOKCTBAME 06T 1a10T JBA
JIDYIUX BBRIDROKeHHS!, TO QYHKI@A [ yOhIBA6T HA KAMKJIOM M3 HDOMEXYTKOB
(—o0; 1), (1;2), (2;4) 1 (4; +00). Ecin <mciio |2| seuunko, 1o 3nasende f(x)
caMobl SaHHOH (DYHKUPH SBIACTCA MaJIblM, 4 €CJH & LOCTATOYHC OJIH3KO
K 1, 2 nmu 4, 10 3Havenne f(), HAOGOPOT, IO MOAY/IIO SBASETCA O4EHB
Gonmemum. Taxuym obpazom, rpadux GyHKIME f HMeET CAeLyIOLHA BHI
(pucynok ). N3 nocrpoesnoro rpadpuka oueBrAeH OTBET: JAHHOE ypaBHe-
Hiie UMEeT JiBa KOpHA npu a = (), NpH BeeX OCTANBLHBIX 3HAYEHHAX 4 OHO
HMEET TPH KOPHA.

6. a) OBnacThio ONpeaeNieHH JaHHOTO YPABEEHUS ABIAETCS IPOMEXKY-

TOK [% ; +oo). TlockoabKy BblpaskeHHe, CTOSIILEE B JICBOM YaCTU 3TOTO YpaB-
IICITHS, ONPCACAAeT HYHKITHIO, BOIPACTAIONIYIO T4 ¢Bocl obaacTA onpenc-
JIEHHH, TO (){}JIHB OJHOrN I]EIIIHHHH AHHHOE yII&BHBHHH HE HMEeT . 0(1‘1‘8.'[()(:[1
BAMETHTD, UTO MO £ = 1 ABNAETCA ET0 PelreHHeM.

6) OrBer: & = 2; paccyKAgHHEe aHAIOTAYHO TOABKO YTO POBEIEHHOMY.

7. llepeoe 3agmanne Gyaem pemaTh anredpandecKH, ¢ TeM YTODBI PH
PEIUEHHH BTOPOIC N3 HHX VBHIETh, HACKONBKC Ipomie ObL1o Gbl paccyix-
J8Th, HCIOAB3YH (PYHKIMOHATIBHBIE TIOIXOA.

a) IMyers f(z) = 2% — 22+ 2. Tak kak f(—2) = -2, f(-1) =3, To Ha
npomexyTke (—2; —1) dpyuknua f obpatrres B Hyab. Teneph Tpenoao-
kM, 107 2 0. Eemm0 €2 € 1, tox?—2242 = 3:3+2(l—,1:) > 0, 3narnT,
Ha npoMexyTke |(; 1| naHHOe ypaBHeHHe KopHei He aMeeT. Ecnu 1 < x € 2,
1o 33— 2242 = 2% —24+2—1x > 0, CIeIOBATENBHO, H HA 3TOM IMIPAMEKYTKE
Kophe# Her. Hakomen, ecnu x > 2, To 2% - 2242 > 4z 2242 = 22+2 > 0.
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Moo 661510 TOCTPORTE Tak:ke rpacdux Kydmueckol DyEKOINH H IPA-
Myl ¢ = 2 — 2 (neBnitf pEcyHOK). OUeBHAHO M BaM, YTO OHE HMEIOT
e/IMHCTRERHYIO TOYKY Tiepeceaernnsi? W kak ato doxasemn? Kak mobsT ro-
l:‘-('}plr’['[‘b FLB’I‘UI)I::I ITON KHUPK: «O‘IHBH,L[HU 'l'(), 110 0'1eH3bL JIEKO N0K433Tb.
Tak mapaiiTe OUeHb JECKO H JOKaXHTE». A CMOXKeTe .IH BB OIpPeJeHTh
mo rpadpuxkaM 4HCIO TOYEK OepecedeHud rpaduka Kybuueckod QyHKIHK
u npamoll y = 3,01z — 2 (npaseiit pucyHok)? lle roeops yxe o TomM, uTO
TPY/HO K300pa3HTL 3TY NPAMYIO 5€3 UCIoNb30BaHNs KoMnbloTepa. M Tpya-
HO JoKa3GMb, 9T0 KOpeHb — eAHHCTBeHHbI. [IpH 3TOM HaiiTk ero MoxHO
TOJILKO NpAOMIKeHHO, £ & —1,76929 {ecTecTBeRHO, OH OLIM HAMAEH C IO~
MOIIBIO KOMITBIOTEPA).

6) ITockoapky urcao r = 0 HM IIpA KAKOM @ HE SBIHCTCH PEIICHREM
JAHHOTO YPaBHEHHH, TO BCE, YTO HAJO CAENATh, — 3TO NEPEIHCATh AaHHOe
ypaBHEHME B BUJE 1° + % = @ ¢ TeM, 4TOOB CHMTAaTh OTBeT ¢ rpaduxa,
HNOCTPUEHHOTO IIPH peneHrH saqadn 27 temsl 4. OTBeT: HaHHOE ypaBHEHHE
HMEET OJHO PEIIeHHE OpH ¢ < 3, ABa penieHnd OPH ¢ = 3 0 TPH PeMeHHA
npu ¢ > 3. ITa 3a1a4a TeM Gosee WHTePECHa, YTC HUKAKHX (opMyn and
KOpHe# KyOu4YecKoro ypaBHEHH: ¥ Hac HeT (1 He Gyaer).

Tema 7. «Cnoxxupie» pyHKUMN

Mu1 HayHeM Hallle H3IOXNKEHHE €O CAEyolel 3a1aun.
3anaua 37. Uzobpaznte rpadwkn dynkmmi:

Y filz) = va?+1; 2) falr) = vVa? -1, 3) f3(x) = V9 —a2.

1) Obuaersio onpeenenust GyHKIHA f] SBASETCS BCA MHCIORAS TDS-
man. Kpagparuuas dyakimua 3 = z2 + | BO3ZPAcTaeT Ha IPOMENYTKe
[0; +00) ¥ yGbiBaeT Ha npomexyTke (—oc; 0]. TToaTomy, ecim, Hampumep,
r1 < 12 € 0, 7o 22 +1 > zZ + 1. MockomeKy, KaK 3T0 GBLIO ycTa-
HOBJICHO, KBAJIPATHBIH KODEHb ABJACTCA Bo3pacTanomel dbyHKOmed, To 1
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filz) = \/:c2 +1> \/:cz +1 = fi{xz). Taxam obpasom, n byurnua f
yObIBaeT HA OpOMeKYTKe {—50; (). AHANOTHYHBIM 06pa30M JOKA3ZHEBALTCH,
910 37 QryHKIMs Buspactaer Ha npoMexyTre [0; +oo). Jlast Toro wTofin
T{HIHeR Hgﬂﬁpﬂﬁl{l'l‘b e .l'pﬂa(bHK, HCLHOVESYEM CHENY KIEE JOUOJMHHTELHOE
coabpazkenre. Slcao, uto fi(z) > VI? = |z|. IIpn stom

o 1 1
L) — x| = I2+1 - T = —/———— < —_—,

CNEeOBATEILHO, PA3HOCTE fi(r) — |7 npH 6OJBIIHX O MOAYMIO SHAYCHIAX
aprymciTa gpiagcted manniv aucesaoM. [loatomy npu Gonpimpx (o Mozxy-
o) @ rpatbuk AaHHON (hyHKINR 6OH30K K PpadMKy MOyns. JCKH3 3TOrO
rpacpuka r306paKeH Ha JIEBOM PHCYHKE.

-3 -2 -1 1 2 3 -3 -2 -1

B peiicrBurensuocrun sror rpacduk upeacragiser coboil LoaosMay rdiep-
o gy = ~1~ NMOBEPHYTYO Ha yrom 45

2) Ha npasom pucynke m3obpaken rpadbnk dyakuun f2. B ormrane ot
nepsofi hyHKONH, 06IacThI0 onpeaenenud bysknun fr apagerca obbeau-
HEHHe TIpoMexYTKoB (—co; —1] u [1; +00). A nccaenopalue ee NoBeJeAUs
NMPOBOJHTCA B TOYHOCTH TaK K€, KaK B mepBoM nyHKTe. CaM 3ToT rpaduk
COCTOMT H3 AYT ToH e camoit THHepbBOaLL.

3) Dyikuusa fa onpegesnena na oTpeske [—3; 3], BO3pacTacT Ha Cro Jc-
BOH noJoBHHE ¥ yOBIBAGT HA 11paBoil 1I0MI0BKMEE 3TOr0 oTpedka. Ke rpadmk
H30fpAXKeH HA CIEAY IDILEM DHCYHKE.

~3-2-1 1 23

Kak 6y1eT noxazano B Teme 10, 3TOT rpapik eCTh MOMVOKPYKHOCTh pPa-
Jnyca 3.
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Ilpn G6oabmux 3HAYEHHAX apryMenTa r rpadukn byexumit fi 1 fo
PACTIONIATANHCE BONU3H OPIMHIX § = £ U Y = —X. DTH NpAMBIE HA3H-
BAKTCH QCUMAIIROMAMY FTUX TpadukoB. TOMHOE OTTpe/IeNIEHHE aCHMTTTOTh
ﬁy,u,e'l' JAAHO B C'l'&pLLlHX RAACCAY INKOJIBL HO.KH. MbI Ul'pﬂHH‘lﬂM(:ﬂ (:JIE).W-
10IHM HehOPMAJIBHBIM onpeneienneM. AcHMOTOTONH rpaduka (HyHKIHA
Ha3hIBaeTCa NPAMasn, K KoTopoll npubanaaeTces 3TOT rpadik npu Bospac-
TaHul ([0 MOIYIQ) apryMeHTa (HYHKOAH WiIn 3HadeHUN 3To# dbyHKIMY.

Hanpumep, acusirmomama rpadiuka y = = sBAsIOTCH OCH KOO THHAT, ACHMI-
x

b
roramu rpachuka y = ar + 7 FBIAIOTCA MPAMAA § = 4T ¥ OCb OPJIMHAT.

['pacuku Bcex Tpex pyHKNHI 13 3aaa4u 37 06180801 €1le CIAYIOMAM
CBOHCTBOM: ONA KAXKAOIG H3 HHX OCh OPJIHHAT €CTh OCh CAMMETPHE 3TOTO
rpacuxa. B cpasu ¢ stum HabmofieHreM BESIEM CEAYIOIIee ONpeIelieHue.

Ovaxkuua [ HasbBaeTed “emHol, eclH IJd BCAKOTO 3HAYEHHS T ee
UGJ[H,UTH UIIIJ(_‘,H'J‘CJIULIHH U/ - P TAKHARe JICAHWT B U()J[tlﬂ'l‘l‘i Ullp(_‘.r}_LUJlCHH}:I.
aTod byIIKOHA W IpH 3TOM cnpaseTaBe paserctro f{—x) = f(z). Hewo,
ro hyHKUMK f1, fa, f3 3ananu 37 ABAATCE "IETHBIMHE.
3anaua 38. Toxaxure, 4o rpaduk “ierHOW (HDyHKUMK CUMMETPHYISH O1-
HOCHTEIBHO OCH ODLHHAT,

[Iycrs Touka M {a; b) nexwt wa rpadmke byskumn f, suaanr, b = f(a).
Koopaunaramu Toukn M', cumveTpudaHod Touke M OTHOCHTENBHO OCH
OpAuHAT, ABAdAeTcs napa (—a,b). [Tockoabky f(—a) = fla} = b, T0 1
touka M’ fexupr Ha rpaduke JaHHONE (HYHKITHH.

YMecTHO ceifuac BBeCTH elle OgHO onpenenenne. Oyuxuya f HasbiBacT-
cA HevemHoti, ecIA JJA BCAKOTO SHAUYEHHS T 8€ 00ACTH ONPeJeIeHHS HIC-
JIO —X TAKXKe JIEKHT B 00518cTH onpeteneHud 310l DyHRIAE ¥ TPy 3TOM
cnpancaauso pancierno f(—x) = — f(z). O cpolicTse rpadUKOB OCICTIIHX
dyaKImi MoIeT peas B OTHGHE M3 AOMANTHHX 3a4M.

3anaga 39. [Ipureaure mprvMEpPR HeveTHRIX (DyHKIAIE.

Huanpusmep, oro smvnelinas ogaopojpaas iyskuus y = kr, obparaas

k
MPOIMOPITHONANLIWNCTDL If = — KyﬁH'-ICCK{LH (byIIKU,HH = G,Is.

T 1

Sanaua 40. Ilycrs dyaxuus f apiserca yerHoll u Bospacraer (i yOo-
BaeT) Ha orpeake [a: b . Torga: a) ykcna a W b HC MOTYT HMCTL TIPOTHBO-
noAoKHble 3Haky; 6) dyhkona f yGbiBaer (COOTBETCTBEHHO, BO3DACTAST)
Ha oTpeske [—b; —a].

a) IIpeamonoxny, aro ¢ < 0 < b. BrufepeM uncno ¢ > 0 Tak, 9T0BLI
o < —¢ < ¢ < b Ilockosasky GYHKIMA f MO YCAOBUIO SBASETCA BO3PACTA-
rowedt, o f(—c¢) < f(c¢), ITT0 npoTHBOPEdHT YeTHOCTH 3Tl hyHKIUA.
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6) IlpesnoaoykuM, 9o Ha oTpe3Ke [a; b] GDVHKHAA ABALETCA BO3PACTA-
wiueh. Eema —b € ) < T2 € —6,T0 ¢ & —T2 < —7) & b, noyTOMYy
flae) = f(—ir2) < f(—x1) = f(ry). Bro v o3HAYAET, 9TO R OTPEIKe
[—b; —a] pacemarpusaevas dydkuuy siBaseres yGneaoweil.

B xortopsilt pa3 B 5To# riape mogamIsaoTea Boipaxkenns suna fg{z)).
ana BBECTH «IIPABHJBHYHD 'l'HpNIHH()Jl()[‘HK), B NIKOUTE l]{})]‘()()l'[h](‘! Bhi]a-
YKeHHUs HA3BIBAIOT «CAMKHBIMH (bYHKIMAME>. B MATEMATHKE HCOONBIYET-
ca mHas repMmuHoaornsa. Ecm h(z) = f{g(z)), To dyekuna h HasbiBaeTcs
womMnesuyueld GyHkowt g n f.

Koneuno, obaacme onpedeaenus Xomno3uyty He MoxeT O6biTh Bosbine,
qeM 061ACTh OLIpedesIeHns ee BHyTpenHel ¢dyaxkuad g. Ho ona moxer 6b1Th
MeHBIIIe, TAK KaK JIs Toro, 4yTobnl 3HadeHue f{g(r)) Oblno ompeaeneHo,
HY3KHO elle, YT06bl 3HavYeHne g(2) NPHHAANEKANO 0GIACTH OnpeIeNeans
cdyoxmmr f. B 3aaeac 37 f(z) = VT, qi(x) =22 + 1, gu(x) =2 - 1w
m{z) = 9 — 2. Ecnu obnacTeio onpeaeacims byvixnau fi(x) = flgi1(x))
HBJHAI'CH BCH "ITHOJKBAA leHl'w'lﬁ.Hr T {I)G.Ilﬂ.l','[‘h}(') U]]l)effl'EJ]HHHH (llyﬂl{lur’[ld f2
ABJAeTCH OUBeINHEHNe NPOMEXKYTKoB (—o0; —1] # [1; —00), a obracThio
otpenencins dbyukune f3 — orpesok [—3;3]. C apyroft cropoHbl, ecjin
flz) = 22 v g(z) = /T, 10, KOHETHO, f(g(x)) = z, oxHako OBIACTHIO
OMnpeJie/IcHHs JaHHON KOMIIO3ULMM fABAsieTca npoMexyTok [0; +oo). Tlo-
stomy f(g(z)) =2 npuz >0,

JdoKazkeM MepBYIC TeopeMy O CBOHCTBaX KOMIIO3NLKH DVHKIIAN.

Teopema 7.1. MuoxecTBoM 3Hauenn#} KOMIo3uIIHA GyHEKINH g 1 f 98-
JMAETCH MHOMECTBO 3Ha4YeHMI GYHKIMMA f Ha MHOXKeCTBe 3HaueHMit (HyHK-
e g.

Samevagrue. OTMeTHM, YTO B (HOPMYMHMPOBKE TEOPEMBI TIPEINoJIarasT-
¢, 910 Komnosunusa byekumit ¢ u f onpenenena. Ecom, manpamep, Mol
paccmarpaBaeM $yakuuio A{xr) = Vdx — 2%, TO OH& ABIAETCH KOMIIO3H-
wpelt pyexmuu g(z) = 4z — 22 ¢ obnacTsio onpeaenenusn [0;4] n dyak-
uun f(xr) = /T ¢ ecrecTBeHAOK OBIACTBLIO OIPEJENEHN — MPOMEKY TKOM
[0: 4+00).

CobcTBeHHO roBoOps, TOKA3bIBATD 3ech Hedero. Jucio a aBisercd 3Ha-
4JeHueM GYHKIAY A, Tae h{r) = f(g{z)), ecnu nalineTca uncno r, Taxoe
gro f(g(z)) = a. Takum ofipasoM, @ ecTh 3naqacnue Gynki@y f B TOUKCE
g(x), mpuHasnexkanel MAKKecTRY sHaveHnl hyHknun g.

IMo ¢yt mena, Mbl y)Ke HEOJAHOKPATHO MCNOJAb30BATH YTBEDXK/EHUE
3TOH TeOpeMHL,

2 —
3asaaa 41. Ha@iyinte maKecTRO 2Hagenult hyrKiwpn f(z) = ;r:m—_:rl-i-l .
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BaecTo Toro 9robhl HECIEOBATE CBOIAILEECA K KBAIPATHOMY yPABHE-
Hue f(x)} = a. cBemeM 3a7a4y K H3BecTHOH. /leflcTRUTENBHO,

Nk U 1 1 _
f(l‘)—ﬁ—$+m—$—l+m+l—g($—l)+l,

rae g(z) = = + % . llockoneKy MHOXKECTBO 3HaYEHUI (PYBKIHH § XOPOLWOo

HIBCCTIO, UM ABJSICTCH OOLOIATICIME NPOMEAKYTKOB (—o00; —2] 1 [2; +o¢),
T MHOMKECI'BOM 3HA'IEHUH ,LI‘H.H.HOI“,]. (l)yHKI_Ll‘IH HBIHETTH Oﬁ'berﬂ‘ﬂl‘[el‘llde H]PO-
MeXKYTKOB {—o0; —1] u [3; +00).

AN 3aKpenneHHs NOHATHA KOMAOSHUPN GYHKIHH pelinM HECKONbLKO
VIPAMKIICHEH,

3amaua 42. [lycts f(r) = xiz, u g(z) = /r. Bagaiite bopmynamu
KoMnosnoan Gyaxkmi: a) fug; 6) g u f.

8) Meem () = 9(f(2)) = V/F(a) = ==
6) Mmeent hafr) = flg(a) = FWE) = =5

Sagaua 43, lyers f(z) = 2z + 1, g(x) = 2% u h(z) = % Ipeycraspre B

1 2 2
BUAE MX KOMIOSHIMEA dyHKuuu: a) p{x) — m; 6) g(x) — (; +1)°

a) Umeem p(z) = h((2x + 1)?) = h{g(2z + 1)} = hg(f(z))).
6) Mmeem g(z) = g(2 + 1) = g(2h(z) +1) = g(F (h{x)).
3anaua 44. [lycrs

Hi

= opu £ 2,
f(w)={9 ,

r—1upE x 2 2

3anaiire dopuynaMu U nocTpoiite rpaduke hyHKImit:
a) F(22); 6) fw—1); v) F(F(x)).

3aMeTHM MpeXXAe BCETO, YTO OpH T = 2 06a BHIpaXKeHHd, % nx-—1,
PaBHBI 1, D03TOMY MOXKHO GEUIO B onpeJe/ieHn JaHHON QYHKIUY OKCATh
HECTPOTHE HEPABEHCTBA.

%—xanQmQZ, {:cnpu:cgl,

a) Mmeem f(2x) =< 2 —
2r — 1 upn 2x = 2 2z —lnopmz 2 1.
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'pachbax — Ha eBOM pECYHKE,

z—1 mpu z < 3
6) Umeem f{z — 1) = 2 T DPpabuk — Ha opaBoM
r—2n0puz =3
PHUCYBEE.
flx)
B) Umeem f(f(z)) = ¢ 2 'PH Hz) <2, PeinennemM HepaBeH-
flz) —1npm flz) = 2.

cTra f{x) € 2 ABAfAETCA NPOMEXKYTOK {—00; 3], mOITOMY

x
/() 7 om £ 2,
IglanQQ:ch.

Ilpu x 2> 3 BepHO HepaBeHCTBO f{r) 2 2, MOITOMY IIPH 9THX IHAYCHHAX
aprymenTa f(f(x)) =z — 2. B pesyabrare nojiydaeM, 4o

T'padmk — Ha pucyHke.
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3agayy Oas JoMalHHuUX 3agaHutl no teme 7

1. ITyers dhyukuua f spaserca weuerdoid, BuimcauTe, 910 MOXHO yTEEp-
X7aatk o byukumn g(z) = |f(z).

2. Horaxkure, 4TO: a) KOMIO3HUMA ABYX HedeTHbIX byHKUu# sABIgeTCA
HedeTHOH (pyHKIMe; 6) KOMIO3HIIAA YeTHOH M NMPOH3BONBHOM (hYHKUIMH

ABAsieTcs deTHOM! pyHKOHEN; B) KOMIOIMIMS HegeTHON i deTHO! dynKumit
ABNACTCA 9eTIION (PVIIKIHCH.

3. Hoxaxure, "1To rpaduk HeteTHON (hPYHKIHMHA CHMMETPH'IEH OTHOCHTE b
HC HadaJa KOOpIMHAT.

4. HzecTo, uTo f(x) = |r — 1| — 1 npu Becex z 2 0. M300pasure rpa-
CI)PIK ITOM (.b}"HKHI‘IH, eCclIH IDIIOJHHTEIBHCG H3BeCTHO, YTO OHA ABJIASTCH:
a} ueTHoOM; 6) HeueTHOft.

5. Hanwmnre sipayio hopmyny gas QyHKIMA, ABIMIOMEACT OTBETOM K
NyRKTY (0) npeapaynieft 3axayn.
6. a) Jokaxkute, YTO A8 Npou3BONbHON yHKuuu f dyHkuua fi(x) =

flz) + f(—=) _ @) -

= —————= ABNseTCA TeTHOH, a byukmus fa(x) = 5
Hesternoll. 6) Hokaxknte, 9TO BCAKasA PYHKIEA, 06;1aCTh ONPEIeNeHIS KO-
TOpo#l CUMMETPHYHA OTHOCHTENBHO HYA, MOXKeT ObITh NpeICTARIeHA KakK
cyMMa deTHOH B HedeTHo#t hyHKIEH.

7. IpeanonoxuM, uto $yHKUMA [ gBNgeTca “IeTHOH Jub0 He'leTHON H
ypaprenue f{z} = 0 mmeeT xora Obl 0AHH KOpeHb. a} Haliawre cyMmMmy Beex
KOpHel 3Toro ypasHenus. 6) Halaure mpouspejeHue BCeX KOPHeN ITOTO
YPaBHEHMH, €CTH M3BECTHO, UTO HX YHCJIO HEYETHO.

8. llycts f(x) = 22 + 1. Hatnure Bee nupefinre yHKIMEA ¢, TAKUHE, YTO
Fla(z)} = 9(Ff (=)

9. a) Ha#inure Bce nnuetinie dyukimm f, Takme, uro f(f(z)) = f(x).
6) Brisicanre, cymecrByer sn HesmaekHas GbyBKuua f, Takad, 4TO

Ff(x)) = flx).
10. Hatinure BCe 3HAYEHHA [IAPAMETPA q, IPH KOTOpBiX (byHKuMa f(r) =
|3 + 15| + a|& — 5 sBameTca YeTHOH.
11. BeisicHuTE, cymecTByeT U pyHKUOHA [, TaKas, ITC:
a) flcosz) =sin10zx; 6) f(sinx) = sin 10zx.
Pemmennsa aoMaluHux 3a/ia4 1o reMe 7

1. Tak kak g(—z) = | f(—z)| = |- f(z)| = | f(x)| = g(z}, T0 g — veTnaZ
GyurmH,
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2. Tlyers h(z) = flg(z)
a) Ecyiu f u g HeueTHhle (bYHKIHEH, TO

h{—x) = fg(—=)} = f(—g(z)) = —flg(x)) = —h(x).

6) Ecrm dyerupa g vetHa, o h{—zx) = f(g(—=z)) = f(g(z)) = h{x).
B) Ecnn ¢dynxupa g veuetHa, a GpyHKUMA f UeTHa, TO

h(—z} = flg(—z})) = f(—g(x)) = f(g(z)) = h{z).

3. Koopaunaramu rouka M, cummerpuanod 1rouxe M {(a;h) ornocu-
TEJIBHO Hadaja KOODAHHAT, apadercd napa (—a; —b). Ecan touka M me-
XKHT Ba rpadmke nedernont dyukumn f, To b = f(a). Yucno —a nexur
B obnactu onpenenenas byskunn f, u f(—a) = - f(a) = —b, oTKyza K
cneayet, 4to Touka M’ nexxurt Ha rpaduxe byeknun f.

4, OTBeTE — Ha PHCYHKaX.

AN N /J e
e

a) 6)

5. BconomuyM BHavane rpaguk HederHol dynkmmn g(x) = |z — 1] —

|z + 1| (pucynoxk).
_— 2’
1
S4-3 -2 -1_1P 12 3 4
-2

Torxa rpadprk dyvukunm g(x) + 2 6yaeT MMeTh HCKOMBIN BHA.

6. a) YTrRepX,/|gHHME CJIe/IyeT M3 DAREHCTE:

_ J(=w) + ()
2

fria) — Al w fol—oy = LRI

6) Hcuo, uto f(z) = fL(x) + f2(x). Ocranock cocraThes Ha yTBepK Ie-
HYe NpeIHayLero NyHKTA.

7. a) Ecam uncno @ ecTh KOPEHB 9TOCO YPaBHEHUSA, TO U YACAO —a ABJS-
€TCHA €ro KopHeM., [[03TOMy MHOKECTBO BCEX KOpPHEH pa3duBaeTed HA [aphl
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HPOTHBCIOIOXKHBIX YACET ¥, BO3MOKHO, COTEPIKUT Hy:1b. 1€ I0BATEIBHO,
CYMMA BCEX KOPHEH JAHHOrC yPaBHEHHS PABHA HYJIO.

6) Ecnu naHHOE ypaRHEHHE WMeeT HeYeTHOE THCT0 KOpHENW, T CpeH
HHX €0Th HY.lb, LIOITOMY LIPOA3BEABHUE BOeX KﬂpHElud PABHO HYJIK).

8. Ecau g(z) = ax 1 b, 0 fg{z)) = 2¢(x) + 1 = 2(ax 1 b) 1 1 =
2ar + 26+ 1, a g(f(x)) = a2z + 1)+ b = 2ax + a + b. Tlo yceaosuio
20x +2b+ 1 = 2az + a+ b, orkyda b = a — 1. Takum obpazom, g(z) =
ar+a—-1=alz+1) -1

9. 1) Mycrs () = ax+b. Tovaa F(f(x)) = alor+b)+h = o?etabt+h =
ar + b, econ 02 = o v eb = 0. Takum oBpazom, aubo ¢ = 0 u udcio b —
TPOM3BOIBHOE, MHbo a =1 m b = 0.

6) U3Ha9albHO KAKETCS, YTO OTBET — OTPHINATEAbHEIN, TTOCKOJBKY U3
toro, uro f(f(z)) = f(z), cneayer, uro f(a) = a. OzHako 310 paBEHCTEO
HMEET MECTO TONBEO JUIS @, JIEAALMMX B MHOXKECTBE 3HAY9EHHN (PYHKIUK
f. TosTomy uckoMan (yHKIMA CYLUIECTBYeT, HANPUMED, STO CleAYIOmas
DYHKIIHA.

—lopmx € -1,
flz)=¢zmpn —1 <€z <1,
1l opn x> 1.
10. TTo yeaosuo |32 + 15| +a|z — 5| = |15 —3x| +¢| —x —5|. [ToacTapus
B 3TO paBeHCTBO & = 1, mourydrmM, 410 18 + 4da = 12 4+ 6a, oTkyma a = 3.
HetictButensHro, ecnu ¢ — 3, to f(—z) — | -3z + 15|+ 3| -z -5 —

3|z + 8| + 3|z — 5| — f(x), nosromy f(r) — wernas dbynxuma.

11. a) Her, e cymecrsyer, nockoanky $yakmma f(cosx) saBnsercs
yeTHOfl, TorAa Kak sin 10z — HederHas (yHKIMA.

6) Het, Be cymecTryeT. CBefieM 3TOT MyHKT K NPeALIAYIIEMY, HOACTA-

BHB B JAHHOE DABEHCTBO % — I BMECTO ZX: f(sin(iirr —z)) = f(cosz), a

sin 10(% — :t:) = gin(hm — 10x) = sin 10z.

Tema 8. VccaegoBaHHE «CJOXKHBIX» (DYHKIHI K Mo-
crpoenne ux rpadpuKkoB

Korma Me1 roBopaM 06 «HceIe 0BaHEE (DYHKIAN», TO, NPEKAE BCero,
WUMeEM B BHY TIOUCK [TPOMENKYTKOB, HA KOTOPHIX M3yJaemast (hyHKms s
nseTcs MOROTOHHON (T. €. BospacTarmeld rim yOmBaomwet). Mer Barinem
€ TOTO, YTO IIPOAHAJNU3HPYEM, KaKHM K€ METOIO0M MBI TOJL30BAJIACE NIPH
uccneaoBaHuM byHKIMN 13 3ana4n 37 NpensnyNeld TeMbl Ha BO3PacTaHue
n yoriBanue. Haea cocroana B TOM, 9T0, IOCKOJIBKY KBaADATHBIN KOPEHD
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ABAACTCH BO3pacTanmei Gynxknneli, To a3 HepaseHCTBa ¢{21) > ¢{X9) cre-
AyeT, 910 1/ g(z1) > 1/g(x2)- Taxuy o6pazom, ecnu GyHKIWMS g BO3PACTAET
(H..TIH yﬁhIHB-E‘-T) HA H(:‘,KUT(J[}UM OPOMOKYTRE A TIA 3TOM BOE €€ JHAY9CeAWH
HA, 5FOM llpOME}K}”I‘KE HBJAKYI'CH Hm'l‘l)ﬂl],ﬂ’]‘l—‘,.'[hl—lthH, T M (b)’HKlLl‘lH V@
H&, ATOM MPOMEXKYTKe ABIASTCH BOSPACTAMOIIEH (COOTBETCTBEHHO, YORIBa-
Io1Leit).

KoueuHo, aHAJOrHYHEIM OOpPA30M YCTaHABAHBaeTCA u ollige yTBep-
K JIEHWE.

Teopema 8.1. Ilycrs h{z) = f(g(z}}. Eciu dbysxumu f u ¢ umeror
OQUHAKOBBIH XapaKTep MOHOTOHHOCTH (T. €. ofe ABIAITCA BOSPACTAIOINY-
Mi gmbo vBrBawlnpME), TO OYHKIUA A ABi1deTca Bospactalomeli. Ecnn
e 13 ¢yt f u g onga apaserea Bo3pacTtaionieit, a Apyrad — y6nina-
ote#, To Gyukima i araseTes voRraoe.

Mpennaokum, uro f u g sospactanTr. Torga, ecnw zp > g, 1o gl ) >
g(xz), aHaunt, u flg{z,)) > f(g{zz)), Takmm obpazoMm, h — BO3pacTarc-
masd $yaxkuusa, Ecan f 1 ¢ yOeIBaoOT, TO H3 HEPABEHCTBA &1 >> &2 ClE-
AyeT HepaBeHCTRO g{%1) < g{z2), A3 KOTOPOro, B CRBOIO OYEpPeab, GIeAYeT
HepaBeHCTBO f(g(x1)) > f(g(z2)). Takum ofpazoM, 1 B 9TOM caydae h —
BoIpacTaomasn pyHKIOHA.

Teneps nycres dyaxusa f Bo3pactaer, a ¢yEKOMA ¢ yOeBaeT. Torga,
ecn 1 > Tz, To g(x1) < g{zz), cnegoateisno, flg(x1)) < flg(z2)).
Takuwv obpazomM, dyHkupa h — yBrBaIIas. AHAJOMAYHOE PACCYIKIEHAL
MOKASKBAET, 9T ecan [ yOuBaeT, a ¢ BospacTaeT, To hyHRMs b Takxe
SABAHEICA YORIBAIOILEH.

Cnencrene. Ecm ¢yHkimms f seasiercs po3pacrawnieil i youBa-
lomeft Ha Beelt cBoelt 001aCTH oNpedeNieHHs, TO IPOMEKYTKH, Ha KOTOPBIX
dyukmma h(z) = f(g(z)) aB1AeTca MOHOTOHHOMN, COBIAJAIOT € IDOMEXKYT-
KaMH, Ha KOTOPHIX MOHOTOHHA (byHKIUA ¢ (KOHEUHO, NPH YCIOBHH, YTO
MHOKECTBO 3HaueHHMH (PYHKLHH ¢ HA COOTBETCTBYIOIIEM IPOMENKYTKE JIe-
KUT B ODJIACTH Oonpeenexus GyHKuud f).

-3-2-1 1 2 3

B cayuae xoraa ¢hysxi@s f He ABIAETCA MOHOTOHHON, CHTYAIMA SABJIsI-
ercs Govsee zanyTannoi. Ha pucyake Brme m306parxen rpadnk Gyuknmm
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y = |z? —2|. Eemu f(x) = |z —2| m g(z) = 22, o h(x) = flg(z)) = |2* -2|.
Qynxuua f yGLIBAET He. MPOMEXKYTKe {—00; 2| U BOIpacTaeT HA IIPOMEIKYT-
ke [2; +00), hyHkmua g yorisaer Ha npoMeskyTie (—oo; 0] v BospacTaeT Ha
upomexyrre [0; +oo). TIpovexyrkn sospacianus u yGomanny (hyHkuum
h BnmHEl Do rpaduKy 5TON QYHKIHH, CTPOUTE KOTODBIM MBI Y2Ke YMeeM.
Onpako HETPYAHO YCTAHOBATL B Gonee obniee yTBepAKICHHE.

Sanaua 45. [Tyers dynkuas f yboiact ma npomexkyTke (—oo; 2] u Bo3-
pacraer Ha npomexkyrie [2; +00). Hall/ure npoMexy tkn BospacTaHis K
yObipanust Qyvuwmii: a) h(z) = f(z — 1); 6) holz} = f(2 - 2z);
B) h3(@) = f(=%).

a) ®ymkous h; ybopact ma npoMexyTke ( 00;3] M DospacTacT ua
npoMexxyTke [3; +oc). JleficTRutennHy, e £y < Za € 3. Toxp — 1 <
< g — 1K€ 2, novromy hy(ry) = fleg—1) > f{xa—1) = hy{x2). Ecam xe
3€s <22, 102 K31 — 1L < X9 — 1, 2 moromy hy(xy) < hy(zs).

ToacauM, oTKyna B3anock umuenao 3. Nooaoxum, magpumep, z = —5.
Ilpu ysenm4enun wmcha r 3nadenue hi(xr) = f{xr — 1) Gymer yOnBaTh,
TOKa apryMeHT QyHKHHE f — 4yHcao £ — 1 — He CTaHeT paBHBIM 2; NPH
JanbhefilieM yBeNHueHNH x 3HaveHue h) (x) ysxke OyaeT BO3pacTars.

§) OTeer: pyHkMA hy yOBIBaET Ha MpoMexyTKe (—o0; 0] 1 BO3pacTaeT
Ha TIpoMexkyTKe [0; +00).

) IIyers 7y < x3 € —/2. lorma 3 > z2 > 2, nosromy hz(r,) =
= f(=3) > f(z§) = ha{xz). Tarum obpasom, dynkuus k3 yBrisaer Ha
upomexyrke (—oo; —v/2].

Ecmm —v2 € 21 < 22 € 0, 10 T35 < ¥ € 2, nostomy h3(za) =
F(@3) > f(z?) = hs(z1), cnexosaTennro, Gynxuma Az BO3PACTAET HA OT-
peaxe [—v/2;0].

AHanormaHEIM 06pa30M JOKA3BIBAETCR, YTO Ha OTpeske (052 bymk-
uua hy vOuBacT, a Ha MpOMEKyTKe [v/2;+400) — Bospacraer. C mpyroit
CTOPOHBI, 3TO CHEeAYeT H3 TOTO, YTO (PYHKIHA Az ABAAETCA YETHOM.
3amaua 46. ITocTpoitte rpaduk byuxkinu f(r) = — /.

O6usacTiio onpeacicirg gamiol dynkipe aeracreda ay4 [0; +00). Ec-
m uepes g{a) oDO3HANINTE KBAUPATHLIR 1TPeX IIeH 12 — &, 10 cupaseaMBo
pasercTBo f(z) = g(\/z). Mm npejcrapwin JaHAyK0 (QYHKOUIO B BHIE
KOMIIO3HIOHA CTaHIAPTHEIX YHKOHIT,

IMockoneKy ¥KBAJpPATHBIN KOPEEb ABNSEeTCHA (PYHKIHEH, BO3pacTarei
Ha cBoelt 06aacTU OMpefeneHMs, a KBaJpaTU4Has GyHKIHA g(r) yOuBa-

eT Ha Jyde {—oo; %] H BO3PACTAET Ha Jyye % :+00}, To dyuknua f(z)

1
yOBIBAET HA MHOXECTEE, 33JAHHOM HEPABEHCTBOM /T < 5, T. € Ha OI-
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pe3ke [O; %], H, COOTBETCTBEHHO, BOIPACTAET Ha, JIy4e [& ; -l—oo). TTpu aToMm

1y _ —l. Hcno, uro f(r) = 0 mpu r = 0;1, TeM caMBIM MBI HAIIH
3 1 p
TOHKHA TepecetelHa rpadhiKa ¢ ochIo abenHc.

Ocranoch 3aMETHTD, 9T0 HOCKOMbKY & — /T < &, T0 HCKOMBIL rpaduk
NEXKUT HIDKe NpaAMoil y — x. Bonee Toro, paccrosHne mo BepTHKANM OT
TOYKH rpahyRa 0 5TOH npsamoli HeorpaHudeHHo pacTeT. C gpyroft ctopo-
HEBL, 3TOT rpadhuK nepecekaeT BCAKYIO NPAMYI0 ¥ = ax, rne 0 < a < 1, npr
HexkoTOopoM z > 0. OTBeT — Ha pHCYHKE.

3anaua 47. Ha cnemyomeM pacynke uzobpaxken rpadux dyakmun f{z).

- b L S

Sa§-2-1)| 123 456

Hapucyiire rpadukn dbyuxnuit: 1) ¢1(x)} = f2(1‘) 2) ga(z) = fl2?);
3) ga(x) — f{vx); 4) galz) — /f(2): 5) gslx) —

OTeeTH nprBEAeHH Ha crenyoneilt crpaxune. Jas Toro 9tobsl rpa-
GUKHA «JIyUIe YHUTAMUCh», B KAXK/JOM K3 HUX BbIGpaH ceofi MacmTalb BHA
OCHX KOOPITUHAT.
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(3) (4)
4
2_

Pa(‘.(‘.MOTpHM TCHOCPR MITOIOYICIT qCTBCpTOﬁ CTCIICTTH
p(@) = zlz - 1)z —2).

3anmaua 48, Halinnre MHOMECTBO 3HaYeHN MHOrouseHa ().

Mockousky (x — 1)2 = x? — 22 + 1, 10, uonoxus g(z) = x> — 2z,

monyaum, 9to p(x) = g(z)(g(x) + 1). Moatomy, ecmn f(z) = 2% + z, T0
B pesyabrate nomyqnMm, 1o p(x) = f(g(x)). Muockecrso 3HaueHnit KBaa-
paTHaHol dyHKuBH g — mpoMexyTok [—1; +00). TIocKoNbKY “Heo —%
JIEXKHT HA HEM, TO MHOMKECTBO 3HAYEHHIT KBagpaTaIHOH dhyHxumu [ Ha
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1
[—1; +00) — 3TO NPOMEXKYTOK [_Z ; +oo), KOTOpDHIHA, TEM CAMBIM, H ABJIA-
E€TCI MHOXKECTBOM 3HAYEHHA MHOTOYJEHA P.

Bosmoxkso, 4to Gosee ecTeCTBeHHBIM OBIO Dbl MHOE TIpEJICTABIIEHUE
MHOIOYMEHA P KaK «CJI0XKHON» (DyHKIMA.

3aymua 49, Haiiymre maorownen g{r), maxol, yro p(r) = g(z — 1).

INockonexy

pz}=(z-1)*" - 2) = (e - 1)*(e- 1)’ - 1) =@z - )* — (& - 1)",

To g(z) =zt — 22,
3amava 50. Bocnonk3yfTech pe3ynsTaToM NpeablAYIIEN 33, a49H JIA No-
HCKa MHOXKECTBA 3HajveHHi MHOrOWIeHa p(x).

MuokecTBA 3HATIEHRH MHOTOTLIEHOE P H ¢ COBOAZAIOT. [lonmkum f(z) =
2 — z. Tlockoaeky g(z) = f(2?), To MHOXECTBOM 3HAYEHAN MHOCOYJIEHA
g ABASETCA MHOXKECTBO 3HAYeHNH KBAAPATHYHOTO MHOTOUAEHA f Ha MPO-

2

MexyTKe [0; +00), KOTOPBIM HBIAETCH IPOMEXKYTOK [—% ;+oo).
3apaga 51. Mocrpoitte rpadgmk MAorownena p(r).

Ans moctpoeHns rpaduka MaHHOTO MHOTOWIEHA MPeXZe BCETO HaA0
HallTH TIPOMEXKYTKH, Ha KOTOPBIX OH ABIAETCS MOHOTOHHOW (hyHKI[He!.

Ha npomesxyTke [1;+00) dynkuusa g(z) = z° — 2z Bo3pacTaer, npu

atom g{1) = —1. Ecnw Mbr GyaeM yBENWUHBATE 3HAYEHWe €, HAYHHAS ©
- 1

1, To yBenuuuraetca U 3HadeHne g{x). llockonbky Ha oTpeswe —1: _E]
1

dyaxkups [ ssasercs yOmBaome, To, noka ¢(2) He CTANO DABHEIM —3

snanenue f(g(x)) 6vaer yOeBaTe. Pemennamu ypasmenus g{z) = —% AB-

JISIEFIEH JHCIE, lzl:%. CiejoBarensho, Ha orpeske 1: 141/ \/5] MHEOIOTLIEH
p y6bIBALT, 8 Ha npoMexxyTke [1+ 1/ v2:400)  BO3pacTaer

Ha mpomexyTke (—o0;1] t;pyHKuml g yObBaeT. [lpu 3sToM, ecim
z € (—oc; 1 —1/V2], 10 g(2) 2 —% l'los'romy NpY 3HAYEHUAX T U3 yKa-
3aHHOTO NPOMEXKYTKA MHOMODJIEH P HBJIHETCH KoMIIoaHLnell yOrBsaonel 1
BOIPACTAOLIEH (DYHKLHIA, a moToMy ol y6biBaer. Ecan xe x € [1-1/v/2; 1],
o g{x) € ; , IOATOMY HA AAHHOM OTPe3Ke P BCTh KOMIIO3NIHH IBYX YObI-
BaowWyx GYHKOHHA, a TIOTOMY OH BO3PACTAET,
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Takum 06pa3oM, ero rpaduK UMEET CIeRyIONuit BHA.

2 -1 7172 3 4

Ja HATSIAAHOCTH Ha IIPHBEIEHHOM PHCYHKE BEIOPAH Pa3HbI MACLITad HA
OCAX KOOPIUHAT.

HOCJIBAHHﬁ H3 3aJad 3TOit TeMbl HMeeT TeopeTHudecKufl XapakTep.

3anaqa 52. Tyers Gyaximn f genaeres pospacraoied. Jdokaxkure, UTo
muoOxerrsa pewenudl ypasuwenndt f{f(z)) =z u f(x) = 2 cosuagaor

IIo cyTH nena, 9TOT CIOMKET yKe BCTPLYANCA NPH PelieHuH 3ana4u 10
JoMaumero 3aganns no Teme 4. Jdna noamnoTil npuseseM pemicnue U JaH-
HOM 381141,

OueBHAHO, YTO BCAKOE pellleHNe YpaBHeHHs f{I) = T aBIfAeTcs Takxe
peurenueM ypapHenud f(f(z)) = z. Teneps nycts f{f(xo)) = 7o, ¥ Open-
HOAOKHM, 4T0 f{xn) < Zo. Tak Kak 1o yeaosuio Gyukous f ApIsgcTCa Bo3-
pacraometi, ro rorga f{f(xe)) < f(zo), wro 10 npesnonOKeHMI0 MeHELE
zg. Takum 0BpazoM, B 3TOM CHyYae “IHCA0 Iy He MOXEeT OLITh pelieHneM
ypasgenna f(f(z)) = z. Ecm f(zo} > mo, 10 f(f(z0)) > fl@o) > o,
CNEACBATEILHO, U B 3TOM CJYYae Ty HE €CTh PelISHAE UCXOTHOrQ YPaBHE-
aus. Takam obpasom, ocTancs eauEcTBerdbll Bapuant: f(xg) — &p, 910 K
TpedOBANIOCH JOKA3ATD.

XapakTepHBIM PUMEPOM SIBJISETCHA MPUMEHEHHE Pe3yNbLTATA ITOH 3a-
JauM A1 PelleHHs ypaBeeHns \/+/T + 6 + 6 = z. PaccMoTpum GyHKIIIO
flz) = /T + 6. Jdaunoe ypapnenne mmeer pug f{f(z)) = z. [lockoian-
Ky 3Ta (DYHKIUMS BOSPACTAET Ha CBOeH 0BaCTH ONpefeleHus, TO, B CHITY
PESYIILTATA TPCALLIYTICH 33,089, PEIICHHAMA JAITION0 YPaBICHHST STRIIS-
10TCsL pellenns ypasHennst f(z) = x, wm 7 + 6 = z. EnnncTrentniv
DeIfeHHeM TOIYYeHHOTO YPABHEHUs SBRJAfAeTes T = 3.

A5 cpaBHeHNST IPHBETEM TAKKe W alreQpaudecxoe peredme ypas-
Hewus /T + 6+ 6 = Z, uges KOTOPOrO OCHOBaHa Ha MEPEX0]e K CHM-
METPMYHON CHCTEMEe ABYX yPABHEHHH ¢ IByMs Hem3BecTHbIMH. [lonokus
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¥ =T + 6, MH IOMYYHM CHCTEMY

y=vz=§,
T =y—6.

Hewo, uto 2 2 0 1 y 2 0. Boseena B xpagpatT obe 9acTH 9THX ypaBHeRHH
U B3fB HX PA3HOCThH, NONYSHM ypapiciue (y )y t z) = ¢ y, A
(y — x)(y + 2 —1) = ). Nockonsky Bropasi tkOOKA B HyAb He obpanpeTes,
TO Y = ¥, TaKUM obpasoM, v/ + 6 = .

Samaum anga aomaumeEux 3agaxuii mo Teme 8
1. a) MaoBpazmure rpaduk pyuxkuum f(zr) = (22 — 1) - 1.
6) Pemnre ypaBuenue f(x) = x.

2. HatguTe MHOXKECTBA 3HAYEHHH (DYHKIRIL:
a) h{z)=(z? 1 22)2 1 z2 1 22 1,
6) halz) = (22 + 223 + 22 + 22— 1;

Z+x+1
B) h3($)= Q2 | 2 1 17

3. HzpecTHo, uTo byHKnua f(r) Bo3pacTaeT Ha BCelt YHCAOCBON MPAMON.
Haiimpure npoMe:KyTKH BO3pacTAHHS U yORIBaHHA DyHKOHIA:

8) q1(e) = f(gr—gz7g )+ 6) 9:02) = flg—iz 3 )

4. Iflaoﬁpa.am"e (B O/IHOM K TOH e CHCTeMe KOOPAHHAT) rpaduku Oy K
i} f H ¢
}rle) W 92(7) = Var-gatd’
T) = ————= u qufx
Ooln)= s "W = e

5. Ilycre byuxknun f(z) 3azana Ha BCelt YHCJIOBON UPAMOHN, a MHOMKE-
CTBOM €€ 3HaveHuUit AB.IsieTca oTpe3ok [—3;2]. Hadinure MHoXKecTBO 3Ha-
yeunil ¢pysxkumn: 1) gy (z) = f(2z — 1}; 2) gu(x} = f*(x), vae n — HaTy-
panbHOe uHcI0; 3) g3{x) = 7 (1 : 4) gaz) = f(v/x) (ecmn gomonuuTEBLHO
H3BECTHO, 4Te (pyHKIuA f{x) — deTHasn).

6. Hatimpre MBOkKecTBa 3Hauenuft ywkoai: a) fi(z) = z* + 422 — [;
6) falz) — 2 — 4z + 15 B) falz) — x(z + Dz + 2)(x + 3).

7. HafimiTe npoMeXyTKH BO3pacTaHnda 1 yvOmBanua OyHKOu 3a1a1d 6.

8. Iyers f{z) = 2 + 2x. Penmre ypaerenne: a) f(f(z)) =0
6) FF(... £(z)..)=0.
N,

i pa:
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9. HaiiauTe Bee 3Ha4eHMS @, TIPH KOTOPHIX HEPABEHCTBO vIi +3 2 ax
CNIpaBeIIUB0 Ha Beel qucaosoil opamMol.

Peimmennsa aoMaimHuX 3a7a49 0o TeMe B

1. a) KoneyHo, MoxkH0 npeotpa3zosatrs GopMyly 418 gaaHOH GyHKIN,
HamucaB, 9o f(z) = £} —22%. Teneps monoxnm g(z) = 2 —2x 1 3aMeTHM,
uro f(z) = g(z?). Ana nocTpoeHus rpadUKa HAM BAXKHO 3HATE, HA KAKUX
IPOMCIKYTKAX Jamiad (OyIIKIHA SBAsSeTCH BO3PAcTAoNIC, A 11a KAKUX —
yOnBalomeii.

Mycrs 0 € 21 < xo. Torma 0 € 2§ < 73. Bcoawm 3 < 1, To umcna
t, = .’L‘% uiy = :1:% aexar wa orpeske [0 1], Ba KOTOPOM KBAAPATHIHAN
dysakups g yonsaer. [lockoaeky £ < ta, T0 g(t1) > g{f2), Takum oGpasom,
flz1) > flxo). Tem campiv mbl DoKazaan, 9to GyHkuua § yOpBaeT Ha
orpeske [0; 1]. Teneps npeamonoxkuy, uro 1 € x; < zz. Tak kak byHKONA
g BO3PACTALT HA OpoMexyTKe [1;+00), To g(z]) < g(z3), Takum obpasom,
dyuxupa f Bo3pacTaeT Ha mpoMeyTKe [1;+o00).

dasaifiTe Temepp paccMOTPHUM OTpPHULATeNbHBIE 3HAYEHHA APTYMeHTa.
Ecmm 7, < 73 € —1, o 23 > 23 > 1, nostomy f(m) = g(z}) >
> g(x3) = f(zs2), TakuM 0Bpasom, pyHKkIME f yOBBACT Ha TPOMEKYTKE
(—o0;—1]. Ecam e -1 € 1 < z2 € 0, 1O :c% < ;I% < 1, cacaoparein-
uo, f(r1) = y(x?) < g(x3) = f(x2), auatmr, dyukuus f sospacraer na
[—1;0]. Jlns mocTpoernst sckuza rpadika NONE3HO elg HAfTH HECKOJIRKO
3HaveHHt aTol dyHkmMM:

x | V2[-1Jo] 1 V2
fz) | 0 —-1{o[-170

Ha neBoM pucynke n306paykeH NCKOMEIN rpadHK.

4:
3
2

6) 3 mpaporo puCyHKa sICHO, 9TO JAHHOE YPABHEHHe MMeeT 4 KOopH:A. e-
IIHTh €r0 MOKHO MIPH MOMOILIH alrebpantdecKux npeobpa3oBaHmil, IOCKOIb-
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Ky OB& U3 €ro KOpHe# «Bummel»: £ =0 n x = —1. Tak xak
sl-2r—z =@ —22-1) = (23 +2° - (2+1)3) = z(z+1)(z? -2 -1),

TO JByMA APYTUMH KODIIIMH SBIAIOTCA KODHN YPaBIcHms r2 —z — 1 = 0,
135
B

Teneps monayuuM 3TH KOpPHM, HE MPOBOAA HUKAKHX MPeobpa3oBaHMH.
Tlonoauy h(x) = z% — 1. Jlannoe ypasrenue nmeer ug h(h(z)) = z.
Ecia zp — 910 onME m3 Kopeeil ypasHenna h{x) = x, o A(h(zo)) =
= h{xy) = x0, TAKEM OOPA30OM, Tp ABNAETCA U KOPDHEM J4HHOTO YPaBHEHHA.
HTak, kopuu £ = —1 1 £ = 0 o4eBHAHBI, & MOCKOAbLKY BCETO KOpHell He
Gosee YeTHIpEX, TO 1BA OCTAJILHBIX — 3TO KOPHH YpaBHeHud h(z) = z, T. €.
KOPHH KBaJ|pATHOrO ypaBHeHust 22 —x — 1 = (),

2. a) Ecm f(z) = 22~z — 1 m g(z) = 22 + 2z, 10 hy (z) = f{g(z)). [lo-
ITOMY MHOKECTBOM SHAEHHAHR AﬁHHD.ﬁ (l_)yl‘.[l{]_u:lﬂ HBJHETE MHOKESCTBO 3HA-
ueHHE KBaApPaTHIHON diyHKIMK [ HA MHOXKeCTEe 3Ha'leHnH KBaIpATH IHON
dyakmua 9. MuokecreoMm znaYeHndl QyHKIHA § ABAAETCS OPOMEKYTOK

T. ¢. HHCIA X =

[—1;4+00). PyHKuMa f OPHHEMAET CBOe HaHMeHbUIee 3HAUCHHE —7 0pH

1
SHANEHWN aPTYMeHTa T = — 3, JIexXallleM B npomexyTke [—1; +00). Takmm
0fipa3OM, MHMKECTBOM 3HANEHUE JaHB0i DYyHKUMM HBIHEICH LIPOMEKYTOK
5.
[— 1’ +DO) .

6) PaceMoTpuM B KavecTse neprolt diyukuuio f{r) = 2% +x—1. Oyuk-
e f — BOIPACTAIOMAS, HOITOMY MHOMKECTEOM €6 3HaupHEH Aa [—1; +00)
SBJIASTCH MPOMEKYTOK [—3; +3X).

8) Brauane crenyer npoaesars anrebpatiaeckoe npecbpasopanue:

2 i tr+z+3
ha(z) = z*+x+1 ZT3 1

_1,1 1
T 2p2 42 +1 7 2x2i2p4+1 0 20

2 224241

MoKHO M He NpPeACTABIATH (DYHKIHIO /i3 B BYAe KOMIIOSHIMM IpPYIHX,
caeays npocto obmeit mace, Mur Bee ixe npegiaraeM npooenaTh GopMasib-
Hoe mpeobpasoBanne. Ecmm nomoxurtes g{x) = 22° + 2z + 1, p(z) = % K

flz)==% -21—1 , T0 ha(z) = f(p(g(x))). MHONKECTBOM 3HAUEHMN ¢ ABNIAETCS

-1
ITPOMEXKYTUK LE ; +oo), MHOXKECTBOM 3HATeHHH GYHKIHA P HA 3TOM IIpO-
MeXYTKe ABJAAeTCH NpoMexcyTok (0;2], MHOMXECTBOM 3HaYeHAl JNHeAHOH

dbyskupn f Ha (0;2 aABAAETCA NPOMENKYTOK (% ,%}
3. [lockonbky pyHKnuA f BO3pacTaeT Ha R, TO mpomexyTKamM BO3-
pactanus (yObiBauusa) GYHKUME ¢1 H gy ABIAIOTCA NPOMEXKYTKH BO3pac-
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tanuA (yOmBanua) QyHKUEH, 38 aHHEX (POpMYy/IaMe: a) 3§ = ﬁ
1

. . 2
—_— 1 0 5 o
= 1 3" nOCKO.,[be KBEL,LL[)&IH"IHL:IE’[ MEOIoWICl & 3z + 4

He ofpanaerca B HY;1b, YOBIBART HA ITPOMEXYTKE (—oo; %} H BO3DPACTALT

3.
Ha TIPOMEKYTKe [§ ; +oo), To $yHKIMA ¢y (Z)} BO3PACTAET HA MPOMEKYTKE

né)y=

(—oc; % | m y6uiBaer Ha npomexyTke [% + ).

TlockombKy pelleHAsMH ypaBHeRus x° — 4z +3 = 0 apaaoTes x = 153,
TO (DYHKLUA ¢y HE ONpeneleHa B 9THX TOUKAX. Tak Kak dyHKums — ob-
pATHAS TIPOTIOPIHOHANBHOCTE — VYOLIBAET HA KAXKIOM H3 MPOMEXYTKOB
(—00;0) 1 (0;+00), TO OVHKINA g BO3PACTAET HA KOKAOM N3 IPOMe-
KyTron (- oc;l) u (1;2], yOuBacT Ia Ka>KI0M H3 OPOMEIKYTKOB (2;3) U
(3; +oc).

4. a) I'pacbuxin — Ha puCyHKe,

e

-3-2-1 0 1 2 3 4 5 6

HOCKOJIb]{y HEHMeHBIIHM 3HAYCHHCM MIOPOYNICHA 132 — 3z + 4 aBnaercs

[ > 1, To Bce 3BA9EeHHd ———————
i 22 —3x 44

1
1

> = , NIO3ITOMY I'DadHK H HH ¢+ Ha pHCYVHKE
e y rpaduk GYHKIMH gy Ha P

JIEXKHT Bblie rpadrka GyHKIHH ¢ .
6) I'pachuxnu — Ha pucyeke.

nexat Mexay 0 u 1. CrnemoBaTe IbHO,

1
3-2-1 123456

a

A Teneprn pasrajaaem 3arafKy: TIe Kakol rpacdux? @yHKNUA gs oOpemese-
Hi, TOTEKO TaM, g 72 — 40 + 3 > 0, T e. Ha 0OBhe/IHHEHHN NPOMEXY TKOR
(—o00; 1) u (3; +00), npr 3TOM OHA BOBDACTAET HA IEPBOM H3 HUX H yOBIBaeT
Ha BropoM. PyHKIUA g4 onlpedeneHa TIpw Beex & 7 1; 3. [Nockoneky Ky6m-
YecKUi! KOpeHb BOBPACTAET Ha BCell YMCJIOBON mpsiMOfi, TO MpOMEXKYTKH,
Ha KOTODHIX gq BospacTaeT (yObIBaeT), yKa3aHbl B DEMIEHAM ODEXbIAYIIEH
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3ada9n. 'pacdukn 3tH byaxmmil no-oTaebHOCTH A300PAXKEHB] HA CIeny-

DIMHY PACYHKAX.

3-2-1 123456 -3-2-1 1234586

a

JeTanochk 3AMETHTh, YTO 9TH FPa(dHKKM MMET ODIHe TOYKH, KOTODHE
MOKHO HaliTH, peluns ypasHerme 72 — 4z + 3= 1.

5. Otserst: 1) [—3; 2]; 2) [-3™; 2"] npu severHbx 7 ¥ [0; 3] np\E YeTHBIX
n; 3) (—oo; —%] U {%;-}-oo); 4} [-3;2].

8. a) [TockoaLKy KpaapaTEanaa bymkoua y = 12 + 4 — 1 nospacract
Ha nposexyrke [(); o), 1o MEgkectsom sHauenuil diynkumn f1(@) nsas-
eTcs IpoMekyToK [—1; +00). 6) Keagparntiras dbyakmus y = ° — 4z + 1
NPHHAMaeT HauMeHbIlee 3HadeHne —3 OpH & = 2, NO3TOMY MHOXKeCTBOM
snavenni GyEEIME fo(x) ABxAeTca npoMexyTok [—3; +oc). B) BrEaqane
npoBeseM npeodpasoBanue GopMynsl, 3atatomedl JaHBYI0 QYHKLH,

F3(z) = z(@+3)-(a+1){(z+2) = (z?430) (22 +32+2) = (@®+32)2+2(z%+32).

MHoXecTBOM 3HAYEHNH KBajJpaTusHoli yHKLME ¥y = 12 + 37 dBIgeTcs
[POMEYTOK [—% : —I—OO), o KBgIpaTuvHad (PpyHKIHE § = x? 4 2 nucTuraeT
HaunMeHbIIere 3uadeHna —1 opn ¢ — —1. [losToMy MHOXKECTBOM 3HAYeHU
dysxiumn f3(r) gBrseTcs npoMexRyToK [—1;4+00).

7. a) Tax xak ksagparHuHas byHkous ¥ = x° + 4z — 1 BospacTa-
eT Ha mpoMexyTke [0;+0oc), To dbyukuua fi(z) yObiBaeT Ha OPOMEKYT-
ke (—o0;0| u Bo3pacTaeT Ha mpoMexyTxe [0;+00). 6) IIpu Hceneaopa-
HUY HYHKOHE f2(T) IO/IE€3HO MCIOIB3O0BATE TO, YTO OHA SBIIAETCH YETHOH,
4ToGHL He MpoJelibiBaTh ApofiHyto paboTy. Ha orpeske [0; V2 ] dyrknus
y = T2 BO3PACTaET, 1 Ha MHOMKECTBE ee 3HaudeHuf otpeske [0; 2]
KBaJpaTU4HAf PYHKIMA ¥ = 2 — 4T + 1 yOuIBAET, CIeI0RATENLHO, HA
orpesxe [0; 2] dyrxmust fz(x) yornaer. CoOTBETCTREHRN, Ha, IPOMERYT-
ke [v2; +00) dysknus fz(z) sospacraer. B camy Toro, wTo oHA SBISIETCS
yeTHOM, 918 (pyHKIHs yOBIBaeT Ha NpoMeKyTKe (—00; —v/2] H Bo3pacTa-
eT Ha npoMexyTke [—v/2;0]. B) Jannas dyHKIHS 4eTEO# He ABAETCH,
OQHAKO CTIOHT IIPOAENATH HEKOTODOE IONGVIHUTEIBHOE NpPeodpa3oBaHue ¢
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TeM, 4TOOB NOIyInTh deTHYHO dbyukmmw. TNosoxum t =z + g ¥ BBEZEM
GYHKITHIO

3 : 9\ 1o 1 3 9
gt)=falt—5) = (- P - ) =t" -5+ 35
QYVIKIUA g3 BOIPACTALT HA TIPOMEKYTKAX [—? ;[}] 3] [? 3 —{--oo), yOLIBA-
. V5 VB _ 3
€T Ha [MPOMEKYTKALX (—00, —T} H [U, 5 ] Tax rak fg(iL') =3 (.’L‘ + 7 ),
VB+3. 3

TO BcxoaHast PyHKUMA f3 BO3PACTaeT HA MIPOMEXKYTKAX [— 773

[\/52 3 ;+oo), yOBIBaeT Ha (—00;——\/52| 3} H [—%;—\/52 3 ]

8. a) Tuk kax f(x) = 22 + 22 = 0 upu © = —2;0, o f(f(x)) = 0,
ecru f(x) = 0 mabo f(z) = —2. Mockokky BTOpOe YpaRHEHAe peneHis
He UMEET, TO PEIeHAAMM AAHHOIO YDABHEHHS ABAAOTCS T = —2; 0.

6) Oreer: x = —2; 0. ITo1€3H0 OTMETHTD CJICIYIOIMHA MOMEHT PACCYK-

JeHNA. Tak Kak MHOXKEeCTBOM 3HaueHult GyHKIHU [ ABIALTCS TPOMEXYTOK
[—1;+00), Ha KOTOPOM caMa ZaHHad QYHKIMA HBIKCTCH BO3pACTAIOLIEH,
o f(f(z)) =0 Toasko mpu f{z) =0.

9. Hepasencrso v+ 3 2 ax owernauo Bepuo mpu 6 — 0. [Iycrs
a > 0. DTo HepaBeHCTBO OYEBHAHO BepHO OpH r < 0, noTroMy npennosao-
xuM, 9re * > 0. llogeans Ha 1 ofe 4acTH ZAHHOTC HEPABEHCTBA, [0JIY-
MM HEPDABEHCTRO 0 & 4/ 1 + —5 , KOTOpOE JIIKHD ObITh BEPHO ODUA RCEX

&
x > . Koneuno, 310 HepaseHCTBO BepHO IIpA ¢ € 1. IlockonbKy BBRIpa-
3

KeHne 1 + o7 Momer OBITH CKOJIb YyrogHo Oam3kmm K 1, To opm a > 1
HepaBeHCTBO He OyaeTr BepHbIM npH Beex © > (. Temeps myers a < 0.
Hewno, 4o HagD paccmarpuraTh JHmbL ¥ < 0. llogemar na x obe dacTH
JaHHOTO HepaBSHCTBA, NMOJAYYHM HePaBeHCTBO ¢ 2 —V'l + = Ono ove-

BHAHO BEPHO NpHM @ =2 —1 B TOALKO [PA TAKHAX 3HAYEHHUAX NapaMeTpa a.
Taknv obpasonm, 1 <a<1.

Vpox oqHon 3amaun: KyCOuHO-JIMHeHHbIe (DyHKImn

W e aToro ypoKa COCTOHT B TOM, YTOOB NPUMEHHUTE H NOBTOPHTH BBe-
JEHHBIE MOHATHA H METOMbl Ha MPAMEePe PEIleHNA BGero OAHON 33,MaMu.

3ana4ga 53. PacemoTpuv dynknmio

z+ 1, ecmmzr £ 1,
Jflz)=
4—2x, ecii x = 1.
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1) Onpegenyre, HET H OPOTHBOPETHA B 38IaHAA 3TOH QYHKIHA.
2) Penrure ypaseueaue f(z) = 1.

3} Pemure yparrenne f(z) = 3.

4) Pemure ypasuenne f{f(x)} = 1.

5) Tocrpotire rpadok ¥ = f(z).

6) Pemnte mepasenctso f{f(z)) < L.

7) loctpotite rpaduk y = f(f(:r))

8) Hahiqure IpoMeXKyTKH MOHOTOHHOCTY byHKIAH f ( f(x)).

9) Jokaxure, uto f{xr) = min{z + 1.4 — 2z}.

10) 3aaatire paccmarpusaemyio dyrkouio dopMmynolt, B koTopo#t yuact-
BOBATH GBI TOJIBKO TAK MA3KIBAEMEIE «JEMEHTAPHDIE PYHKIHMY.

1) Peus Bher 0 ToM, YTO B onpefefeHrEn PYHKIHA f ee 3HAYEHHE [IPH
x — 1 sapaercs aByvsa pasHeiMe dopmynamMu. Ho, Tak kaxk z +1 — 2 npu
x =1, Tak ke Kak H 4— 27 = 2 npu x = 1, TO NPOTHBOPEYHA HEe BO3HUKAET.
2) UpeliHo peuieHHe TAKOE XKe, KAK B M CPHCKDBRITHR Mo/1yisi». Eciw
& & 1, To MBI omydaeM ypasHeEne  + 1 = 1, otkyna ¢ = 0. INockois-
ky 0 € 1, To HailzeHHOEe 3HAYeHHEe — pemeHme ypasHeHns. [Ilpuw z > 1

mony4yaeM ypapHeHue 4 — 2z — 1, oTkyma x — 3 2 1. Takum obpasom,
z=03
=0:3.

JNEcnwz €< 1, 02+ 1 =3, r =2, ooHaKo 3T0 YHCI0 HE yAOBIE-
TBOpsier yeaoBuic & < 1. Ilpn © 2 1 noay4vaem ypaBHenme 4 — 2x = 3,

1
T = 5, KOTOpOe TaKiKe He ABJIAETCHA PEUIEHHEM, TIOCKOMBKY 5 < 1. Takam
06])&3011‘ AAHIOC Y PaBHCITHE pCU]CIIHﬁ I HMOCT.

4) Tockomexy f(t) =1, eciu ¢t = 0 win £ = g, 1o f(f(x)) =1, ecom

f(z) =0mwm flz) = % O4eRnAHBIME DEMICHUAMH [I€PBOIC YPABHEHHSA

ABaAKTeH & = —1;2. Pemath BTOpoE ypaBHEHHE MOXKHO TakK Ke, KAk H
1.5
YDABHEHHe NYHKTa 2. B pe3ysbraTe NOMyHHM, 4YTO & — 347 TaxuMm 06~
1 5
pasoM, oTBeT: T = —1; CRW| 12,

5) I'padnk — Ha pucyHxax Ha caeyiomedi crpaunie. Ha nepom 3 Hux
n300paXkeHa N MOPU3CHTANBHAA IPAMAs § — 1, TeM CaMBIM OH IIPeJICTAB-
JIeT rpahUUeCKyC HATEPOPETAIMIO ypaBHeHua MyHKTa 2. Kpowme Toro, oH
HaeT H HHTEPOPETALMIO PElIeHHS YPABHEHHS NyHKTA 3. leiCTBATE.IBHO,
NOCKONBKY TPachHK DAcCMATPABAEMON (PYHKIHMH DACIOIATALTCA TOJ Mpsi-
Mol y = 2, To 0H He nepecekaeTcd ¢ npsaMolt y = 3, a4 MOTOMY ypaBHeHHE
S{x) = 3 pewrenuil ne umeer.

[MpaBuiii pucynok ects rpadnueckans HHTEPNPETALNS PEWICHHMN YPaB-
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HEHN® NYHKTA 4. JdelicTBUTeNbHO, PEIIEAHAMH STOr0 YPABHEHASA ABISIOTCH
TOYKH NepecedeHls rpadika ¥ = f(r) Kax ¢ ockio afcnnce, TaK U ¢ Ip#a-

Moﬁy=%.

6) Jdns pemieAns 9TOro HEPABEHCTBA BOCIOIL3YEMCS €ro rpachuuecko
HHTepuperauHed. Kax BUAHO H3 €BOTO PHCYHKA, pemeHHeM HEPABCHCTBA
f{x) € 1 sBnserca obnexaHenye aydett (—oc; 0] u { ; +oc). Takum ob-
Pa30M, DETEHVEM JIAHAOTO HE‘]JdBBH(,TBH ARAAETCA HGBE‘,‘LHHPHHE‘ pemnenwtt
nepasencrs f{() € 0 n f{z) 2 &. WUs upasoro pucydka sbiue ¢pa-
3y CJIeYET, 9TO PEIIEHHEM nepnor'o HEpPABEHCTBA ABIHeTCS 0ObeHHeHue
(—ocy —1] U [2; +00), pellleEHeM BTOPOro — OTPE3OK [2 4] Takrwmm obpa-

312U +00).

7) Mockobky, KAK MBI BHIENN, ypaBHeHee f ( I (:c)) = 1 AMeeT 4eThipe
PelIeHHS, TO ITOT Pe3yIbTaT MoxeT ybepeus oT omubOK OPH NOCTPOEHUE
Huckomoro rpachaka. JdelticTurenniio, mpaMas § = | J0MKIA NCPCCEKATL
ero B UeThipex Toukax. Ecav Ha Ramel KApPTHAKE Tax He NOJy<SHTCH, To,
3HAMUT, rpad>UK HAPHCOBAH HEBEPHO.

Haupesm paccyxgarte. [lo onpegenennio naHBoR (DYHKUHM IIOJYTHM,
YTO

30M, oTBET: (—00; —1] J

r)+1, eemm flz) s 1
I - {i(—)zf(xj, ecnmf}(i) >1.

Kak Mbl 3HaeM, pemeHueM HepaBeHcTBA f(x) £ 1 siBasgeTcs obbeguHeHHe
(—o0; QU [% ;+0c). TIpy sToM, ecmu z € 0, To f{z) =x+1,aectaz 2 %
™ f(r) =4 - 2. Cﬂemlﬂmwﬂhﬁn, ez £ 0, TO f( ) f@m)+1=
=+ 2, ecny ke T 2 2,'1‘0f(f (£)) = flz) = 1=5-2z.

lenepb nyets © € [0; E] . Tak 9ro f(z) 2 1. Ecm x € [0;1], o f(z) =
=z + 1, mo3TOMy B 3TOM CHy4dae f(f(:c)) =4 -2f(2) = 2 — 2z, Ecu xe
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= [1;%}, TO f(f(a:)) =4-2f(r)=4-2(4-2z)=4x — 4.
CnenosartesbHO,

z+ 2, ccmax €0,

2-2r, eemn DL g1,
f(f(:r)) Y4z —4, ecmn 1 €z € %,
9—2r, econ x 2 %

Taknv obpazoM, BcKkoMBIl FpadpiK ABAsSeTCH N300paKeHHON Ha JIEBOM pH-
CYHKe YeTbIPDEX3BEHHOH JoMaHO,

LLId KOHTPOJIA MOXKHO IOCMOTPETE HA OPABHY PHCYHOK {HA KOTODOM BH[I-
HEl TOYKH €0 NEPecedeHus ¢ IOPH3OHTAIbHON npamoit y = 1), urobet
ybeaursesn, 910, AelCTBUTRNbLHD, NPAMad ¥ = 1 Lepecekaer 3101 pauk
B 9eTHIpeX TOUKax. Bosee TOro, M3 ATOra PHCYHKA MOMXHO WIBIETh W pe-
wenue Hepasencrea f{f(z)) < 1.

8) Oreer HA AaHEHBI BONPOC KISAYET <«HPOYMTATHY N0 MOCTPOEHHO-
My rpa(bmcy Dynkunma f ( f :1:)) BO3PACTAET Ha MpoMexyTRax (—oo;0] u
[1; 2] yOblBaeT — Ha mpoMexyTKax [0;1] u [ : +00).

KoHevHo, OTBET Ha MOCTABJICHHBIN B 3TOM ITYHKTE BOMPOC MOJL3HO Mo~
JYTATH | W3 Pyrux cooBipaskenud. Ham warecTHO, vTo Janaas QyHkiua f
BUBpAcTaeT HAa upomencyrre (—oo; 1] n ybnisaer Ha upomexyrke [1; 4).
Hostomy, ecma f{a) € f(b) < 1, o f{f(a}) < f(f(b)). Kax m3pectHO,
ecin f(b) £ 1, o b < 0 mubo b = % [Mockoabxy dyHKIMA f BO3pac-
TaeT Ha npoMexyTke (—20;0], To u3 HepaseneTsa @ £ b £ 0 cuenyer,
gro fla) € f(b) £ 1, novromy f(f(a)) < f(f(b)) Cnegpnarennno, na
npomexyTke (—o0; 0] dyukuma f(f(x)) ssasercs Bospactaiomeli. Ecm
azbkg,
cnosa nosydaen, aro f{a) < f(b) < 1, smaunt, £(f(a)} € f{f(b)). Takum

TO, TAK KAK (PYHKIMA f vDOLIBACT HA TPOMEXYTKE {% ; +oo),
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0fpasoM, Ha IpOMEXKY TKe [% ; --oo) dbyBkuEa f ( f (.1:)) SABJIACTCH YOBIBAIO-
meit.
AHaJOrMMHEIY 00pa3oM IMPeMEXKY TOK [0;

%] B

] HaIo pa3buTek Ha asa: [0; 1]

u [1; %} Ha mepeom w3 vanx yuknus f(f(.C)) yOBIBAST, H# BTOPOM OHA
BO3PACTACT.

9) HoctaToqro nocMoTpeTh Ha CAEYIOMAN PUCYHOK, Ha KOTOPOM, KPo-
Me rpaduka JaHHON (hbYHKOHY, H300paKeHsl TaKzKe paAMbe ¥ = & + 1 1
y — 4 — 22 — rpachBKK COOTBETCTBYOWNX JMHEAHEX (YHKIM.

Ilockonbky npu r € 1 nepsas NpsAMas JEeXHT HAXKE BTOPOH, TOrda Kak
npa =z 2 1 Bropas NpAMaA JEAKUT HUXKE OEpBON, MEl A TOJAYYAEM, HTO
flz) = min{x +1,4 - 2x}.

10) ['pacdmk zapnOil DYHKLIEN ABNAETCA JBYX3IBEHHOM JIOMAHOH, «TO4-
Kolt H3noMas KOTopoft ABAdeTca Touka ¢ abciuceott, papHoit 1. TaxuMm ke
cpoticTsoM obsaaact rpaduk byuxkuun nuaa g(x) = az + bz — 1| + ¢. Ta-
KUM OOPA30M, J0CTATOMHO HoAoipars Koxabdwimern sl a, b v ¢ 1ak, '11odbl
rpacduk ¢ = g{z) npoxomun uepes touku A(0; 1), B(1;2) u C(2;0), uto
HMEET MECTO B TOM CiIydae, ecyln

1=g(0})=b+ec, 2=g(l)=a+cul=g2)=2a+b+c

HOCKOJIbe pelietiineM CRCTCMbI

b+e=1,
ec+c=2,
2a+b+c=0
SRIATIOTCH YACHA ¢ = —% b= —g He= % . TO T nanaol dyaknan fz)

CHPABEJJNH B PABEHCTE)

)

1 3
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MEe1 xorenu 65l IPeINCKATE CIIEIYIOIYID JOMALIHIOID 3489y K 3TOMY
YPOKY.

Samaua Ha mom. OnpefennTe, CKOABKO PEmICHHN B 3aBMCUMOCTH OT
a umeer ypasHenune max{2z — 5, min{z, 3 — 2z}} = a. 3geco max{a, b} —
Haubonsimee (min{a, b}, cOOTRETCTBEHHO, HAMMEHBIIEE) H3 UHCEN @ U b.

CMBICT 33/IaHAsA COCTOHT B CAEAYICIMEM: He HAJO PEllaTh HEPABEHCTBA
H CTPEeMHTLCH NOJIYHHTL ABHbIe GOpMYAb 418 KycouHo-iuHefinolt OyHk-
I — JIEBOM YaCTH JAHHOTO ypaBHeHWA. Ko nepe BaMu rpadukd ABYX
byuxmmi f(x) u g(z), To xak HadiTy rpacduk dysxuum min{ f(z}, 9(z)}?
Hano opocte GpaTe HEKHRE 1acTH 0bbeguHeHnd rpaduxor s3tux OyHk-
utl. Hanprumep, Ha JTeBOM pHCYHKE M3 MEPHI OPAMBIX, 3AA0HHLIX YPaBHE-
HASMH ¢ = T W § = 3 — 27, RIATH HWKHHE JIYYH, HCXOATIHE W3 TOY-
KM HEPECE IeHU 3TUX upHMbiIX. 910 u Oyuer cpadwk dydukuun f(x) =
= min{z,3 — 2z }.

AnanornyeelM o0pasoy crpoutcd rpadux dvarkmnu max{2z — 5, f(z)}
(mpaBeift pucyroK). Bea pasauiia B TOM, 4TO Teneps MBI Hepem BepxHue
gacTH rpadukor. B pesynprare Ml nomydaeM rpaduk OyHKOUA, 38TAHHOIH
JIEBOY YACTHIO JAHHOTO YPABHEHHH, ¢ KOTOPOrO € JIETKOCTRIO CHHTHIBACTCA
OTBCT: YPADICHHEC MMCET TPH DCIICHMA 0OpH |a| < 1, aBa pemrcimsa npu
o = +1, 04u0 pewenne npu |u] > 1.
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Camocrosiresipbrast paGora 4 (Tembr 6—8)

Bapnasr 1

1. Jass dyekman f(z) = % Hg(z)=vzr +3.

a) Banaitre dopmynamu bynkuan h(z) = f(g(z)) u plz) = g(f ()
(oba3aTenbHO YRAXKUTE 061aCTH ONpejeeHNs ITUX (PYHKIIL).
6) Halinure NpoMeXXyTKH MOHOTOHHOCTH BDYHKUNH A.
2. Ussectno, uro ¢hyvHKunA f BO3pacTaeT HA BCEM YHCIOBON IPAMOIL.
Haiiaure npomexyrkn MonoroHHocd dbynxuuu g{z) = f ((z — 1)?).
3. Penmnte ypasuerne /5 — 1 + x3 = 11.

4, 2

T4zt +1

4. Hana byaxuma f(x) = ;’?
l’_].) MUOKCETHO 311&'—16]”:1}"1; 6) HPOMUMKYTKM MOLIOTOUIIOETTH.,

. Haiiaure ee;

BapuanTt 2

1. Jansr dbyekman f(r) = T aglz)=ver—-2.

a) Bagaitre dopmynamn dynkumn A(z) = f(9(2)) u p(z) = g(f(z))
(obA3aTeIBHO YKAXKATE 001aCTH ONpeleIeHus 3TUX (PyHKINI).

6) Halimure npoMe:KyTKI MOHOTOHHOCTH (YHKIHH A.

2. MasecTHo, "o GHYHKINA g yORBAET HA BCER STMCI0BOM TIPaMOR.
Haiiaure npomexyTku Mororounocta dyaxkumn h{z) = g{|z + 2|).
3. Pemnre ypasseuue +/2x + 3 4 23 = 30.

A gk
4. Hana dynxuma f(z) = %ﬁ{“ . HaiizmTe ee:

&) MHOMXKESCTBC 3HayeHnH: 6) NPpOMEXKYTKH MOHOTOHHOCTH.

Bapnaur 3

1. Jauna dyviumn f(z2) = V4 - . Sagalive dopmynamu u uocrpoifre
rpaduxy dynxipi: a) g(z) = f(r + 2); 6) Alzx) = f(2? + 3z).
2. N3BecTro, uto dyakmua f Bo3pacTaeT Ha (—o0; 1] u yGuiBaeT Ha [1; +00).

HaltapTe npoMeXyTKH MOHOTOHHOCTH HYHKuUuH g{x) = o

3. Penmute ypassenue (r° — 2z)° + (z — 1)? = 247.
4. Haltnure (AByMA criocofaMi) B 3aBHCHMOCTH OT 3HaYEHHSA IapaMeTpa

1
+m—|—1

T
@ YHCIO pelleHnil ypaBHeHAs = = a.

1
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Bapnanr 4

1. /Maua ¢pyvuxmma f(z) = Vz+ 4. 3amattre copmynamu u mocTpotire
rpacbwmcn chynmett: a) g(x) = £(1 - ); 6) h(x) = f(3x — a2).
2. U3BectHo, 9o dyarund f yGoBaer na (—oc; 2] u Bospacrtaer Ha [2; +00).

Hafagure npoMexyTky MOHOTOHHOCTH GyHKumad ¢{x) = f

3. Peninre ypasrerne (z2 + 4z)® + (x + 2)% + 242 = 0.

4. Haiinure (aBymMa criocobaMi) B 3aBHCHMOCTH OT 3HAUEHHN APAMET DA
X

t—1 z+1_

-2

4 UCTIO DERIEBHAR ypaBHeHns .

AdononHurensHbie YIpaKHEHRA 0o TeMam 68

4.1. Pcumre ypapncims: a) 3 — 4 — 48 = (; 6) 2° + ¢ = 1034

B) A cMoXKeTe 7u BH pemaTh ypasHenne 2% + x = 10247

4.2, Uzsecrno, 1o dyuxuust f(z) yomsaer va seeft 1uciosoi upamod
u f(9) = 2. a) Pemnre ypaprenne f(2z — 5) = 2. 6) Pemuare ypasrenne
F(z?) = 2. B) Pemmre Hepaserctpo f(22) < 2.
2¢ -1

4.3. Myere f(x) = P a) Pemwure yparuenne f(x? + 3z) = 1.
0) Pemnre ypareeHue f(gi t} }=1.

4.4. Ilycte pynkmus fix) Bo3pacTaeT Ha Beeft uncnooH npamolt. Bri-
SCIIHTEC, ABNAI0TCA JiH Mouorommmma dyvukmm: 1) g1(z) = f(3z  1);

2} plx) = f(3 —a); 3) galx) = fllz]); 4) galz) = f(La +z—9);
5) gs({x) = f{z* — 9xz).

4.5. OnpesenuTe, NpH KAKAX JIOTIOJHETENLHEX YOTOBHAX HA BOZPac-

TAOILYIO Ha Beel npamoit dyHkumo f(z) 6yayT MOHOTOHHBIMU HA BCel

npavoit u gynxm: 1) g (@) = f2(x); 2) gola) = %,

3) gs(x) = f2(x) + 3f(2) — 1: 4) galz} = f3(x) — 2f(2).
4.6. UssecTHo, 9To dyukuma f(r) BoapacTaeT Ha NPOMeRKyTKe (—00; 4]

o yObIBaeT Ha IpoMexkyTKe [4: +00). Hallanre npoMesKyTKH MOHOTOHHOCTH

bysxm: 8) g1(z) = f(35 ~ 1); 6) ga() = f(2%); 8) gs(a) = F(EHL),
4.7. Hatywre dopayny ans dyeximn g{z), ecnw: a) f(z) =25 — 3w
flg(z)) = 3x — 4, 6) f(z) =22 -3 un g(f(z)) =35 - 4.
4.8, Hana dyexuua f(z) = z(z — 1){z — 2)(x — 3). a) Haltaure MHO-
JKECTBO ee 3HadeHuH. §) BoiacHuTe, CKOJBKO pelIeHAN B 3aBUCHMOCTH OT
a nMeer ypasHenue f(x) = a.
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4.9. Pewnte mepasenctso f(g(x)) > f(x), ecnn ussectHo, uTo dyBRK-
mau f(x) u g(x) asamoTes yoeBatomumi, a g(5) = 5.

4.10. Hadiapure npoMexyTKH MOHOTOHHOCTH M MHOMKECTBO 3HaueHM

20z|+ 3 2:t+3
byexuuii: 1) fi(z) = ||I+1,2)f2( == |3 fala) = ll =T
2r+3

0 filw) = |24
4,11. Haliaure npoMeKyTKH MOHOTOHHOCTH B R306pasuTe rpadurku

dyawans 1) fi@) — 525 2) fale) — (/T35 9) fale) — L2

Tema 9. O6patumble dysakuuu. Pyskunsi, obparHad
JAHHON

Hanam onpeaenenne. Qynkuaa f(z), 3agansas Ha MHOXecTBe D, Ha-
3BIBACTCA oﬁpamu.uoﬁ, eClIH HH B KAaKHAX JBYX TO4YKaxX 3TOroC MHCMKECTBA
OHa He HPHHUMALT PaBHBIX 3HAMCHME, T. €. eCiiH M3 TOro, 4To I,y € D
H T, # 3, caegyer, uro f{xy) # f(xe). O4eBHIHBIMU OpAMEPAMH OG-
paTHMBLIX Ha R GyHKIMI SBIAIOTCA HellOCTOSHHDIe TAHeiHble DYyHKIHL.
Hcticrputennno, ceau f(z) = az + b, vaea # 0, 0 x) # x2, TO f7)) =
ar1+h #£ axs+b = f(xg). C apyro cTOPOARI, KRAAPATHIHHE Dy HKIE He
siBasiorest obparumumy va R, Jetcrsureasno, ecan f{(z) = az® + bz + ¢,

raea#0,mzy+xy= —g, TO, K&K XOPOILIO K3BecTHO, f{2q) = f(za).

3amaua 54. Dyuxkunsa f(r) zanana paBeHCTBAMH

r+ 1, ec rgl
f(:c)={:r , ecnu 7 § 1,

2r+a, ceomm x> 1.

Hatiapre Bte 3HaueHMA G, IPH KOTOpbIX: a) 9Ta yHKOMA ofpaTHMa,;
6) MHOYKECTBOM 3Ha4YeHHN 3TOM (PYHKIUH SBJIAETCT BCE MHOXECTBO Aefi-
CTBHTENbHBIX HMHCEe/.

a) Ha xexxaoM u3 npoMmeskyTxos {—o00; 1] i (1; +00) dbyHkimg aprger-
¢St TMHERHOA ¥ HeNOCTOSHAONA, dHaumT, obpatumol. Ona OyaeT obpaTrumoi
Ha Beelt npamol, ecom f(z1) # f{z2) npu zy € 1, 22 > L. Jpyramm cao-
BaMH, OHa OymeT obpaTHUMOM, ec MHOKECTBA €€ 3HAJEHHI HA KaXKJA0M
H3 YKa3aHHBIX OIPOMEXKYTKOB He MMeoT obmmx Touek. MuEoxKecTBOM 3Ka-
JeHuii JanHON DyHKIHH Ha (—00; 1 ABAAETCA NPOMENKYTOK (—00; 2|, MHO-
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JKECTBOM ee 3HadeHuli Ha (1; 4-00) asiaaeTes npoMexyTok (a+2; +oc). Cre-
JOBATE/ILHO, aaHHasd hyHKIA obHpaTumMa Ha Beelt mpaMoll Torna U TONLKO
Tora, koa a4+ 2 2 2, Toe. npu a 2 0.

8) Muoxecrsom saaienndt apaHoll iyHkigay ssasercs ofbesuHeHme
MHOKECTB €8 3HAYMeHMH Ha KaKJOM M3 npoMexyTkoe {—oo; 1] u (1;+oc),
T. €. 00beAUBeRNe NPOMEXKYTKOB (—00; 2] n (a + 2; +00). Ux obbennuenne
COBIIaJaeT CO Beed npAMoOl, ecma a + 2 € 2, . e. mpu a € 0.

[eomeTpuveckast AHTEPIPETAIIUA — HA PHCYHKAX.

5 5

a>0 a <0

Cagnyongee yreeppKiaeHne 0'1eBH i HO.

Teapema 9.1. Besikas sospacrawmas (yOsmsaomas) Ha seeil csoeh
oJTacTy onpeaeneHus (PYHKIHS sABAAeTCH obpaTHMO.

Oanako He Beskas ofpaTmas QYHKIAA oOA3aTeNbHO ABMAETCA BO3-
pacralomeii WM yobBarome.
Bamaua 55. lprseante npuvep obparnmoil GhyHKIEH, 3aJaHHOA: a) Ha
NPOU3BOJBHOM MHOXeCTBe; 6) Ha oTpeske [0; 2]; B) Ha Bcelt wicI0BOH Opa-
MOMt, He ABJisAlomelicss MOHOTOHHON Ha cBoell 0biacTh onpeJeleHus.

a) IMonoxuam F{0) — 2, f(1) — 0, f(2) — 1. Toraa 0 < 1 < 2, oanako
F0) > (1), a f(1) < f(2).

6) Hanpumep, oynxund, 3afanHas GopMyaaMu

x, ecsin x € |0; 1),
flz) = [ )
3—z, ecmx € 1;2].

8) Hanpumep, ¢pynkuns, sanassaa GopMynaMu

1
Fla) - {E’ ecmd ¢ # 0,

0, ecim . =1
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MoxkHCQ yeTPOWTE KOHKYPC Ha <«Jydinues NPpHMepbl (yBKUMI ¢ Tpe-
OveMbIM cBolicTBOM. IlpennaraeM mATh cynepnpud TOMY, KTO NPeIIOAKHT
CREAYIINUY npuvep:

2, eCll 9HCI0 X HPPALUOHAIIBHO,

x(@) =
—F, €CJIH HHCN0 T PAallHOHATBHQ.

Ecan HEKTO He MPeJIOXKUT, TO ITOT NPHUMER CTOMT pebsaTaM TOKa3aTh.

Samevanue. Hexkotopuie 0cofo OLITIHBLIE YMLI MOTYT ¢OpocuTh: «Ilo-
HEMY BCE T[IMMEDHRI TAKHE CTPAHHBIE, [OUEMY HE Y/186TCH 384Tk HCKOMYH)
dyuarpo Honee ecTecTEeHHBIM 00pazoM?s OTBOTATEL Ha 3TOT BOMPAC TAK,
qr100Bl OTEET GBI NOHATeH Y-KJIaCCHUKY, He CJMIIKOM npocro. Kak m3-
BECTHO H3 MaTepHala NepBOro CEMeCTPa KyPca MaTeMaTHIeCKOTO aHAJIH3A,
BCAKAA HENPEPBIBHasA U 00paTuMad HA IIEKOTOPOM NPOMEAKYTKE OyHKOHS
SIBNSIETCS CTPOTO MOHOTOHHOH Ha $TOM NpoMexxyTke. fcHo, 4yTo nonsarue
HempepbiBHOA (yHKIUU B § KIacce He BBECTH, 18 U BBOJHTL He Baao. Ma-
BalTC IPOBCACM TAKOC PACCYXKICIIHC.

Ha cieiyyrongm pucynke u3obpaxen rpaduk hyBRUMM, LHLOCTPOSHHOM
B PeIIeHAn NYHKTA. (a) Tpeab/Iyied 3a1aH, KOToPHH COCTONT MPOCTC H3
rpex Touek A(0;2), B(1;0) n C(2;1).

F

¢ A
o

B

TIpennoiomum, ra 91 109KK Jexar Ha rpadiuke (DYHKUUY, 33 aHHOR
Ha. oTpeske |(O; 2] HekoTopalt dhopmynalt. DToT rpaduk npepcTaraser co-
bolt nenpepuisnte Aunue, Ipoxoaamylo depes Toukun A, B u C. Toraa
MHOXKECTBO 3HAYeHUN 310l byHKumn Ha orpeske [0; 1] JommkHO cozep>KaTh
oTpe3sok |0; 2], a MHOXKECTBO e¢ 3HaueHMHA Ha oTpe3ke [1; 2] AoiKkHO comep-
#artp orpe3ok |0;1]. INosromy matgyrea «mcma r € (0;1) 1 22 € (1;2),

1
Takue, 4o f(zy) = 5= f(x2). Buaunt, sTa dyHkums me obparama. DTo
PacCyZKAeHHe CTPOrUM He SIBJIAETCS, TIOCKONBKY TIOHSTHE HETIPEPLIBHOM /-
HME MM TOHMMAeM TOJIbKO Ha MHTYMTHEHOM YVpORHe. [lafee B cTapmux

KinaclaX COOTBETCTBYIOLIEE TIOHATHE 6y,u;e'r BBENCHO.

Mpeanoncxkum, uro pynrnua f obpatuma Ha MHOXecTBe D. OGo3ra-
quM uepes E muoxkecTBo 3nagenu#d dbyukuum f xna D, Takum ofpasom,
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And kaxgoro uacna a € E madigerca wmcto b € D, Takoe, wto f(b) = a.
TIpu 3ToM, B CILTY 0B PATHMOCTH (VHKIAY f, TaKoe 9HCAO b ABIACTCH €TAH-
c¢TReHHEM. TToaToMy MBI MOXKeM BRecTH (DYHKNUIC ¢ ¢ 0BIaCTHIO onpeene-
Hust E u muoxkecrsom 3paneaunit D, conocrasus aucay ¢ € E wweno b € D,
takoe, uro f{h) = a. Oupegenendasn TakuM 0bpa3oM (BYHKIMA HA3LIBAETCH
dbyukupedi, obpamnot x gynwxuuu f.

Takum obpazom, ecrmn pyHknnsa g obparHa dyHkuuu f ¢ obracTeio
onpezaeneHnsd ) 1 MHOX€CTBOM 3HaseHHi F, To jna kaxkaoro uncna g € F
pabeHcTBO g(a) = b MMeeT MeCTO TOria M TOJNBKO Torja, korza f(b) = a.
Canenopatensro, B $yErupa f Gyner obpaTHOH DYHKIHHA g, B CILIV Yero
€CTECTBEHHO TOBOPUTH O IAPAX B3AMMHO OOPATHHIX (hyHKIUH.
3agaua 56. [[puncaaTe H3BCCTILIC BAM IPHMCDLT HAD B3AMMI0 0BPATIIBHIX
dryurupmii.

[Mpex e Bcero BCOOMHHM ONpee/eHre «KBapaTHOrO KopHs». Kpaa-
PATHBIM KOPHEM K3 YHCJIA 0 HA3BIBAETCH HEQTPHIIATENbHOE TUCI0 b, Takoe,
aro b? = a. TakuM 06PazoM, 110 ITOMY ONPEACNCHMIO (DYHKINA, HA3bIBac-
MaA KBaJpaTHbIM KOpHeM, obpaTHa k pynxumu f(x) = 2%, paccmarpusa-
eMoli Ha syde [0;+20). AHaJOrMYHBIM 00pa3oM, KyOH4YecKUult KOpeHb /Z
ecThb (byHKUDA, obpaTHas byHKIMM 2°. Boobiie, MHOTHE TaK HASLIBAEMEIE
JAEMERMAPpHBEe HYHKYUL TIO CAMOMY ONPeAENeHHIO ABIAIOTCI OOPaTHLIMK
K DoJIeC IPOCTA 3AAITMLIM (DY HKITHSAM.
3anaua 57. 3analire opMyaamu GyHKuHn, 0bparibe QyHKIMM:

1) fite) = 20 -1 2) fol) = =3 3) falo) = 2* ~2wma > L;
4) falx) =2 -2z wmr <L

1) Een 26—1 = a, To b = 311

2
11, 3amaerea dopmyiact g,{z) =

. Taknm obpazom, byukius, obpaTHas
r+1
2

2) Ecau % =u,10ab+a = b, otkynab = ﬁ . Hostomy dyukums,

obparHan fa, sagaercs hopmysiolt ga(z) =

x
1—u"

3) Ecam b? — 20 = a, 1o b = 1 + /1 + a. Mockoueky touka b qonmcua
JIEKATE B 0OnacTu onpegencusa dbysrmme fi, o & = 1 + /1 + a. Takam
08pazoM, obpaTHas GyRkua 3anaetca dopmyaodt ga(x) =14+ +/x + 1.

4) Oreet: g4(x) = 1 —+/x + 1.
3anmaua 58. 3agalite dbopmynoit pyvakIUIO ¢, obpaTHyIo MVHKLIEHH, 3a1aH-
HOlt paBeHCTRAME

z+1, ecmmx £ 1,
flz}=
2z, eca x > 1.
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O6parnoii k byskmun fi(2) = 241 asadercs bynxmma ¢4 (2) =z —1,a
&

obpatHo#t k dynxuun f3(x) = 2z gengerca dpysRUEA go(x) = 3" Bcee, 1To
OCTAJIOCh CRENATH, — 3TO OTIPEICTIATH MHMKECTRA, IHAYEHWH Apry vieHTa,
upwn korapoix g{z) = g1(x), v rex, upu korapeix gla) = ga(x). Hockous-
Ky f(z) = fi(z) opm z € 1, TO MHOXKECTBOM 3Ha4eHHil 3To# (hyHKIHH
apiaserca ayu (—oo; 2]. Caegosarensho, g{z) = gi(x) opu x € 2. Coot-
BETCTBEHHO, ecy & > 2, 1o g{z) = ga2(z). Takmm cbpasom,

r—1, ectmz £ 2,

Trl =
9(z) %, ecam x > 2.

3amaua 59. [Mpeanonoxum, tuto papeactso f{g(x)) = z cnpaseniuso ans
Boex z € R. Hdokaxure, 4ro Torga: a) GpyHKupa g oOpatuMa; 6) MHOMe-
CTBOM 3HAYEHAN PYHKIMH f SBIAETCA BCA YHCJIOBAS MpAMAasH.

a) [IpennonoxuM, uto ¢PpyERIUs g He obpaTuma. Toria CyIeCTBYIOT
JBA PASTHYHEIX GHCIIA T U Ta, Takue, 4To g(2,) = ¢{x2) = yn. [losromy
Fflyo) =z v f(yo) = 2, 4ero GREITE HE MOXKET [0 OTIPEILEIeHAIO (DYHKIIHY.

6) M3 paHHOrO paBeHCTBa CNCAYeT, 4T0 AN JMI000ro ZeACTEHTEABHOIO
yncaa ¢ Hafizercsa umcao b, Takoe, 4To o = f(b), 474 4ero JOCTATOYHO
noaoxkuts b — g{a).

Samaua 60. [IpegnomoxuM, 9ro papeHcTBo f(g(x)) = r cmpaBemIMBO
s Beex z € R. a) JloKaxXATE, YTO €0/ MHOXKECTBOM 3HAUEHHH (hYHRIHK
¢ SABJIACTCH BeA YUCI0BAs OpaMasi, TO Gynkoan f H g 9BISIOTCA D3aHM-
HO 0Bparabiu. 6) Ilpusegure upumepn 1Byx GyHKUME, HE sBIHOLEXCH
RIAHMHO 0ODATHRIMU, JIT KOTORKX CTIPAaReAJIMBO 3TO DARSHCTRO.

a) PaccMoTpuM OBa NPOHSBOIBHBIX PA3NMYHBIX YACHA X1 H Za. Ilo-
CKOJIBKY MHOXECTBO 3HaYeHMH (PyHKIMM g — BCS OPsIMasi, TO HalayTes
(KOHEYHO, Pa3/IHuHble) YACAE 61 U o, TakHe, YTo g{a1) = I B glaz) = Z9.
Hosromy f{r1) = f(gle1)) = a1 u flz2) = flg(az)) = as. Tax xak
a1 # ag, 10 flr)) # f(xe), Tem cambiM bynkuus f asiserca odparu-
Mott. ObnacTbio onpelenenud GYEKUEH ¢ TaKKe FBIAETCA BCA YHCIOBAS
mpsamasi. Pasenerso f(g(z)) = z u o3uadaer TorAa, ¥TO f M ¢ — 3TO B3a-
umHo obparane Gyakimun. TosichaM nocneaion dpaiy Bonee JleTaIhAO.
Iycrs f(b) = a. Tax kax f(g(a)) = 6 n, xax Mb goxazamm, $HyHKUHAS
f ofpatuma, To b = g(a). [losTomMy, ecny @ ecTh 3HaUeHHe pyHKUMH [ B
TOuke b, TO b ecTh 3HaueEuMe QYHEKIHK ¢ B TOWKE ¢, YTO M O3HAMAET MO
ONIPEAENEHNIO, YTO 3TO €CTh IIAPA B3AMMHO 0OpATHBIX HyHKLIME.
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6) PaccmorpnM GyBKIE ¢ ¢ TaKAM rpadukoM, kaxoit n3obpadken Ha
pucyrke (dopmyny 1ia sroft HYHKIAN MH IpABeIeM Ialee B Teme 11).

Ee 06sacThio ONpeescHNS SBAAETCA BCH NPAMAadA, a MHOMKECTBOM 3IHAE-
Uil — npomexxyrok (—1;1). @yuxunsa ¢ ApiIgeTca Bo3pacralomei, cre-
JoBaTebHO, ofpatumoit. QfosHauuM ueped f,; obpaTuvio et QpyHKIMD,
00NMaCTHIO OOpPEAENeHHA KOTOPOl ABageTca mpoMexyTok (—1;1}, a Muo-
’KECTBOM 3HAYCHAN — BeA YUCH0BAd TpAMadA. Teoeph MoJ0KUM

folz), ecm x € (—1;1),
0 B OPOTHBHOM CJIy4ae,

f(z) =

Tax kax snavenns hynkumn g nesxar B (—1;1), To f{g(2)) = folg(z)) ==
npu Beex ¥ € B, onnako @yBKnma f obpaTHMoli He ABASETCA.

Teopema 9.2, Tlycrs D u F — aa muokecrsa. [Ipeanosoxum, <ro f
— (yHKUuA ¢ obnacTeo onpeaenenus D, Bce 3HAYEHASA KOTOpPOH JieXKaT B
muOxkecTBe E, a g — dyHruMsg ¢ obnacrbio onpenenenns F, Bce 3HadeHust
KoTopoil jexar B MEOXKkecTBe D, Ecan aas kaxzgoro x € D crpaseanneo
pasercTeo g{ f(r)) = z, u ana kaxnoro r € E cupaseanuso papeHCTBO
Flg(z)) = =, To dyuxmn f 1 g AasndTCa B3auMHO obpaTHBIME. [1pu 3TOM
£ ecT MIToxkecTBo 3uademil dyirkiue f, a 1) ¢oTh MIIOKECTBO 3AAY9CTIN
QIYHKIHA 4.

llycre @ € E. Tak kak f(g(a)) = a, TO UnAC/IO @ ABAHACTCH 3IIAMCOH-
eM (pyHKUEU [, 3HAE'HT, MHOXKECIBO £ ecTh MHOMXKECTBO 3HaueHUit 3TOMH
dyukipn. Ecnw b € 1) o, mockonsky g(f{B)) = b, wncno b ecth 3nave-
H¥e QDVHKIIAW ¢, IHATAT, MHOKECTBO ) €0Th MHOXECTBO 3HAYSHHN ITOR
dyHKIMN.

Tenepsb vke us pasenctsa flg{x)) = & nas Beex ¢ € D caeayer, 410
dyuxmma f(x) u g{r) ABAAKTCA B3AMMHO OOPATHBIMH.

Ans Toro 4Tobn! JaTh rpadudecky o HHTePIPETaNo MOHATHIO B3aUM-
HO ODpaTHBIX (DYHKLHHA, HAM OTPEDYETCA CAEAYIOMAd JIEMMA.

JIemma 9.3. Toukn A(a;d) n B(b;¢) cuMMeTpUIHB! APYT APYTY OTHO-
CHUTEJIBHO MPAMOH ¥ = .
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[Iycre Togka A umMeceT KoopaanaTLi (GT-H) : a -2|_ b). 3aMCTHM [IpeX<ae

BCEro, YTO HTA TOYUKA SBISETCH cepeAuHoi oTpeska AB. Ocranock JoKa-
3aTb, YTO OTPe30K AB NepHeHANKY.IAPEH IPAMOHN ¥ = T, YTO OYEBHAHO,
MOCKOJIBKY YTIIOBOMH KO3 urueHT npamMoit AB pased —1. TakumM ofpaszoM,
npaMasi ¥ = 2 (GHCCEKTPHCE OePBOTO M TPEThero KOOPAMHATHLIX YIJIOB)
ABJACTCA CCPCIATNILIM TICPICIANKYIAPOM K 0Tpe3ky AB.

Nz sTolt neMMBL CeyeT BasKHOE H HOJE3HOE YTBep:KIEHUE.
Teopema 9.4, 'pacdrkn BsanmMHO 0GpaTHLEIX (PYHKIHIA CHMMETPHYIHEL
APYT OPYTY OTHOCHTEJLHO NpAMoft ¥ = .
Caenyme pUCYHKH SBOSHOTES UPUVEPaMy K 3Toi Teopeve. Ha ne-
z+1
BOM DHCYHKe H300paXkeHBI IpsAMBE Y =22 — 1y = % , SABJIAIONIHECS
rpadpHKaMi B3aUMHO oGpaTHBIX NuHeltHbIX GYHKUNY; Ha mpaBoM — rpa-

bukmy =2 +1lny =z 1.

MNyers dyuknmu f ¥ ¢ ABAAIOTCA B3AAMHO OOPATHHIMEH. PaccMOTpHM
touky Ala;b) ua rpaduke GyuxkupE f 1 DOKaXKCeM, ITO CHMMOTPHYIIAA CH
OTHOCATEIBHO UPEMOH 4 = & Touka B aexur Ha rpaduke hyHKOuM .
TTo onpenenerno rpadmka hyHKIHH cipaBe/UiTHRO parercTro b = f(n).
[To onpegenenmio ¢hynxumn, obparaoil gasxol, Torma ¢ = g(b), caemo-
BATEJIBHO, TOUYKA ¢ KoopamHaTamu (b;a) nexwur Ha rpadpnke dyHxouu g.
OcCTanoch 3aMeTUTh, YTO, B CUJY JEMMBI, TOUKH ¢ KOOPAUHATAMHU (a;b) u
(b; @) cHMMETPHYHBI APYT APYTY OTHOCHTENBHO HPAMOl ¥ = r. AHaqormd-
HBbIM 06pAa30M JOKA3ZEIBAETCH, YTO TOYKA, CAMMETPUYHAR TOYKe rpadHKa
DYHKIHMA ¢, NEXUT HA rpadHKe QYHKIHA f.
3azaua 61. [Toxaxxure, uTo rpaduk Gy f(r) = VT — 2 €CTh «ro-
JIOBUHA TIAPADOBE».

Ecma=+vb—2,170a 2> 0nb=a®+ 2 Takum obpasom, obpar-
Holt k dyuxmuu f(zr) asnserca dyuxums g(z) = z2 + 2, obnacts onpe-
JeJIEHHA KOTOpO# ecTh ay4 [0; +00). ['paduxonm byskmuu g(x) asasercs
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48cTh MApafosi — rpadbuka KBaIPaTHIHON GYHKIMH § = T° + 2, Je-
JKan@as B NpaBoll MOAYIVIOCKOCTH OTOOCUTENLHO OCH OPAHHAT (PHCYHOK).
TMockoneky rpatdbuk dbyukmun f{r) cavMmerpuder stolt 9acTi napaboab
(€€ «nOJIOBUHEEY ), TO OH U CAM €CTB <UOJIOBHHAY LAPABOIEBL

01 2 3 4 6 6

Banaun A8 AOMAUTHUX 3agaHnii mo Teme 9
1. Halipure dynkumo, obparnyw ¢yskuuu f(z) = z + 1 + 22 — 1),
eciin  0bmacThio onpelenednsa  GyAKIMA  f  JARISETCA  TROMEXYTOK:
a) 1; 4+o00); 6) (—; 1].
V-1

2. 3anaitte hopmynott byrkumo, obpatyio byakmum: a) fi{x) = Wl

6) falr) =/ 2.

T+
3. Haitoute Bee muHelinblie QYHKIWH, COBNAJAIONTHE ¢ OOPATHLIMHA HM.

4. HzpectHo, uTo dyvHKUME f U g B3auMHO oO6paTHR. Boiscaure, 6vayr
1 saauMio obparneimi bynkwm: 1) f(—x) & g(—z); 2) —f(z) u —g{z);
3N fla+Duglz+134) f(z—1) ngle) +1.

B cayuae orpHUATENILHONG OTBETA YKAXKHUTE (DYHKUHIO, ABIAIOMYHCH 06-
PaTHON K mepBOil B3 yKa3aHHHMX PyHKUUH,

5. llyers f(z) = |,¢,.|af+. L M glw) = 1 —x|$|’

HUA BTOPOH GyHKUHN aBadeTca npomexyTok (—1;1). Joxkakure, 4ro 3TR
GDYHKIHNA ABIAIOTCA B3aUMHO O0pATHRIMH.

OpH 3TOM 06 1acTLIO onpcacrse-

6. loxaxure, 94T0 ecny pyHKIUA f HeueTHa # obpaTuMa, TO obpaTHaA et
GbYBKINA Takke SBASETCS HEUETHON.

7. Mlyere byuxumus fi 3anana u obpaTnMa Ha Beedl “THCAOBON NPRAMOR,
g1 — obparhas eit qyaxkimsa. [Iycts dyskmua fr obparuma Ha csoe#t o6-
JaCTH oOpedeneHus, gz — obpaTHas eff ¢yaxuus. Haanre dyrxumio,
oSparuyio bynxmm f(z) = fi(f2(z)).
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8. a) Penmare ypasuenne 'z + 6 = £°—6. 6) Jokaxkure, 4o ecn f — BO3-
pacTalonada GbyHKIHA i HYHKIRA g aBaseTca obpaTHot elf, To ypaBHenus
f(&) = g(x), f{x) =z n g(r) = & PABHOCUIBEHEL, T. €. HVEIOT DTHHAKOBHE
MHOMKECTBA Deen i,

9. Joxakurte, ITO £CAH BO3PACTAIIEAA HY HEKOTOPOM IPOMEKYTKe (hyHK-
Lms coBUAanaeT co csoefl obparnoil, 1o f{x) = & Ha YTOM LPOMEXKY IKE.
Pemmenua aoMaIHUX 3a4a49 0o TeMe 9

1. a) Ecnm x > 1, o f(x) = 3z — 1, nosromy obparnaa eit pyHkous
saaneres opmysoi glr) = IT_H, e x 2z 2.0) BEem e €1, vo f(x) =
3 -z, spaunt, g(z) =3 -z, tue x = 2,

vi—1 2w+ 2z 4142
2. a} Ecm \@4_2—:1:,1:0 y = 1_5:.1'103'1‘0“}’1!—(1_2)'

Ouanako QyHKNUA, 3aaHHas MoaydeHHol dopMynoll, ne apasercsa obpa-
THMON Ha cBoel ofnacTy onpenenenns. O0nacThIO ONpe/e/IeHa PyHKINH,
odpaTHOH AaHHOH dYHKNUM, ABIAETCS MHOXECTBO 3HaveHAl ¢pyHKnun f.
ApyraMna c;1oBamMu, 3T0 MHOMKECTBO 3HaYcHMi 1pobro-nrHelinoll pyHKINHK

y = x_T_:lz na mpoMexyTke [0; +00), T. €. IPOMEKXYTOK [—% ;1). Orser:
2r 4+ 1 1
g(x) = (3 — ) mpu T € [—5;1).

2x +l

6) OteeT: g(x} = opn x € [ 1) L (1;+20).

3. Jlunefinas cbymcu,nﬂ flz) = ax + b comnanaer ¢ obpaTHON K Helt
byuxmped, ecm f(f(z)) = z, T e a’z + ab + b = z, 9TO MMEET MecTO,
ecnu a° = 1 m bla + 1) = 0. Taxum obpazom, subo a = 1 u b = 0, mbo
a = —1, a Yucao b — NPOU3BOJILHOE.

4. 1) Her, ne 6vayr. Ilycte f(z) = = + 1. Oﬁpa.rﬁoﬁ K Hefi aBjd-
erca dysxima g(z) = x — 1. Hyers fi(x) = f{—z) = 1 — z. Obpar-
Holl el aBasgeTca ynxnms ¢1(r) = 1 — x, Toraa kak g(—x) = —z—1
B neticTeuTensHOCTH 08paTHOR K dyEkimy f(—1r) Syner dbyaxkma —g{z).
Tlokaxem o10. Ilyers f{—x) = y. Tak rak dynkuua ¢ obparsa dyHK-
e f, o —x = g(y), nostoMy x = —g(y) — dbopmyna gna obparHol
Qyaxipn. Moxuao 6nio pacey»iatk v uaave. Tonmsnm h(e) = —g(z).
Torma fi(h{z)) = f(—=h(z)) = f(g(2)) = z. 2) Her, Be 6ygyr. Paccyxme-
H¥E, AaHANIOTHYHOE TOJIBKO YTO NPOBENEHHOMY, MOKA3BIBALT, UTO OGPATHON
K ¢yuknun — f(z) asaserca ¢pyukuus g{—z). 3) Her, obpaTHoht ¥ dyHK-
me f(x + 1) asaserca ynxuua g{x) — 1. 4) Ha, asasiores.
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5. Tax kak |f{z)| = l:% < 1, Ta Bee 3AaYeHVs (hYRKIAKN [ Jexart B
T
ofuacty oupegenenna $pyuxkuan g. Geranoes uposepurs, aro f(g(x)) =«

npa Beex x € (—1;1) w g{f(x)) = = npu seex z € R. Umeem

_gle) Tz 1-la|
o) = (1 = B TR
AHaJIOTAYHO,
U i€ N = ST S - kL r S
g =N = =) N RS o

CenoBaTenbHn, B CATY JOKAZAHHON T€OpeMbl, JaHHbIE (DYHKIMKE ABASIOT-
¢ B3anMHO obpaTHLME. (JHpaTuTe BHAMAHAE, YTO HAM He NoTpeboBaIach
MPOBCPKA. 0ODATAMOCTE KAXKIOH B3 3THX DYHKIUi.

6. llpuBcacM ARa paccyICITHS: TCOMeTpHYCCKoe U dhopMamnioe. 1lo-
cxoNbKy (byHKTMsT f HedeTHa, TO ee rpadVK CHMMETPUYEH OTHOCHTETHO
HaTana koopaulat. [ paduk dyBKUMA g, 0bpaTtHol f, CHMMETPH'IEH Tpa-
duKky aaaHO OYHKIHN OTHOCHTENBHO NPAMOH i = Z, & IUTOMY OH TaKkKe
CHMMETPHYEH OTHOCHTE/NLHC HavaIa KQOPAMHAT, OTKYAa M CJIEAVET, YTO
GbyHKINA ¢ ABIASTCS HEUETHOMH,

A Ttenepes popMasibHoe paccyxxienue. Tak kak GyHKUuMA f HedeTHa,
TO MHOMXECTBO €€ 3HAYEHHH CUMMETPHYHO OTHOCHTEMbHO HYAs. [lyeTs t —
oaHe w3 3Hauenwit srofl dyaxknuu, t = f(x). Torza g{—t) = g(—f(z)) =
g(f(—x)) = —x = —g(f(x)) = —¢(t), nosroMy (DYHKIHA § HEUETHA.

7. Oteer: 310 g2{gi(2)). HetterRurensro, ecnu fi(f2(y)) = =, 10
F2(y) = g1z}, ay = gal(m (=)

8. a) @ynkupa f{r) = z° — 6 po3pacTacT 1A pecki GueTOBOH NpSMOR,
HOBTOMY ypasHeHne 4 = b pasaocnasho ypasnenauio f{a} = f(4). dasaoe
YPABHEHHE PABHOCHILHC ypasHennio f{(/z + 6) = f(f(z)). 3amernm, uaro
¥z +6) = x, takum obpazom, JaHHOE yPABHEHHE PABHOCHILHO YDaB-
Hernto f(f(z)) — x. 3 peaynbrata 3aaauu 52 TeMbl 8 caeayer, 4TO 3TO
YPaBHEHME PaBHOCHILHO M ypaBHeHmio f(z) = z, wm z2 —x — 6 = 0,
pelseHHeM KoTOporo asagercs £ = 2. 6) Co6CTBEHHO roBopH, TO €CTh
nepehopMyAHPOBKa YTBepX JeHUA 3aja4un 52 TeMnl 8.

9. ByzneMm oKasbBaTh «OT OPOTHBHOTO». IlycTh f(x) # = nna HekoTo-
POro z U3 AaHHOTO NpoMexxyTKa. llpeanonoxmm, uto x < f(x). [lockoas-
Ky ¢yikous f — sospactaomad, 7o f{z) < f(f(r)) = ¢ — upoTuBopeduc.
AnnnoraassiM obpuaoM pastupaeres cayaait & > f(x).
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CamocrosiTenpaasn pabora 5 (Tema 9)

BapnaoT 1

1. Useecrno, wro byvHkupu f B g ABAAIOTCA B3aMMHO OOpaTHBIMH.
Ha#tnure ¢(3), ecm a) f(3) =5; 6) f(z) =2x + 15 8) f(r) = 3z + 1.

2
¢ —2r, ecom x < 1,
2. Iyers f(x) = Hatinure Bce 3HaTeHUA 6, OPH
a—2x, ecm x > 1.

KoTopeiX dbyHkous [ obparuma.

3. ITycTe byHkIHM f ¥ g ABAAKOTCA B3aMMHO obpaTHEiMHU. HaftnaTe GyHK-
i, obpatnyo dbyurunm: a) 2f(x); 6) 2 — f(x).

4. Jaua pynkmua f{x) = 23+ 322 + 3x. Hatinure dopmyny ana dpyuxipn,
obpaTHoill pyrximn f.

Bapnanr 2

1. UspeerHo, uTo GOVHKINY f M g ABIAIOTCT B3aMMHO OOpPaTHHIMH.

Hattpure ¢(3), ecrmm a) f(5) = 3; 6) f(z) =6xr — 2; B) f(z) = VBr — 1.
—z? — 2 -1

2. Myers f(z) = T T, eI T > 4, Haiiure BCe 3HAYMEHNS a,
a—2r ccoux < -1,

npe KoTopuix dyvukums f obparumMa.

3. Ilycrs byHkun f u g ABAsIOTCA B3auMHO obpaTHeiMu. HaltnaTe yHK-

U0, obpaTHyio GyHKUML: &) % f(z); 6) flz) —

4. Jaua pynkmua f{x) = 23 — 3z? + 3«. Hatiaure dopmyny naa gyHximn,

obparnoil dyrximn f.

Bapnanut 3
1. Haitaare dopMyny g GyHKIMHA, aBiaoncics obparnoit pynxiun:

a) file) =v1—=2£;6) folx) =22+ 40 — 1 upu z < 2.
2 HaltquTe Bee 3Ha'ieHUs @, IPH KOTOPLIX ABJeTcH 0bpaTumol hbyHKIus
J{z) =2x 4+ alz —1].
3. u) Hulimare popmysy s ryukuun, obparaoi Gyuskoun fc) = ii:jj .

6) Haitnure ycnmoBHe Ha uMcna @, b B ¢, IpH KoTopnix GyeKImMa f({zx) =

= 'f—ﬁ aBageTca obpaTHOM camoll cebe.

4. Buisicaure, apagerca au obparumoli GHyHKIUA, 331aHHAA COOTHOUICHN-

svd f(x) = {Fi
7

2, ecin YACNO I PAITHOHAIRAO,

, CCAH YACHO T ADPAITHOIIAALEO.
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Bapnanr 4

1. HaitauTe dopmyny jgra dyuxmps, asnaouciica obparnolt dynkipn:
al filte) =1 —x;6) falr) =22 — 22+ 1 upu z € L.

2. HailmuTe Bee IAYCITASA ¢, IIPH KOTODPLIX ABIgeTca obpaTumMolt chyHkmus
fl@)=azx+ 2|+ 1]

3. a) Hatigunre bopmyny ana dyrkunn, obpartHoli dysxmun f(x) = g:j é .

6) Haiigure ycioBre Ha 4Mcaa g, b u ¢, npn KoTopeiX Qyskmma f(z) =
_ar+1

br+c
4. Bruidcaure, apssgerca nu obpatumoll hyHKINA, 3800HHAA COOTHOUICHN-

x
—= , ©CJH YACAO I DAlHOHAJIBHO
simu f(x) = {\/E ’ ,

V3 y BCIIH YHCAO T HppalHOHaJIbHD.

ARnsterest 0OpaTHON canoil cebe.

JdonoHuTEeNBHBIE YIPAYKHEHESA IO TeéMe 9

5.1. Briaceute, asngerca au oOpatuMoli pyHKINA, 3a1aHHAT CIEIVIO-
£v2, eci IMCNo I PallAOHANBLHO,
INHMH COOTHOeHnaMR: f(x) =< z _
——, eCild 'ACNIO T HPPAUOHAILHO.
V3
5.2. a) Joxaxure, aro pyskmus f(z) = a|z| + bjz — 2| HA npn Kakux
¢ u b He ABIgeTCA OGpPATAMOI Ha Beeit wmenoBoii npsamoi. 6) HatiauTe Bee
3HAYCHUA @ M b, IpH KOTODHIX 3TA (DYIKIHS OOPATHMA A IPOMOIKYTKE
[0; +00).
5.3. Jdokaxure, 9yTo (DyHKIHA, 0OpaTHAA Bo3pacTawowielt (youiBaroied )
dyHKIER, caMa ABAACTCA BO3PACTAKMEN {COOTBETCTBCHHO, YOBBAIOMWEH ).
z+1,ectnxr <0
5.4. [Toxaxkire, aro pynkons f(z) =<4 7 T apnger-
3 +1, ecnuz >0
ca obpaTuMolt ¥ akauTe obpaTuyo cil hyIKIHIO.

5.5. Hait,ure see sHaMeHU 4, 1PU KOTOPhIX 00paTuMa (pyHKIus:
D filx) =11 ax; 2) folz) = 2% 1 ax?; 3) fa(x) = 2° | %;
4) fylz) = o3 + % , rae @ > 0.

2 — 22, eemmn 2 < 1,
1-2z, ecnuzx > 1.
dbyHKLMA, 0bpaTHOR dyukImn f.

5.7. UzBecTHO, uTO QyHKUAA f, 330a8HaA Ba Beefl npamofl, coBnaa-
eT co cBoeit obparHo#. a) Moxker sn bynkous f ObITe BozpacTaomel H

5.6, IIyctp f(z) = Hattzpre dbopmyny ana
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ornuuHol oT g{z) = x¥ 6} llpupeaure npuMmep Henaueiinol dbyHkoum, 3a-
JaHHOH Ha Beelt mpsiMolt B corngnatomett co cpoeft obpaTHol. B) MoxeT 1
takasi pyHkmst f, otamuaHast o Qyakipn g(z) = £, UMETH TTPOMEXYTKH
BOBPACTAHWA?

5.8. Myetn g — dymxnua, obparnaas dyukmmn f(x) = =° + z.
1} Ha#urre g(10). 2) Haliapnre mMuoxecrso snasennit Gynxounu glz) na
orpeake [2;10]. 3) Pemure ypaeuenue f(x) = g{z). 4) Pemnre nepapen-
creo f(x) > glx).

Tema 10. MHoOXkecTBa, 33/jaHHbIE YPABHEHUAMH U
HEepaBEeHCTBAMH

C oauofi ¢TOPOHBI, MATEPHA JAHHON TEeMBl HOCHT BCIIOMOTATELHBIM
XapaKTep, He UMEOIIHit HernocpeIecTBeHHOrO OTHOMICHHS K COACPKaHUID
sTol rnaBel. C Jpyroif CTOPOHE!, OYEHb BaJKHO BBECTH OCHOBHYIO HJIEIO
AHAAUMUNECKOT, 200MEMPUY  B3AHMOCBA3L MEXIY MHOMKECTBAMH H UX
ypasacnugma. Bean wenonszopanmc rpadukos dhynkmmit gug necnegosa-
HHUSI YPABHEHME — aTO M €CTh NpuMeHeHne 3Tol wieu. Janee, paxuo no-
KA34Tb, YTO <I» M «i» — KOOPJHHATHI TOYEK INIOCKOCTH — COBEPIIEHHO
paBHONpaBHEL. CIIMMEOM yCepAHOe BHUMaHAE HMEHHO K rpahukav dyHk-
1M MOXKeT MCKa3uTh MoHMMaHue. Hampumep, ecnn ywalyecs moay<nIu

TMPAMYIO, 3aJaHAYI0 YpaBHenueMm 2x + 3y + 1 = 0, To noAdMepKHHUTE, YTO
2r 41

3 -
KOHE‘IHO, Ta TeMa CIOKHA AMd YHIaAHAXCH, IIOCKOJBKY B Heﬂ, o CpaB-

HEHHIO ¢ JAPYI'HME TEeMAMH KHHIH, CYLWECTBEHHO OOJIbINEe TEOPETHIECKHX
yrnepkAciil. BozMokiin, YTo 0KA3LIBATL BX Ree Tic cTorT. Tem 1e Mence
MBI XOTHUM TOAYEPKHYTH, 9TO UX (DOPMYNHDORKA BEChMA TTOYTHTENLHEL.

HET 0coDOTO CMBIC/IA 3AIIMCBIBATD 3TO YPpaBHCHHE B BHIC ¢ — —

HagneuM ¢ TOI'O, ITO JOKaXKCM OMI0 BRCIHOMOTaTCILIIOC YTBCPIKICHHAC,
RAMKMOES 18 ILEi.J'lI)HE‘.ﬁIHEI"(J WANEKETHA.

Teopema 10.1. PaccmorpuM Touxn A(xq;yy) o B(z2; ¥2) naockocTa.
Tormoa:

1) amema orpeska AB pabia \/(:cg —z1)? +{y2 — 1 }%

2) cepennHa oTpe3ka AB HMeeT KOOPAUHATH (:::1 + 2 : th + yz)

3) otpesku OA u OB nepneHAUKYASAPHBI APYT APYTY TOTAA M TOJIBKO
TOTAA, KOrZa I12y + y1y2 = 0.
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1) HpeanonoxumM, 910 0TPe30K AB He DapasineneH Hi OOHON U3 Oceil
koopauHatT. Paccvorpum touky C(za; 1) Torma |AC = |zo—2| v |BC| =
|y —y1|- Touka € arnaerca sepiminoit npsivoro yraa tpeyroasHuka A BC
(preynok),

moaTomy o Tcopemc [ludaropa
|AB|* = |AC)* + [BO|* = (z2 —21)” + (y2 — ),

OTKYJa H cneayeT nckoMada ¢dhopmyna. Caydgail, korga orpe3sok AB napasn-
JICJICH OXHOH M3 Dcell KOOPIUIIAT, PACCMOTPATE CAMOCTOATENLHO.

2) Obosnauum 4epes P, Q ¥ R OpoeKIgH, COOTBCTCTBOINO, ToqeK A,
M wu B ua ocb abeuucce (pUCYHOK).

[ 3

B
M
A |

: 4

|

|

I

|

|
| |
P QO R

lockonexy |AM | = |M B|, 1o, B cui1y Teopemu Paneca, |PQ| = |QR), 3ua-
9:1;7'“. Tem caMbiM B aficnucca TOUKH

1ty
. AHA/IOrM4HO, OpAMHATA 9TOH TOYKH PDaBHA h b2

YHT, KOOPAMHATA TOYKNA {} paBHa

M paBHa Tt Ly

3) B cuny Teopemsr [Indaropa u obpartHoii et Teopemnt OA u OB nep-
NeHIAKYAAPHLL JPYT APYTY TOT/A M TOJbKO TOrza, koraa |G A2 +|0OB|? =
= |AB|?. U3 dbopmynn nynxTa 1 cneayer, IT0 3TO PABEHCTBO PABHOCAJIBHO
PABEHCTBY

i+l +ad b = (22— 21)? + (e — 1),

YIIPOCTHB KOTOPOE, MBI ¥ TIOMYTHM, 49TO I1Zs + Y1y = 0.
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3anaua 62. Haiigure koopanaaTh Touxe B, caMMeTpryHOM Touke A{—1;4)
OTHOCHTENBHO: &) Touka M (2;3): 6) npamoli x = 2; B) npsamolt y = 3.

a) O6o3naunM wepes (z;y¥) xoopaunars: Touku B. Ilockoneky Touka
z—1 y+4

=2mn 5

M sasnserca cepesusoh orpezka AB, o = 3, aTky/a
T=bmy=2
6) B manHOM ¢Iy4ae opanHaTa TOYKK I COBNAaaeT ¢ OpamHaToll TOUYKK

z ; L — 2. Orser: B(5;4).

A, a abcupcca ABASIETCH PEHISHASM YPABHEHHS
B) Otser: B(—1;2).
3amaia 63. Touxka A(3: 2) sasisiercs ofHOR U3 BepIIMH KBaJApaTa, LeHTD

KOTOUPOTO CORTIAAAET ¢ HadaJaoM KoopAaHAT HafinnTe KOOpJHHATH OCTASIb-
HBIX BepINVH 9TOrO KBaapaTa.

Bepumna € aroro keaipara CHMMETPA'IHA BEPUIAHE A OTHOCHTE1b-
HO HA94,1a KOODHHHAT, & HOTOMY €¢ KOODIWHATAMH sBjasirca (—3; —2).
Iycts {a;b) — koopauHaTH BepmuHbl B. [lockoabky otpeskn OA u OB
NEPHeHANKYIAPEH, TO 3a + 2b = 0, 3HaunT, a = 2k w b = —3k. Tak xak
|OB| = |OA|, o k = £1. CrnenoBatenbeo, koopauaaTaMu To%exk B u D
asmsoTes (2, —3) »n (—2;3).

Tenepsb gaAuM OCHOBHOe onpedencnue sToli TeMbl. [Iyets F(x, y) Heko-
TOPOE BbIparkeHue OT IByx nepemennbix. [opopsr, uro muoXkecTBO M 30-
daro ypasrenuem F(z,y) = 0, ecoiH 3TO MHOXKECTBO COCTOUT U3 BCEX TEX
H TOJIBKO T€X TOYEK, KOOPAHHATH KOTOPBIX YIOBASTBOPAIOT STOMY Ypas-
TICEIHIO,

Harpumep, ecim ypasnenwe nmeet syt y — f(x) = O, e f — 3o
HEKDTOPas (PYHKIMH, TO 33, AHHOE UM MHOKECTBO ABJISEICH IPAUKOM
3TON (bYHKIHH.
3apaua 64, Qurinrre v M300pUA3HTE MHOKECTRY, 33/|JAHHBIE Y PABHEHHAM U
Dyl=12)x=1=2;3) lay| = 1; 4 zy+z+y+1=0;5) [y| = 27— 2z.

Kasanocl 601, TICDBLIC ABa 38JaHUA IPCIBLIMANHO MPOCTLI, OANAaK0 BX

IJHH(F]()I] MOKET 1Ipejocrepeh YyHallixed or (ZJIH)]'_"’]()I]LBﬁ OTHOKK. HH()]‘JU’L
OHH CYHTAIOT, YTC ypaBHeHHe y¥ = 1 3azaeT Touky (0;1} ocH opauHaT,
a ypasnenue ¥ = —1 — Touky (—1;0} ocr abeumec. [Toagepkumre, gro
IMPABAJIbHBIE OTBETHI HA TH 3aJaHMA: 1) IBe COPH3CHTAJNBHEE NpAMbIE
y=1uy=—1;2) 1be BeDTHKAJIbHbIE TIpsSIMBIe ¥ = —1 B & = 3.
3) Iockompky
1 1
lry| =1 <= zy=1mmay =-1 = y=_wmy=—=,

TO OTBETOM ABJAAKOTCA IBE I‘I’]]'IBPGOJIBI.
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4) llepBeiit miar pemesns — arefpamydecKHit, & KMEHHO — PA3JIOKEHHE
Ha MHOxxuTemu. Tax kak ay+ae+y+1=(z+1)(y+1), o xy+r—y+1=0
TATA B TOJRKO TOT/R, Kortym £ = —1 wim y = —1. TloaroMy OTRET K 3TOMY
BAAAHM IO O BEAMHEHHE LEPICHAMKYAYPHLIX HPsAMbIX £ = —1 u y = —1.

5) [Ipu peureHHH JAHHOTO 3aJAHHS <€CTh IIe OHOMTEC». OHO AB-
JIASTCA XOopolledl NpoBepKof TOTo, HACKOABKO BAIIN YJalliMecs YBepeHHO
«paboTalOT ¢ MOLYIAMES.

EcrecTBeHHBIX N0MX0A0B ABa. [lokaxkeM oave A3 HuX. 1o onpenenenmo
MOILYSIA HONMYYAeM, YTo

2 2

R =25 — 72,

ly| = a? — 2z <= y=T T y=ero s
y=20 y<0.

Takav abpaioM, IAI0 BIATL 94CTb Napabodnl § = z2 —27, JeKAILYIO BHIIC
OCH Hﬁ(l[],lri(!(?r H JL[)GH.BHTB K Helt [ IIH.I)H(}().III':I = 2.1',' — .’L'2
HyKe ocH abcnoHee. OTBeT — HA PHCYHKE,

JIEXKAIIYH)

i

4

MosHO 6bI7I0 BEECTH yenoBre 2 — 22 2 0, oTkyga 2 £ O miu = > 2.
A pajiee BHIIENUTD 9acTH mapabor y = 2 —2rwm y =2z — z2
1 UOJIyllJlOCKD(‘.’l‘H){, 3&;[,&11[1].)1){ yKiﬂ'iLllllbIM.H uepaucutfruamu

, JIEXKAIIHNX

3agaua B5. oxkaKaTe, 9TO TOYKH OPAMOIE i = ?’TI
tadek A(3;0} u B((;2) (Takum 06pasoM, 9Ta NpsaMas ABINETCA CEPeIdH-
HEIM NEPIEHAHKYIAPOM K oTpesky AB).

5
- 1 PaBIOoVIANCIILI OT

PasyMiee BCero McKaTh ypaBHEHHE MHOXKeCTBA TOYeK, PaBHOYIaJIeH-
HBIX OT JaHEBX Touek A u B. 3anncas B xoopuHaTax paseHcTso [MA| =
= |MB|, wm |MA|? = |M B|?, noayumM paBeHCTBO

-3+ =22+ (y—2)% um —6z+9=—4dy+4, mmy=

w|&

e €01
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Takay 06pa30M, MBI NOMYIHIA, 9T To4Ka M papnoyzatena or A n B
TOCMA U TOABKO TOTMA, KOTIA OHA JEHAT Ha AsHHON Tpsavoit, 9aTo u Tpe-
HOBAAOCKE NOKAZATH.

IpuBeney, HakoHel, AaBHO O0SHIAHHBIN BLIBOJA VPABHEHHs NPAMON Ha
INIOCKOCTH., A HIed JOKA3ATEIBCTBA Ta XK€, YTO ObliIa HCIOIb30BaHA IPH
PeILeHMH OPEeALIAYIIEH 3208498, BOSMOXKHO, IT0 BTOPYIO Y9aCTh ITOH TEeope-
MBI Jaxxe (hOPMYHPOBATD HE CTOMT, Aadbl He CMYILIATHL (MaTeMaTHYECKH)
He3pedhe YMBI.

Teopema 10.2. 1} Beakas npaMas Ha NJIOCKOCTH 33,TA€TCA JIHHERHRIM
ypasaeHUeM az -+by+¢ = (), rae uncna a n h ogHOBPeMEHHAO HE DABHEBL HYJTH)
H ABJAITCA KOOPJHHATAMH BEKTOpa, HNEPIEHANKYAAPHOrO 2ToH IpAMOi.
2) Beaxoe nuHetiHoe ypapHenne az + by +¢ = 0, rae uncaa a i1 b 0JHOBpe-
MEHHO He paBHBI HYJII0, 3aJaeT OPAMYIC Ha [LJIOCKOCTH.

1) llyers £ — 370 pannas nopaMas. BubepeM JIBC TPOR3BONLELIC TOYKH
A(z13y1) v B(z2; ¥2), CMMMETPUSIHEIE DY APYI'Y O'THOCHTENBHO 9TOH Lpsi-
moi. Taxkav obpazouM, npaMas £ 9BIIS€TCH CEPETHANKIM TEDIeH UK YITapOM
K orpesky AB.

Kak u3BecTHO M3 Kypea TeOMeTpPHH, B 3TOM CAyYae npsamMasd £ cOCTOUT
H3 BCeX TeX H ToJbKo Tex Touek M, ana xortopex |MA| = |MB|, nmu

|MA|2 = |MB2, unu

(@ @)1y nyP = )’y )7 wm
x2—2x1$+mf+y2-2y1y+y;":$2-2x2$+m§+y2~2y2y+y§,

T3+ yi — Tk — Y3 — 0
2 — .

wm (T —x)x+ (2 — )y +

Takum 00pa3oM, Mbl K NOIYUNIM HCKOMOE JIMHEHHOE YpaBHeHHe, B KOTOPOM
(;b) = (xy — 21;y2 — th) ¥ €CTb KOOPOUHATH BeKTOpa AB, nepnenamky-
JIAPHOTO TAHHOM npsAMoi £.

2) PaceMorpum MHEOMECTBO, 3a4aHH0e ypasHeduem o + by + ¢ = 0. Ec-
c
am b = 0, To OHO 3a886T BEPTHKAIBHYIO TIPAMYIO T = - Bynem Ternepn

cautats, 4o b # 0. Touxa P(xo; yo), rae (xo;yo) = {0; —g) YIOBACTBOPS-
€T ABHHOMY YPABHEHUIO, O3TOMY JEXHT B 3TOM MHOMXKECTBE. PaccMOTpUM
Touxn A{zg+a; yo +0) m B(ig —0; yo—b). Samernm, wro touka P sienaeres
cepeaunoii otpeska AB. Ecna Mt aokaxkem, “ito ypasaenne az+by+¢ =0
paBHOCIIBHO ypaenenwmio |[MA| = |MBi, To orciona m 6y1eT cneacsaTh,
4TO NAaHHOE YPaBHEHHE 3a7aeT OPAMYK (COCTOSANYIO M3 TOYEK, PABHCYIa-
neasbix ot A u B).
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Bee, uro ocTANIOCE CEEIATE — 3TO NPOBECTH airedpandeckue upeobpa-
zoBaHnA. UMeeM

(@—z0-0)’+(y—s—-b’—(r—zo+a)’ - (y—yw+b)>=0,
(@ — 20)® — 2a(x — z0) + 0 + (¥ — y0)* — 2b(y — o) + b°—
- (z — x0)* — 2a(z — xo) — @® — (y — ) — 2b(y — o) — H* =0,
da{x —xo) — Ay —yo) =0, ax + by —axp — by =0, acx + by +c =0,

HOCKOJNBKY —axp — byo = ¢.

Ypapneime oKpyAKHIOcTH Ha IJIOCKOCTH NOJYHHTL CIIC MPOLIC.

Teopema 10.3. OxpyKEOCTE paguyca [ ¢ HEHTPOM B TOHUKE C KOOP-
muaatamn (;b) 3agaetca ypasnenmem (z — a)® + (y — b)2 = R?.

OKpyXHOCTBIO ¢ IEHTPOM B Touke P paimyca R HaspiBaeTca MHOXKE-
CTBO BCEX TOYEK MUIOCKOCTH, HAXOMAIIMXCA Ha paccToanun R oT Touku P.
CllemoBaTeNLHO, ITO T€ U TOABKO Te Touku M, mia xoropwix [MP| = R.
B cuny opMysabl A8 DPACCTOSHHA MK,y TOUKAMH IVIOCKOCTH, 9TO Te
U TOJbKO T€ TOYKH, ANA KOOPAMHAT (X;y) KOTOPHIX HMEET MECTO PaBeH-

ctBo /(T — a)? + (y — b)? = R. Boasenst B kBaapaT ofe ero 4acTH, MH H
nonyquMm ypasuenue (z — a)? + (y — b)? = R%.

Sagaua 66. Jokaxknre, yto rpadukoMm dyukumun f(z) — Va’? — z?, rae
a > 0, gaB.19eTca MoNyOKPYKHOCTh PaIYCa. ¢.

I'padux dbylukoun f 3aJacTed ypabHCIHeM ¥ = Va2 — 22, paBIocH -

HBIM CACTEME
Y20,
a? + 42 = a2,

YDaBHeAHe 3TOH CHCTEMH 3a,186T OKPYWKHOCThH DAJINVES 4 ¢ TEHTPOM R
HA' 1A K()U[L'LHHH'L HE{)&BEHC'I‘BO i ; {] []31'[3..‘1&&’1‘, 10 MBL AOJIMHBEL B3H T
TOJILKO T€ TOUKH 3TOi CKPYKHOCTH, KOTODHIE JIeIKAT He HiKe ocn abeimec.
B pesynbTaTe MBI # IONYYaeM <«BEepXHIOIO» MONYOKPYIKHOCTD.

(z - 123@ 2. 95
/ ; a(l2;
N/

2+ yd= 25

¥
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Ha pucyeke Ha npenspaymeit crpannue p306paxeHs! B8 OKPYKHOCTH
OUHAKOBOTO PAJIUYCA, EHTPOM OJHON ABJASETCA HAYAN KOODAAHAT, ICH-
TpoM BTOpoR — Touka P{12; 6). Kuk nokaskiBaeT cienyomas TeapeMa, To,
KAK CBHIAHBL ADYT C APYIOM YDABHEHUY ITHX OKPYyHHOCTeH, He cIvialiHo.

Teopema 10.4. IlycTs MHOXKeCTBO M 33.0aH0 ypasHeHueM F'(x,y) = 0.
Torma ypaeuenne F(z — a,y —b) = 0 3anaser o6pas muokecTBa A npr
IAPAJLICALIIOM HEPCHOCE Ha BCKTOD c(a; b).

Obosnauum yepes M’ ofpas MHOXKecTBa M IpH napaaieTsHOM Tepe-
Hoce Ha BeKTOp c{a;b). Pacemorpum touky B(zi;1y1) € M'. Ilo onpexe-
JIEHMIO 3Ta TOYKa fBaAgeTcs obpasom Touxkn A(rg;yo) MHOXKecTBa M npu
TMapaNENLHOM Iepetoce. 38a9uT, (21;¢1) = (%o + a; yo + ). IIpn nogcta-
HOBKe KOODIHMHAT TOYKW B B ypaBHenue F(r — a,y — b) = 0 mony4aem,
T

F(xy —a,y1 — by =Flog +a —a,yo+ b — b)) = Frg,y) =0,

MOCKONBbKY ToUKa A dexur B mHokecTse M. CilenoBarennHo, KOOpAau-
HaTel ToUKM B yaosjersopsior ypasuenuio F(x — a,y — b) = 0. Tenepb
paccMoTpEM TOUKY B(z1;y1), Takylo, uro F{x; —a,pn — b) — 0. Iycts

(oiyn) — (x1 — asy1 — b). Tak kax no npexnonoxenuio F{ro,yp) —
F(zy —a,yn — b) = 0, 1o Touxa A(xp;yo) IPHHALNEKHT MHOMECTBY M.
llockonexky 27 = 2o+ @ H ¥ = Yo + b, TO Touka B monmytseHa H3 TOYKH

A Opu ee DAPRIIENBHOM HEPEHOCE Ha 3RA4HHBIE BEKTOD, CJEJOBATEIBHO,
BcM.

Taxum oGpazoM, MBI IOKa3a]1; 1T0 MHDXKecTrO M’ cocTorT nz Bcex Tex
U TOJMBKO TEX TOYEK, KOOPIHHATHI KOTORBIX VIGBIETBOPSKYT YPARHEHHK)
F(x —a,y—b) = 0, 4T0, B COOTBETCTBUM ¢ OMpe/IeNIEHUEM, W 03HAMAET, MTO
3TO ypaBHEHHe 33,1aeT MHOXKecTBO M.

[Mowry Bee yroepxacuny cacayomct reopeMsl 060BIWAK0T yTBepIKIE-
HU1, YK€ H3BECTHBIC HAM 10 cRORCTRAM Tpadukok (hyHKipmii.

Teopema 10.5. [lycts MuOxkecTBO M 381880 ypasnemueM F{x,y) = 0.
Torma:
1) vpasHermne F(—z,y) = 0 3a08eT MHOMXECTBO, CUMMETPHYHOE MHOXE-
CcTBY A OTHOCHTENBLHO OCH ODIUHAT;
2) yparnenne F(z, —y) = 0 321867 VAOKECTRU, CAMMETDHYHOE MHOXKE-
cTBy M oTHOCHTENBHO OCH abeouec;
3) ypaenenne F{—z, —y) = ( 3a72eT MHOXKECTBO, CAMMETPHYHOE MHOME-
CTBY M OTHOCUTENBHO HaMATIA KOODAUHAT;
4) ypasnenue F(2xy — z, 2y — y) = 0 3amaeT MHOMECTBO, CHMMETPUYIHOE
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MHOKECTBY M OTHOCHTEILHO TOYUKH ¢ KOOPAHHATAME (Tn; ¥n):
8) yparueHue F(y,z) = 0 3a00eT MHOKECTBO, CUMMETPHYHOS MHOMKECTBY
M oTHOCHTEARHO MPSMOl 1y = T.

B{?H JIOKASATEIMTRBH CHEJAYKIT (ULH(]ﬁ H TOM KE CXEeME, [KRTOMY (Fpa-
HUYAMCA AOKA3aTEILCTBOM yTBepKIeHH:A 1. Bbuno mokasaHo, 4To TOUKH ©
Koopaukatamy (2, y) B (—Z;y) CAMMETPHIHBL APYT LPYTY GTHOCHTIENLHO
ocu opauHat. OfosHaunM depes M’ MHOXECTBO, CUMMETPHYUHOS MHOMNE-
cTBY M OTHOCHTENBHO OCH OopAuEAT. Touka A{x;y) OpUHAANE>KUT MHO-
kecTBy M’ TOrga M TONBKO TOrZa, KOrda Touka B(—2;y) mpusEaInex uT
MHOYKECTBY M, UTO HMeeT MeCTC TOrAa U TOJAbKO TOTJa, KOr/a ee KOOp/aH-
HATH! YAOBAETBOPAIOT JAHHOMY YDPABHEHHIO, T. €. TOCAA U TOJIRKO TOL/A,
koraa F( -z,y) = 0. lpoKas3aTcaneTBO 38KOMUCIIO.

Caencreue. Iyers MmHoOkecTRO M 3aano ypasrenwem F(x,y) = 0.
Torua, ecau:
1} F(—z,y) = F(z,y), To MEHOGKecTBO M CHMMETPHYHO OTHOCHTENHHO OCH
OpAMHAT;
2) F(x,—y) = F(z,y), T0o MHO’K€CTBO M CHMMETDHYHO OTHOCHTEJIHHO OCH
adcrcc;
3) F(—z.—y) = F(z,y) unu F{—z,—y) = —F(z,y), 70 MHOXecTBO M
CUMMETPHYHO OTHOCUTETBHO HAYATA KOODIUHAT;
4) F(y,z) = F(z,y), TO MHOXKeCTBO M CHMMETPUYHO OTHOCHTENLHO TIPi-
MOH ¢y = .

3agaua 67, Nzobpaanre MHMKeCTRO, 3ajaHH0e ypasaeduen || +2|y| = 2.

-1 >

Ecmn F(x,y) = |x|+2|y|, To aceo, aro F(—x,y) = Fx,y) u Flz, —y) =
F(x,y), 3HaUUT, B CHIIy CJIEJICTBYA K NpeablAyIel TeopeMme, HCKOMOE MEO-
YKECTBO CHMMETPHYHO OTHOCHTENbHD oceill koopansaT. [lostomy moctaTou-
HO HADHCOBATL 21'0 98CTh, NEAKANIYIID B OJ110M B KOOPAHHATHRIX Y1708, 8
BATEM QTPAZUTRH 88 OTHOCUTETRHO Ocell KoopneaT. BEcmz 2 0ny 2 10, To
MBI TrolydaeM ypaeaenue ¥+ 2y =2, nmm y =1 — ;, 3AATOIIEE TIPAMY),
npoxoadanyio depes rouku A(2;0) u B(0;1). Ha meBoM pHCyHKe MyHKTH-
POM H300DarKeHA 9TA PAMAas U BBIAEIEH TOT €€ OTPE30K, KOTOPHIA J€XKUT
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B IIEpBOM KoOpIWHATHOM yrie. Ha nmpaBom pHcyHKe H300pasKeH0 HCKOMO?
MHOXKeCTBO  pOMO (C BEpIIMHAMH HA OCAX KOODAUHAT).

Ha caenyiomem pucyHKe n30bpasKeHa OKPYKHOCTE 2 + ¢2 = 4 u kxpn-
Basd, 3a7aHHas ypaBHeHneM 2 + 4y° = 4 (HasbIBaeMas MAuUNCcoM).

Bropoc ypaBHeHHEC NIOIYHUACTCH B3 IICPBOTO NOACTAHOBKOM D ICPBOC YPAB-
ncume 2y BMecTo y. Bonee dopManeno, cem Flz,y) = 22 +y2 — 4, 10
F(x,y) =0 — 910 uepsoe ypasuenne, a F(x, 2y) = ) — propoe.
Mokaxenm eme oy kapTunky. Ha coaegyiomes prcylike usofpaskeHn
2
rpadhukn gy = 22 ny = % Pacemorpum roukn A(1;1) u B(2;4), sexa-
IHe Ha nepsoM rpapuke, 0 Toukm C{2;2) u D{4; 8), sexamue Ha BTOpOM
rpacpuxe. Touku A u ¢ nexat Ha npaMoit y — &, Toukd B u D — na
npamoi y — 2.

1o 17273 a0

TIpn arom

GA OB
CNENIOBATETRHO, Tpeyrobaukn OAB u OC D noaoGHBL APYT APYLY € KO-
apdrumenTOM nogobna 2.

2,
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3amaua 68. a) JokaxuTe, IT0 IPH CHKATHE OKPY>KHOCTH B 2 pa3a K OCH
abcuyee BIOIL OCH OPIUHAT TIOAYYHTCA DJ/LTHNC, IAJAHHLIY ypaBHeHNEM
2

a2 4yt = 4. 6) Jokaxwre, @ro napabonm iy = 2uy= I? HOODHBL ©

KoahpumenToM moobas 2.

u) Pacemorpum touky Ma: b), nerxamyio va quaHol okpyxHocera. Ee
06pasoM LPY C2KaIHHA B 2 pasn K OcH opaduar apaxcred rodka M ¢ ko-
OpIMHATAMH {T)%),TAe T = a U Yy = 5 MNockoneky a® + 4> =4, a=xu
b = 2y, To 22 + 4y? = 4. Takum o6pasoM, Touka M’ JeKHT Ha YKa3aH-
HOoM sunce. O6paTHo, ecau Touka M'(x: y) nexKuT Ha 3JIHICe, TO TOUKA
M(z; 2y) 6yncT mexaTh [1a OKPYIKIIOCTH.

3aMCTHM, YTO IIPH [IOMOIIMH YKA3AIIICrD CO00ParkeImsa MLl MOMCM Hal-
TH ILAONT I OOJACTH, OrPEHUEHHON arinuiieoM 22 4 4y? = 4. Pacemorpum
IPABUIBHEIA 270-YTOIBHYK, BIIMCAHHLINA B OKPYKHOCTE pAJHYCa 2, JBe Bep-
LIHHE KOTOPOrO JexKar Ha ocu adcupce, Pazobbem 3T0T MHOrOYrOIBHEK Ha,
JIBA TPEYTOJIbHAKA N 1 — 2 TPATIEIMH BEPTUKATHAHEIME MPAMLIMEA, TPOXOA-
UMY 9epe3 He JIexKalne Ha 0cH abciHee BepIIMHbL JAHHOTO MHOTOYTOIb-
HuKa. [Ipa cxxatun B 2 pasa K ocH aOCIACC IVIOOIAIH BCEX TPEYTOJbHAKOB H
Tpalenuit yMeHbIMATCS B 2 pasa. B peaynsTaTe MbI IOAYYEM 21-YTOTBHHUK,
BIUCAHHBIN B 3UIHIIC, IJIOLALHL KOTOPOrO BABOE MEHLINE IJIOLIBIN HC-
XOOHONO MHOPOY NOJILHUKH., Hp.ﬂ VYBCJAMYCHHHA YHCAE 7L LILAOIAUB UCXOHHOID
MHOTOYTOMRENKA MTPUOIHKASTCT K TIIOMAN KPYTa, & MAONETE «CKATOTOR
MHOIQYTONBHAKA — K ILIOIAAH, orpadntennof smmuncov. Crenoearens-
HO, IVIOIMAIL 3TOE 00IacTH B 2 pasa MeHbIIe IJIOMALA MCXOAHOTO KpyTa,
3HAUYMT, OHA DaBHa 2T.

§) PacemoTpum mpeofpazoBanue TIOCKOCTH, COMOCTABJAIOICE TOUKE
M(a;b) rourky M'(2a;2b). Ecotn touka A(x1; 1) nepemta B Touky A, a
Touka B(x;y2) — B Touxy B’'| 10

|A"B"| = '\/(23:2 - 2;31)2 + (2y2 - 2y1J2 =
= 2\/(33‘2 — :tfl)z + (yZ - y1)2 = 2|AB|!

TAKEM 06PA30M, YKA3AINIOC COOTBCTCTRAC ABRNACTCA NPLOoDPa3oBAIHCM No-
Jobusa ¢ koadubammerTom 2. KoHewHo, MOKEO DRLIO PACCYKAThH PEOMET-
PHUBCKH, GCKOALKY Orpe3ok AB sipasierca cpejneil anHuedl 1peyroiasHn-
xa OA'D’,

Paccvorpam Touxy M({a;b), nexamyo Ha napabone y = 2, 3HauAT,
b = a% Ee 06pasoM NpH YKa3aHHOM MpPeoGpa3OBAHHA SBIAETCA TOUKA
M'(z;y), rae x = 2a u y = 2b. Tax gak 22 = 4a% = 4b = 2y, To TOUKA
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2
X
M’ nexcwr ma mapabone y — = - Obparno, ecan Touka M'(x;y) nexcur

2
Ha Dapabone y = % , TO Touka AM(x/2:y/2) 6yner nexxkarbs Ha napabone

y =z

KoreuyHo, yTBEpXK ICHHSA, JOKA3AHHEIE B IPEABLAYILEH 3a0a4e, ABIAIOT-
CSl JACTHBIMH CIIy49asMi obieil TeopeMsl.

Teopema 10.6. [Iycts MuOKeCTBO M 3a5aH0 ypasHenreM F(x,y) = 0.
Toraa ypapmenue 1) Flkzx, ky) = 0; 2) Flkz,y) = 0; 3) Fz.ky) = 0
38,J8€T MHOMKECTBO, NoNydatoueeca u3 MHOKecTsa M nipu k > 1 cxaTnem
B k pa3, anpn (0 < k& < 1 pacTaxeHueM B % pas:

1) OTHOCHTEIRHO HAYATA KOUD/AHAT;
2) Kk {or) oo op;mHAT BAOAB OcK abenuecs
3) k (oT) ock abeice BAOIB OCH UDJHHAT.

,J‘OKEIBaTe.T[bCTBa IIpABOIATE HE ﬁy,ue.\i, NOCKOJbRKY pacCyM AeHHA B TO'1-
HOCTH [IOBTOPHIOT PacCy2KIeHHd, HCIOMb30BaHHbBIE IPHM PEIIeHHH [Ipesbl-
IDymell 3anaqn,

Onpenenenne mMHox#cecMes, 3a0a4HHE20 HEPAGEHCMBOM, AHAJIOTIYHO O~
peleTeHnI0 MHOXKECTBa, 3aIaHHOre YpabHeHueM. [lon TakoBbIM MBI TIOHH-
MaeM MHOMECTBO BCEX T€X H TOJBKO T€X TOYEK ILIOCKOCTH, KOOPAHHATHI
KOTOPBIX YIOBJNETBOPAIOT JAHHOMY HEDABEHCTBY.

3apaua 69. Hz06pasnTe MHOXKECTBO, 331aHHOES HEPABEHCTBOM:
a)r+24<2,6) |z + 2|y < 2.

a) llepenuiieM NaHHOE HEPABEHCTBO B BHIE y £ 1 —% . Tagum obipaszoM,

x
OHO 38,7aeT TOYKH, JeXanpe Ha rpamoit y =1 — 7 MO0 JIEKANIVE HITKE

ee (JIeBbllf PHCYHOK).

-1

6) BocnonbsyeMmcsa Todt ke umeit, 1To u opu pemenny 3agatu 67. Ko
HEYHO, HCKOMOE MHOMKECTBC CHMMETPHYHO OTHOCHTENBHO OCelf H HavaJsa
KOOPJAVHAT, A& NOTOMY JJIfI €r0 MOCTPOEHHA JOCTATOMHO H300Pa3uTH €ro
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HACTh, JIEKAIIYIO B [IEPBOM KOOPIHHATHOM VIVIE. ITA 9aCTh 38088TCA HEpa-
&

BEHCTBOM § £ 1 — 5 » C180BATENBHO, ABIAETCA TPEYTOIBHUKOM. Okomya-

TeJIBHHIN OTBeT M300parkeH Ha MPABOM PHUCYHKE.

Boobme, sepasencTBo y < f{z) 3a5aeT MHOXKECTBO TOYEK MIOCKOCTH,
JIEJKAMAX Ha rpaduke ganHoll dyeKImA f, AHG0 PACIHONMKEHHLIX HIKE
ero. B wacTHOCTR, JguBeiiHOe HepaseHeTBO ar + by + ¢ £ 0 38088T oqHY
H3 LlOlellJ[OCKDCTCﬁ, ua. .K[J'[‘D]JblC pmﬁﬂﬂﬂﬂ’l‘ HMOCKOC T LHPAMAM, 36081118
yparaeaneMm az + by + ¢ = 0.

[Mocneansas K3 npedaraeMEX B 3TOA TeMe 3a1ad O4eHb XOPOLIO HILII0-
cTpHpyeT TeMy «CBOMCTBA YACIOBHIX HEDABEHCTE».

3amgava T0. H306pasuTe HA KOOPIHAATHON ITOCKOCTH MHOMKECTRA, 3a,c|;aH-

HBIO HepaBm.ICTBaMH: y<x2) % <L 3) 214y <2 5) — é;
6) y® < 7 I.
) v ) <3

M1 OpHBRCACM 3ACCHL TOJILKO OTDRCTLI, PACTIONOXKCIIIENE B «ITPOH3BOLTE-
HOM HODAJKED. l_lpn DTOM HA DTHX HIECTA DUCYHKAX [PABEISHEL OTHETHI K
CeMH 3a.JaHHHAM...
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X/

2aaun A JIOMATITHWX 3aaadaai oo reme 10

1. M306pasuTe MHOXKECTBA, 38/ ]aHHHE YPABHEHEAMH:
1) 2% +y° =2z +yl;2) 2% +y* = 2| + 2y); 3) 2% + y* = 2jz| — 2Jy};
4) 2?2 +y? =1 + 2|y,
2. Mzo6pasuTe MHOXECTBA, 38/laHHbIE HEPABEHCTBAME: &) T2y + 1y < T;
6) (@2 + 9 —2/|z|-1<0B) 2 + 22282 + 4 — 5x? — 53 + 4 < 0.
3. H306pasuTe Ha NAOCKOCTH MHEOXECTEO, 33JaHHOE YPaBHeHHEM |z —y| =
2 — 92,
4. Mz00pazure MHOKECTBA, 33 AHHBIE HEPABEHCIBAMM:

1 1 1
Day<L2y< i3 a<o51) =218 lml <L
5. MzofpasaTe MIOKeCTBO, 3agamioe ypasiendaem f(x) = f(y), o
1) f(z) = 22+3; 2) f(x) = 23+3x; 3) f(2) = 22+22-3; 4)* f(x) = 2*-3z.
6. a) H306pasuTe Ha ILTOCKOCTH MHOMKECTBO, 38J8HHOE HEDPABEHCTBOM
2 + |z + y| € 2. 6) HaltanTe Bee 3HAYEHUA G, TIPH KOTOPEIX HEPABEHCTBO
2 + 7 + a| € 2 uMceT IONOKHTEILIHC PEIICHHS.

7. Haitnure MHOMKecTBa, COCTOSLIHE U3 TOUEK: &) CYMMa KBaJApaToB pac-
CTOSHAH OT KOTOPBIX OO ABYX HAHHLIX TOYEK IUIOCKOCTY PABHA 34IAHHOMY
ypeny; ) pa3HOCTL KBAIPATOB PACCTOSHUY OT KOTOPBIX N0 JBYX JAHHBIX
THEK THIGCKOCTHA DaAFAa 3 /nHHOMY 9RCnY.

8. Hatigute KoopauuaTsl ToukM M', cummerprunolt Touke M (a;b) oTHO-
CHATESTBHO OPAMOH § = —x.

9. a) [Iycts a # b. Jokaxnte, 4ro ypasnenne y = v/—(z — a)(z — b) 3a-
JAeT BEPXHIOK MOAYOKPYXKHOCTh, AHAMETPOM KOTODOH fAB/ISETCA OTPE30K
ocu abcupmee ¢ KOHIaMM B Toukax ¢ H b. 6) 3anaiiTe ypasHeHEneM HIKHIOW
IOAYOKPYKHOCTD, IIOCTPOEHHYI0 HA 3TOM OTPE3KE.

10. PaccMOTPHM MHOMKECTBO, 33,IaHHOe HEPaBeHCTBOM 2 + xy + 12 < 3.
1) BoificHuTe, ABISETCA M OHO CHMMETDUYHBIM OTHOCHTE/LHO! &) Hadalla
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KOOpAUHAT; B) oceil KOOPAKMHAT; B) NpaMOH y = ; T} IPAMOKH ¥ = —Z.

2) JloKajxKuTe, YTO 3TO MHKECTBO COJISPKHT KPYT pajuyca /2 u comep-
SKUTCS B KPYTe Pasmnyca. /6 .

3) Jokaxure, 1170 OHO COASPMUTEH B KBAAPALE €O €TOPOHOH 4.

11. ITpuBegaTe npuMep Takoro Bupaxkennsa F(x, i), aro F(—z,y) # F(x, y),
HO MHOMKECTBO, 3a4aHHOE ypaBHeHmeM F'(z,y) = 0 cHMMMeTpHYHO OTHOCH-
TETBHO OCH OPIMHAT.

12. Mokazcure, uro ecm F(2xg—xz, 2yp—y) = kF(z,y), rae k # 0, To MHO-
JKECTBO, 38JaHA0E VpaBHeHHeM F{z,y) = 0, CHMMeTPHYHO OTHOCHTENLHO
rouka P{zg, yo).

13. ChopMmyaupyliTe WIBeCTHLIE paRee YTREDHERAAs 0 rpadmkax hyRx-
IHMHA, KO'TOPBIE CASAY T B3 ¥ BeIKACHHA, JIOKASAHHBIX B SAHHOA 1eME.
Pewenus aoMawrHRX 3a7ad no Teme 10

1. OTBeTH!  HA PHCYHKAX.

3_‘ 3
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2. OrBersl — Ha PUCYHKAX.

A A

- -
-
\ ! Yy

A J
4
\

\ e

(a) (6)

O6patuTe BHUMaHME, YTO HA MPABOM PUCYHKe mpaMble T = +1 1eJnKoM
BXOJSIT B HCKOMOE MHOYKECTBO, TOT/[a KAK JIYTH OKPYYKHOCTH T2 + y2 = 2
MeXY 9THMH MNPAMBIMHA B HEI'O HE BXOJAT.

B) ITpeobpasyem nepasencrso K Buay (z2 +y? — 1)(2? +y* —4) <0,
otkyaa caeayer, uro 1 < x2 + y? < 4. Takum 06pa3oM, HCKOMOe MHO-
JKECTBO SIBISAETCH KOJIBIOM, PPAHNUIAMH KOTOPOTO SIBJISIIOTCH OKPYKHOCTH
pagnycos 1 1 2 ¢ neHTpaMH B Hauajie KOOD/IMHAT.

3. Ecm o > y, TO MBI NOJIyuuM ypaBHeHMe T — y = x° — y2, wim
(z —y)(x+y—1) =0, Takum obpazoM, y = x wm y = 1 — x. VI3 Touek
BTOPOIi NPAMOit y = 1 — 2 yCJIOBHIO T 2> Y YIOBJIETBOPSET TOJIBKO €€ «HUK-
Hiisl NOOBUHAY: & > 1 —x npu & > 3. AHaJIOrHYHbIM 06Pa30M MOXKHO
6b110 OB W MIPOBECTH HCCIEJOBaHKUE B Npe/nonoxennn, 4ro r < y. O-
HAKO €CTEeCTBEHHEe BOCIHOJIb30BATbCS CHUMMETPHEil HCKOMOro MHOXKECTBA.
Ecom nonoxnrs F(x,y) = |v — y| = (2% — y?), 10 F(—2,—y) = F(x,y),
CJIeIOBATE/IbHO, HCKOMOe MHOKECTBO CHMMETPHYHO OTHOCHTEJIBHO Hadasia
KoopmHar. JobaBus K HallIECHHOMY MHOXKECTBY ero obpas npu CUMMeTPHH
OTHOCHTEJIHO TOYKH O, MOJIyInM OTBET (PHCYHOK).

N ,
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4. OTBeTEH — H& PHCYHKaX.

—
ol

)

-
_

L
L

B
e
e

5. flcHo, 4TO BO BCEX YETHIPEX CIYUAAX MHOMKECTBO, 38JaHHOE yPABHE-
HUeM § = £, OHCCEKTPHCA HEPBONO H TPeThero KOOPIHHATHHX VITIOB
BXOAHUT B UCKOMOE MIIQ¥KCCTBO,

1) Hewn, wro 2x + 3 = 2y + § Torna v TONBKO TOMA, KOTAA T = Y.
TToaToMy McKOMOE MHOMKECTBO COBMAJAST ¢ NPAMOM i = .

2) Huraxknx anredpamdeckux npeodpazoBabuil Ie1aTb HE Hano. Tak
KaK B JJaHHOM CJiydae (pyHKuus f snseTca BozpacTanoeit, to f(z) — Ffy)
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TOr/1a U TOJILKO TOr/1a, Korga & = y. [losroMy oTBeT coBnaJaer ¢ OTBETOM
K 3ajanuio 1.

3) fcHo, 4TO B JAaHHOM CJIydae 10cje Pas3jioKeHns Ha MHOKHTEH Mbl
nosyaum ypasaenue (x —y)(x +y+2) = 0. [Tosromy HCKOMOE MHOKECTBO
ABJIAETC O0beNHEHHeM NPAMBIX Y =T U T+ Yy = —2.

4) B seficTBUTEILHOCTH ellle HeT TeXHUKH, M03BoJsomeil n306pa3urh
orser. [locie pasiokeHusi HA MHOXKHUTENH Mbl [OJYYUM YpaBHEHHE
(z — y)(z® + zy + y* — 3) = 0. Ypasnenne z° + zy + y*> = 3 3amaer
JHIIC, CHMMETPUYHBIN OTHOCHTEJIBHO OGHCCEKTPHC KOOPAMHATHBIX YIJIOB
(pucyHok).

-2

-2

6. a) Hanumewm gannoe HepaBeHCTBO B BHJE |7+ y| < 2 — 2% u paBHO-
CHJIBHYIO €My CHCTeMY HepPaBeHCTB

:r+y$2-.1:2, y$2-:c—a:2,
2 HJIA 2
r+y=axt—2, yzzt—x—2.

[lepBoe n3 HepaBeHCTB 3ajaeT MHOXKECTBO TOYEK, JIesKallUX HHUXKe rapa-
6oabl y = 2 —x — o (nIu Ha Heit), BTOpoe — MHOXKECTBO TOYEK, JesKAIHX
BhiIIe Napabobl y = r2 —x — 2 (wm Ha seit camoit). [Tosryuennas cucrema
3a/laeT UX OOILYI0 YacTh (MepeceveHne), KAKOBBIM SABJISETCH MHOXKECTBO,
OrpaHHYEHHOE JlyraMi 9THX Mapabost MexK/[y TOUKaMH HX repecedenust (Je-
Bblif prcyHok). Tak kak 2 —x — 22 = 22 — 2 — 2 npu & = +/2, T0 THMH

Toukamu asasorea A(vV2;—v2) n B(—vV2;v2).

>

v
v

\
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6) BosbMes HPaByIO TaCTh NOCTPOSHHONO MHOMKECTBL {IpaBelil pECy-
HOK HA mpefmaynieft cTpanune). Ha reoMeTpuadeckoM A3HKE NOCTABIEH-
HEIH BOTIDAC ABYYHT TAK: MNP KAKHX 3HAYCHHAX 4 TORWIOHTATHEHAA MDSETMAaH

n 9
I = 1 NeEpeCerasT 9T MHIBKECTRO ! Oreer OMEBH/IBHI 1P O = [_T, 2)

7. O6o3nauny uepes A u B nanasle Touku. ¥ momgepkHeMm mpexie
BCEro, YTO HaM COBCeM He 00S3aTe/IbHO CHHTATE, YTO «KOODAUHATAMU TOY-
K1 A gB19eTCA HEKOTOpasd mapa (] i1 ), & KOOpIHHATAMHE TOUYKH B — napa
(a;y2)». deno B oM, wro MbL BupaBe BRIOPHTH CHCTEMY KOOPUMHAT TOK,
Kak 3axoTHM. TToaToMy BLISCpPEM ce TAaKHM obpasoM, yTobu! Toukd A m B
JIeAJTH HAa (H ﬂ.ﬁCl[ﬂﬂC H ﬁ'hT.TIH 6}.»1' CAMMETDHHLI OTHOCHTEJTHEH( HA'TTAJA
KOOpAMHAT. A moToMy HaM aaHu ToukH A{a;0) 1 B{—a;0).

a) Koopamnarras sanuce pasencrsa |MA|? + |MB|? = ¢ ameer suz;
(z—a)+y*+ & +a)? +1* — ¢, wm 2(z® +¢°) — ¢ - 2a°.

Buarmt, e ¢ < 2a?, wm 2¢ < 402 = |ABJ?, To Takux Totex He cyie-
cTByeT; ecn 2¢ = |AD|%, To Takoi#t TouKoON ARMAETCA CePeTHBA OTpPe3Ka
AB; ecan #e 2¢ > |AB|?, To MCKOMBIM MHOMKECTBOM ABJAETCA OKPYK-
HOCTB ¢ LEHTPOM B CcepenuHe orpeska ADB, pamuyc KoTopoil pasen

%—oﬁ =%\/20— |AB|?.

6) Koopauuaruas sauuce pasescrsa |[MB|2 — |[MA|? = ¢ umeer suy;
(z+a)Y+y —(z-a) -y’ =c, wmdar =c, wiu r = %.

BHH‘IH'J.', HUCKOMBIM MHERKECTBOM HBAHETCH []])HM 1, l[ﬂ]}llBH).[HKleH[)HﬂH Or-
pe3ky AB.

8. Koopaunatu Ttoukn M’ pasawt (—b; —a). do oTeeTa HEIPYOHO Aora-
JaThCA, A IOKA3ATENLCTEC OPOILE BCETO NPOBECTH CASAVIONIUM O0pa30M.
IlpamMble y = T ¥ y = —I cOAep:KaT CpeAHHe JUHHN TPEYTOJbHHUKA C Bep-
IIHHaMH B Toukax (a:d), (b;a) u (—b; —a), oTKyza u caegyer TpeGyemoe
Y TBEPKACHHUE.

Mpueeaeym u Gonee noapobroe paccyxkaenue. Ilyers Torika M’ cuvmer-
pu4Ha TouKe A OTHOCHTENBHO NMpAMON § = —r, & ToYka M) CHMMeTpHYHA
rouke M oTHOCHTENHRO mpaAMOR ¥ =  (CM. PUCYHOK Ha CJIeAYIONEN cTpa-
HHLE).
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M

M

M,y

Tlockonbky npsiMpie ¥y = Uy = —& HEPHECHAUKVIAPHE, TO oTpesok MM’
NapaJuie/ieH IlepBoil U3 HUx, a oTpe3ok MM, — sropoit. [losToMmy >TH npa-
MBIE COJEPIKAT CPeHAE THHUM Tpeyronbuaxa A M| M, 3HavdT, Touka X
IICPeEcYCIEa CCTL cepenuna oTpeaka M Af;. Tak Kak 3TH NpaMbic niepe-
CEKAKTC B HAYANE KOONTMHAT, TO HAYAN0 KOODJAWHAT W €CTh CEpPETHAL
orpeaka M'’'M,. Takum obpazom, Touxu M’ u M cuMMeTpHUHEI OTHOCH-
TEIbHO HAYAJIS KOODIHHAT.

Ecnn (a;b) — koopauHaTsl Touku M, To, Kak H3BECTHO, (b; a) — Koop-
JUHATHI TOUKA My, nostomy (—b; —a) — KoopauHaTs! Touxu AL

3aMeTHM, YTO AN JAOKA3aTEIbCTBA CHMMETPHYHOCTH ToveK M’ u M,
OTHOCHTEIbHO HAYa 18 KOODAHHAT MOXCHO BBLTO BOCOONB30BATLCA TEM, UTO
KOMTIOZHOMSA JBYX OCEBEIX CAMMETPHI OTHOCHTENbIHO IePHeH UK Y. IAPHLRX
MPAMBIX CCTH [CITPAILIAA CHMMCTDHE OTHOCHTCALIID TOUKH NCPCCeYCIIHS
IITHX llp}'ll'r'lblx.

9. a) /lanHoe ypaBHeRHEe PABHOCHABHO CHCTEME

(x —a)(x —b)+y*> =0,
y =0

[IpeobpasyeMm mepsoe ypaBHeHME K BHLY:

2
(;r— a+b)2+ab—(a+—b)—é—

a+b2 o (a=0b)
2 3 A

yzzo,mm(x— > 1

lee — B

Takwuyv 06pasoM, ypaBHEHWE CHCTEMD 3a,TAET OKDYKHOCTH PAJIHYCOM - 3
a+b

H OEATPOM B TOUKe ( + ;0) ocu abcumce. Yemosre y = 0 o3Ha9aeT, 910

MBI TOMZKHBI B3ATE TOMKHU 3TOM OKPY2KHOCTH, JI€2KAlNHE B BEPXHEN MoJy-

INIOCKOCTH.

6) Koneuno, sto ypapmenue y = —+/—(x — a)(x - b).
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10. Coegyonmii pUCYHOK €CTh BILTKOCTPALNA K 3aIaHAAM 2 | 3.

1) Honoxam F(x,y) = 2?+xy+y?—3. Tak kax F(—z, —y) = Flz,y) =
Fy,x) = F(—y,—z), T0 JaHHO® MHOKECTBO CHMMETPHYHO OTHOCHTESIb-
HO Ha4aJa KOOPIUHAT W NpaMbiX y = +z. KoHeuno, MBI He JOKa3HIBATH
AIAJIOTA, TEOPEMB] 0 CHMMETPHYHOCTH MAOKECTBA, 30,IAHHOI0 YPABHEIIHEM,
ONHAKG HET HHKOKWAX COMHEHHHA B TOM, 9TO {1HA BepHA (H JHOKASATE TRCTRO
HUYEM HE OTJINIA8TCH ).

Koneuno, F{—ix,y) # F(x, ), HO OICI0LA HE CASLYET, 'I10 JEAHHOE MHO-
JKECTBO HE CHMMETPYYHO OTHOCHTENLHO OCH OpAMBAT [CMOTPHTE 3aady
11). Heobxoammo Tounoe paccyxkaeHve. PHKCHPYeM 3HadeHMe y = € K
PACCMOTPHM EepecedeHne JaHHOTO MHOXKECTBa U IIPAMol i = ¢, rae ¢ # 0.
Afcnucesl TOYEK TOro MepeceveHHs SABASIOTCE pelnleHHeM KBaJAPaTHOrO
HepaseHcTBa T2 + ¢z + ¢ — 3 £ 0. Tak Kax ¢ # 0, To IPOMexKYTOK [x1; 2],
SIRJISIONIMMCA pellleHHeM 3TOrC HePABEHCTBA, HE CHMMETPHYEH OTHOCHTE Ib-
110 17yng. CreIoBaTenLHo, H JAHIIOC MIICXKCCTBO IIC CHMMCTPHYIIC OTIOCH-
T&/1bHO OCH OPAMHAT.

AH&JIUL‘H‘IHI)]M U6p8.30M ANKASBIBAESTCH, 1T HEHHOE MHOXKECTBO He CHM-
METPHYHO W OTHOCHTENRHC OcH adcice.
x2 + y2

2
Taxuy obpazomM, BCAKAS TOUKA KPYTa pajuyca v/2 IPUHAIJIEKHAT JaHHOMY
w2 4 2

2

2) Ecnn %+ y2 L2, 0T X < 1, nostomy 2 + 2y + % £ 3.

muaxecrsy. Ecin 22 4+ xy + 4 € 3, 10, HOCKOUBKY Ty 32 —
MECTD HEPARRHCTRO

. HMeeT

2 2 2 2
Tty '2"?* =m2+ye—#$m2+y2+l‘y$3s

3HAYUT, 2+ y2 € 6. Takmv 06pa30M, BCAKAS TOMKA ASHHOTO MHOMECTEA
JIEXKHT H B KDyTe pajguyca \/6
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3) PaceMoTpuM TOPH3OHTANBHYIO IPAMYIO ¥ = ¢ K HAllAeM Bee 3Hatde-
HH3A ¢, IPY KOTOPBIX OHA NEPECEKASTCs ¢ AAHHBIM MHEMKecTBOM. HepaBen-
crBo 12 + ex + 2 — 3 £ 0 umeer pemerw, ecnm ) = ¢f — 4(c? — 3) =
= 12 — 3¢ = 0, uosromy le] € 2. CueloBaTeNbHO, NAHHOE MHDKECTBO
nexxut B mosoce ¥| € 2. Tak kaKk OHO CHMMETPHYHO OTHOCHTEILHO MpH-
MOl ¥ = %, TO OHO JEXHT H B BepTHKaJbHOI momoce |#| < 2. 3maunr,
OHO COAEPXKHTCH B NEpPecevyeHdH STHX [0.I0C, KOTOPCe B €CTh KBaJpPAaT €O
CcTOpOHOH 4.

11. Hanpumep, F(z,y) = (|| — Dy(|z — 1| - 1)

12. PaccmorpuM MHOXECTBO M, 3anaBEHoe ypasHeHueM F(z,y) = 0.
Kak 610 nokasano, yparHeHwe F{2xg — x,2y9 — ) = 0 39,78eT MHOKE-
cTBO, cumMeTpHEIIIOC M oTiocurenniio Todxku F. Oanaxo w3 yenoBud 1a
F cnepyer, aro Fx,y) =0 < F(2x9—x,2y9 — ) = 0. Taknm obpasom,
ypasuenue F(2xo — x, 2y — ¥) = 0 3amaer To XKe camoe MHOKecTBO M,
OTKYJa M ClleAyeT, YTO OHO CAMMETPHYHO OTHOCHTEIbHO TOIKH F.

13. IIpuBeseM HECKOIBKO MPHMEPOB TAKHX YTBEPXK/IeHH!T (MBI OTpaHy-
YUMCHA CBOHCTBAMHM IPahUKOB YETHDBIX ¥ HEUETHBIX GYHKIAL).

HsBecTHO, uTO rpaduk 9eTHON (yHKIHA CHMMETPHMEH OTHOCHTEIBHO
ocu opauHaT. BrisegeMm sTe yTBep:xieHue us Cremcreua Teopemnul 10.5.
Ilyers f — Hexoropas dyukoua. Ecan F(z,y) = v — f(z), 10, Kax yxe
6LUTO CKAZAHO, MHOXECTBO, 3aJaHHOe ypaBHeHueM F(z,y) = 0, u ecThb
rpaduk byuxknue f. Eemm F{—z,y) = F(z,y), To MHOKCCTBO, 33JaHHOC
Y[ABHEHHUEM F(.'f,', y) = ﬂ' CHMMETDU HD (THOCHTEABH OCH OPJIHRHET. H(T-
HO, YTO YKd3aHHOE PABEHCTBO HMEET MECTO TOrJAa M TOMbKO TOIJa, KOTAZ
Gbyukuua f — geTHad.

Yreepxgenne o ToM, uTO rpadbuk dbyskoum g(x) = f(—&) cummer-
pyden rpaduxy GyHKIKN f OTHOCUTENLHO OCH ODJHHAT, €CTh CJeICTRHES
myaxTa 1 Teopemnr 10.5.

Haxkosen, yTBep>K/eHHE O TOM, YTO IPpapHK HEYETHOR (DYHKIHH CHUM-
METPHMYEH UTHOCHTEABHO HEYaNa KOOPAWHAT, €CTh YaCTHbIN Cy4dall IyHK-
ta 3 Cacacersus reapembr 10.5.

Tema 11. ITpeobpasoranns rpacdpukor HyHKIHH

Bagaua 71. IMokaxure, 910 napabona y = 2 4x | 3 moxer Boirns

Oy IeHa. U3 CTﬁHﬂ;ﬂ.pTHDﬁ nﬂpaﬁﬂ.ﬂhl y= :[.'2 TTPH NMMOMONIA NapasfielbBHOro
HepeHoca.

Kazanock 6wl, a 9To 3geck Jokasmears? Haxogam sepumuy A(2; —1)
napabonsl ¥ = r2 — 4x + 3 ¥ TOBOPHM, UTO, 3HAUKT, Napabony ¥ = 2 Haxo
CABHHYTL Ha 2 €IMHHIE BIPABO U Ha | ¢IMHMIY BHH3 (PHCYHOK).
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Koueuno, pepumna mapaboisl y = I° — HA4al0 KOOPAMHAT — TIPH YKa-
3AHHOM CIBUr€ [EpeifieT B TOYKY A, HO HHOTKYZA CJIELYET, 9TO IPH Ta-
KOM CJBHTe BCE TOUYKH NepPBOil mapalolbl OKAXCYTCH Ha BTOPOI nmapabone.
Apyramn cnopaMy, nodeMmy <gopMas mapabosibl 3aBHCHT TONBKO OT KO-
adpcbumactTa, npa 2 7

Camoe BpeMa BOCIIOILIOBATBCA TEOPEMOR U3 NPEIbI Ay Mg TeMbt, s
sroro nonoxuM F(x,y) = y — z%. Vpasuenue F(z,y) = 0 3a,73eT nepsyio
napadony. BeigenuM nonHbllt KBaApaT u OpHBEIEM YPaBHEHHe BTOpoit Na-
pabontt K BEAY ¥ = (£ - 2)? - L,mmy + 1 - (z - 2)2 = 0, ¢ e
F(zr — 2,4+ 1) = (. CaegoBarensio, 004 ¢CThH PEIYILTAT HAPALIEILIONO
nepednca napafoubl § = 72 Ha pekrop a(2; —1).

3anaua 72. Obobumre yTBepXNIEHAE IPeIpIyIIel 383491,

Mapabota ¥ = ax? + bx + ¢ MOeT OBITH MOAYYEHA MAPaNIeTIbHBIM
neperocoM i3 napabonwr y = az?. [Iposezev cranzapTHOe npeoGpaso-

. gz’ - by, B -t
BaHHe: ar 2+ br+c = az+ 20,) + ¢ — - HIONOXUM Zg = —5 - H

Yo =¢C— i—a. Ypasserne napabosik probpesio saa y = a(z — Tg)? + yo.
wim y—yo—a{z—0)% =0, 1. e. Flr—mxg,y—yo) =0, vae Flx,y) = y—ax?,
OTKYAA H CIeNYeT, YTO OHa NOMY'AeTCH NapallelbHBIM [TEPEHOCOM Mapa-
Bonbl Y = ax’.

3anaua 73. Ob0b1HMIe YIBEDKIEHHE IPRIbLAYIUEH 330854,

Ecmn g(z) = f(x—a)+b, To rpadux GHyHKINN g MOMYUaeTcsa U3 Tpadu-
Ka ¢HYHKUEH f Npy NapanielsHoM NepeHoce Ha BEKTOp ¢ KOOPAHHATAMH
(e;b), T e. Opu capure HA @ eAUHAL BAOJHL OcH abcumec u Ha b enpHubL
BJOITE 0CH OPAHHEAT. TTPH 3TOM HATIPABIIEHHE (JIBATA 3ABUCHT OT 3HAKA (0~
oTBeTCTEYIOWEerc Aucna. Jefictearensno, nonomsus F(z,y) = vy — f(z),
HOMy9HM, 9T0 ypasHenne F{x —a,y—b) =0, T e. y — b— f(z —a) =0,
U ABASeTCA ypaBHeHMeM ¥ = f(x — a) + b = g{x), 3amawonmmM rpadux
Gbyukuua g,
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3anaua T4. llocTpoiite rpaduku npodHO-THHENHBIX YHKLME:

x+1 w— 1"
2mbl 221 1
Tockoabky — T o 21 i rpadrK nepBoit OVHK-
WA TONYYAeTCa M3 rHnepboibl y = —— TPV TOMOITH CBHra Ha 1 BIeRO

(BHOsIB OCH abcuyce) u Ha 2 BBepx (BIOIb ocu OpAMHAT). B wacTHOCTH, He-
KOMHIH rpacuk ecTh rurepbona, aCHMITOTAME KOTOPOY SIBASIOTCS MpsMble
z=—1ny=2 (neBbilt PHCYHOK).

-

o
Ny

(a)
20 -1 2¢ -2+ 1
-1 -1 .
MOJYI8eTCHE U3 rNnepGonsl y — = TIPH OMOIY APAJAENLHOIO TIPEHOCA
Ha 1 BnpaBo ¥ Ha 2 BBEpX (IMpaBbiil PHCYHOK).

AHAJIOTHYHO, -2 + o7 ! —7 » mosTOMY BTopofi rpacduk

3agaua 75. ChpopMynupyiiTe U NOKaXKKUTE YTBepKAeHIE O CBA3M rpadu-
KOB (byHKUKE npeablIyiuelt 3azatm.

Wz pucyHKoB, Ha KOTOpPBIX H3o0paXkeHh! rpathuKy 5TUX (MYHKLUHAN, sfc-
HO BHJHO, ITO 3TH TPathHKH CHMMETPUIHBI OTHOCHTEIbHO OCH Op,H,HHa.T

Hokaxem 3To yTeepkaenne. Ecm f{x) = %_:1 10 f(—x) = %_:11 =
22 —1

— - A Kak GBUIO OKA3aHO B IIpeIbay il Teme (cM. 3aga4ay 13 qomam-
Hero aaaans mo reme 10), rpadwkn dyakuai f(z) v f(—1) cimveTprank
ADPYT ApYTY OTHOCHTENBHO OCH OpIHHAT.

az + b
T+
Sanaua 76. ChopMymupyliTe 1 fokaxkute obliee yTBepKIAeHNe 0 rpacdu-
Kax apobHO-THHERHBX DyHKUIai.

DOyuxupn Buaa f(x) = HABHIBAKTCA OPOGHO-AUHETHVAMY.
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x+ b
£+c
HEKOTOPOH THOEPOONBl y = % PR NapaiiefbHOM NEPEHOCE Ha BEKTOP
(—ey a). JeiteTputensiio,

I'padur apodbno-nunechnoit ¢ynkuan f(x) =

[IoAY4acTCa H3

a:r+b=a:c+ac+b—ac_a+b—ac_a
z+c T+c - r4+c T+

rne k=h—ar.

3anaua 77. okaxnTe, 4TO TOUKaA Nepeced¥eHus aCUMIITOT ABASETCA NEH-
TpOM CHMMETPHH CHnoepboanl — rpacduxa JpoOHO-THHEHHON GyHKINH.

[Mockoabky dyHkoud y = % ABJIHETCA HEYeTHOH, TO HAYAIO KOODAHHAT
€CTb LEHTP cuMMeTpHl e rpacduka. [Ipi mapaineasHoM OepeHoce runep-
Bonsl y = % HAYAJIO KOODIUHAT NepeiIer B TOUKY (—¢;a), KOTopad U ecTh
ar +b
T+c
3ana4ga 78. Haligure ycioBHEe Ha qHMcIa g U Yo, OPH KOTOPOM TOUKA C
KOOPAMHATAMH (Fo; Yp) €CTh UEHTP CHMMeTpHH rpaduka pyHxmman f.

TOTKA TIEDeCeYenwda aCHMITOT I“HFI(_‘.[]GOJ'IH =

Pacemorpam touxy M(x; f(x)) rpaduxa dbyuxmmi. Touka M, cum-
MeTpuuHaa TouKe M oTHocHTenbHO TOuRM P(rq; yg), HMeeT KOODIUHATHI
(220 — 23 240 — F(x)). 1A TouRa nexuT Ha rpaduke dynkuun f(z) Toraa
H TONLKO Torza, korga f(2ze ) =2yy f(z). llomygennoe cooTnonrciiue
yA0DHO TIEPennCaTh B BHAE:

Fle) + f(2e0 — x) = 2y0.

3&MGTHM, 9TO SCNTH TTOJIOXKHTD B 3TOM DABSHLTBE T = Iy, TO MBI MIOJIYYHM,
aTo Yo = f(xn).

[IpuBeneM Tak»ke | Apyroe, 6onee hpopMabHOe, PEIeHHe ITOH 3a1a4H,
CBCOA €C K YACTHOMY C/Yy4alo YTBCPKICHHS 3aga4 12 JOMBaILuEcro 3aia-
Hus 10 upespyywed reme, Ionoxum B = —1. Ecam Fla,y) = y — f(x),
o parercTBo F(2z9 — x, 2yy — y) = —F (x, ) nprobperaer rAjt

2 —y — f(2x0 — ) = f(z) — y, v f(z) + f(2z0 — ) = 210-

Banaua 79. Hall,imre nearp cummerpun rpadmka kybuaeckoit ryHxoum
flz) = 32% — 2°.

BocnonesayemMca peayasTaToM npeablaymedt sanada. nciao zo K0mKHO
6pITh TakuM, 9TODB cyMMa f(x) + f(22p — x) Be 3aBHCENA OT &, T. . ObLIA
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IIOCTOAHHBIM YHCJIOM. HOBTOMY MPOBEICM MNPAMOES BEIYHCIICHHES.

f@) + f(2x0 — x) = 3% — z* + 3(2x9 — 7)% — (220 — 2)® =

= 322 — 23 + 1223 — 12207 + 322 — 823 + 1228z — 62022 + 2% =
— 1222 — 823 + 12(x2 — xo0)z + 6(1 — xy)z>.
Ilonyuennoe BeIpaxenne He 3aBuCHT OT & np Iy = 1. [logcraeue B Hero
zg = 1, moxyumrm, uTo 2y = 4, oTKyJa Yy = 2. Ha pHcyHKke uzobpameH
rpacux srofi OyHKIHE.

3amaga 80. a) 3amatite dopmynol GyHKIHAK, TPpahHK KOTOPOH IOy IeH
u3 rpaduka bynkmy f(x} = /T NoCIef0BATENPHBIM IPHMEHECHHEM CJIe-
JYIOmMUX npeobpa3oBaHnil: cxaTud B 2 pa3a K OCH OPJAHHAT (BIOb OCH
adcurce) U NapaiiesibHbIM IePeHocoM Ha 1 BIpaBo (BOOMBL oCH abCIIHCC).
6) Onumurte npeoSpa3oBaHns, OCIeJOBATebHBIM IPAMEHEHNEM KOTOPBIX
u3 rpacduxa byaxuua f(z) = /T nonyuaeres rpachux Gyaxnau g(z) =
=+2r—1.

a) 3 TeopeM NpeIbLAYINEro pasiena cieiyeT, UTO NPHA CKATHW Ipa-
¢uka dyakoun f(x) B 2 pasa Bgonp ocu abcumEce Mbl NOJYYHM Cpaduk
dyuxupa f(2z). Ha sepov pucyHKe OyHKTHPOM @306payxen rpaduk gan-
nott bynkouu f{x) = /T, cILIONNIOH JHIACK — NPOMCHKYTOYNLIE IpadiHk
y = V2r.
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Heno, 9To nocie mMpEMeHEHHS BTOPOTO IPeobPa3OBAHNE Mbl HEKAK HE MO-
JKET TIOAYYHTL rpaduk ¥ = V2¢ — 1, xora Ol NOTOMY, YTO 3HAYEHREM
amoro kopHs npu £ = 1 graserea 1, a me 0. Tak » vem xe peno? Jle-
JIO B TOM, “I'TO UPH CXATHH B 2 pada Mmbl 1100yauae rpaduk (pyHKouy
filz) = 2z, a mocie capura Ha 1 BOpaBu MBI 0OIYyHMAN rpadHK byBK-
me fo(x) = filz — 1) = /2(x — 1) = v2zx — 2. Ha npasoMm pHCYHKe
HyHKTHpOM H300paskeH rpacdmk $yHKIAN fi, CILIOLHON JMHHEH — rpa-
duk dynxi@n fo.

6) TlosToMy s Toro, uTobsl U3 rpaduka y = /22 OONYIHTb Fpa-
duk ¥y = +v2r — 1, Hago nepBsill rpadHK CABHHYTH BOpPaBO He Ha 1, a HA

%. HedtcTBrTenbHO, TOrga Mbl moayduM rpaduk byaxkonm f, (x — %) =

— 2 -3) - VI 1.
3anaga 81. 3anaiire onpol dopMynon dyrkime, rpadmk koTopol wEob-
PaKeH HA CIeAYIONIEM PUCYHKe.

2
1

-2 -1 0 1 2 3 4

PaceMoTpEM ceayIONHMe TPH rpadHuka, I0CICOMHM H3 KOTOPLIX SDAA-
eres gannbiii rpadmk.,

Z 2
-2 -1 \1/§ 3 4 3 _q 1 2 3 4
-1- 1

Ha neBom pucynxe msobpamenst rpadbuka y —= |z — 1| my = |z - 1] - 1.
OTpasyB OTHOCHTEJNBHO OCH ABCLMCC NEXKALLYK HEMKE HES YaCTh BTOPOTO
rpachuxa, Vb ¥ moJayyunM uckoMuii rpadpux. [Nocneauee npeobpazoranne
ecTh nmepexoa ot rpaduka byaxumn f(r) k rpabuky dyekuan |f{z)|. [lo-
5TOMy OTBeT B famnof 3agade: f(z) = ||z — 1| —1|.

INoctpoenne rpadhUKOB OPH MOMOIIY COHCAHHBIX OpeobpasoBaHAl ecTh
CBOETO POJa <«Urpa», YBAEKAThCA KOTOpo! He cTOMT. llenelt pemrenns no-
,EEOGHBIX 38245 ABC: IIOJIYHCHHE OIIbITA B [IOCTPOCHAN Fp&CbP[KOB HECHIOMHDBIX
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CTAHIAPTHBIX (DYHKONE H MOHHMAHKE TOTO, YTO [PH H3IMEeHSHHH NODAIKA
npeohpa30BaHMll MY KOMIIO3HUMA U3MEHACTCH, YTO BXOIHT B NPOTHBODE-
YWE CO CTEYIONHM MPUBRIYHEIM TPABANIOM apnbVeTukn: «OT nepemMesh
MerT CHAaSMBIX CYMMA HE MEHHCTCH», 9’1‘0 ell'b [lethlﬁ LMED HEeKOM-
MYTATHBHOCTH ollepallifi B MaTeMAaTHKe.

PaccmorpnM elle oo npeodpasopaliue rpadHkoB. B kKauecTBe nepso-
ro MpuMepa CpaBHUM rpaduku mpocTedneit nunehnon byuxkuwpn f(z) — x

H npocTelimeit o6pATHOR TPONOPIHOHAREROCTH ¢(1) = % {prcynoK ).

Tak kak f(1) = 1 = g{1), 1o rpadukn byaxumi EMEOT 00IMYI0 TOYKY

A(1;1). Tuk kaxk f(2) = 2 u g(2) = %, TO paccrosHue 10 ocd abeyuace

OT TOYKH (2; L ) BTOpOrCe rpadguka oGpATHO NPONOPUMOHANBHO PacCTOS-
HMIO A0 9TOl ocH OT To4KH (2; 2) nepsoro rpacmka. Ilpu stom dbyeKOUA
f saBasierca Bospactaomel, a GyHKOHA g YOLIBAET HA KAXKIOM W3 Jyuel
(—o00;0) & (0; +o00). IIpr Bece BoiblieM yBEINYCHHN 3HAMCHUA apryMeH-
Ta 3HAMEHHE MepBol (DYHKIMH CTAHOBUTCH Bee BOIBIINM, COOTBETCTBEHHD,
sradende g(r) Bee bBonee mpulnmkaeres K Hymo. CooTReTCTREHHE, OCh abe-
LMCC HBJASETCH ACHMINTOToi rpaduka ropoi u3s 3rux GyHkimi. 3HaeHue
z = 0 He BXOAWT B 00NACTb ONpeAc/cHHA BTOPOH (DYHKIHMH, OPHA ITOM,
yeM OoJiee OMMBKHM K EYIK ABAACTCS X, TeM GOJbINMM IO MOAYIK CTa-
HOBUTCH 3HAYeHHe g(x), OTKYZa H CAeAYeT, YTO M OCh OPJHHAT ABIRETCH
ACHMIITOTO! ee rpaduka.

Cy1b cBaA3M 3TUX DYHKIUMEA cocTouT B ToM, uto f{xr)g(x) = 1 npm seex
JOMYCTHMBIX 3HAUEHUAX GPLYMEHTA.
3anaua 82. U306pasure rpabuk dynxuun f(z) = Cy—— i -

[IyHkTHpOM Ha cAeAyIeM PHCYHKe M300paxeHa mapabona, SBIso-
maaca rpadukoM byrkmmn glz) = 2z — x2.
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Tak kak g(z} = 0 npn =z = 0;2, To DhyHKUHA [ HE ompeeseHa NPH THX
3HadeHnAx aprymerTa. Bemm z Gyzer Gimsko k O mam 2, 1o g(x) madno,
COOTBETCTBCHHO, 3HaueHEe f (1) Besmko no mogyaw. Takum o6pasom, npa-
Mble £ = 0 u & = 2 ABAAKTC acuMnToTaMu rpacduka pyuknuu f. Ecau
3HAYEHHA apryMeHTa & BEIUKM o MOAYIIO, TO H 3HaueHHA ¢(r) Benau-
K# @, coorBercTeediio, f{r) Meno. l'akum obpazoM, ochr abcipce ABILCT-
ca acuMmirrorofl rpaduka 3Tol dynkuur. Tenept 3aMeTuM, 910 PYHKOHI
J saBmsietcst koMiozuumedt hyHKUUN g U oOpaTHON (1POIIOPIMOHAIBLHOCTH
Y= %, vOrmsaonell Gyaxkmel Ha kakmaom n3 ayuel (—oc; D) v (0; +ox).
[Tostomy ¢yrkuma f yObBaeT Ha KaikKAOM M3 IPOMEACYTKOB (—00:0) H
(0; 1], Bo3pacTaeT Ha KazKIOM M3 NPOMEXKYTKOB [1;2) 1 (2; +o0).
Cdopmympyem B o6nieM BHJE YTBEPXKIeHHE, HCIIONB30BAHHOE B KOHIE

PELIEHHA OPEABLIYIIeH 3808491, SBIAI0IeeC NPAMBIM CIIeICTBHEM OOIIETO
VTBCKACIIHA 0 KOMOOZHITHH MOIOTONNLIY (bYHKIGMHN.

Teopema 11.1. Ipeanonoxkum, uto GyEKIEA f U g CBA3aHB COOTHO-
wenueM f(x)g(z) = 1, bynkuna f coxpanser 3nak u Bospacraer (ybbiba-
€T) Ha HEKOTOPOM HPOMeKyTKe. Toraa Ha SToM npoMexKyTke pyHKuuA ¢
sABAsIeTCH YOBIBaOIIEH (COOTBETCTBEHHO, BO3PACTAIONIEH ).

B zakmiouenre 3Toit TeMbl BBeJeM HOBOR NORATRHE. HasopeM unsepcueil
omaiocumeanito ocy abcyuce npecodpasoBAITHC, KOTAPOE TOYKE ¢ KOOPZAHUHAa-
ramu (0;b), rue b # 0, coHOCTABIMET TOUKY € KOOPUMHATAMH (u.; é ) Kax
CRelyeT W3 pPentenust Nperayned 3atass, rpadbuk dyakgpn f(x) w no-
ayuanca u3 rpacduka GyHKNuA g(2) OpH TOMOIIMA HHBEDCHH OTHOCHTEILHO
ocu abcupcc,

3aJavn i JOoMallHUX 3aaadnii mo reme 11

1. TTocrpotite rpaduk dbyakupn f(x) = 2% -2z -2z — 1

2. a) Ooumnre npeobpa3oBaHHA, IPH NOMOIYM KOTOPHIX H3 rpadmka
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= /T noayaalorea rpaduku dyaxkuuit f(r) = |z —2| u g(z) =
v |z| — 2. 6) IocTpoiite rpadpnkn 9THX QyHKIHIL.

3. a) YkaxuTe Ha npueedeHHEIX prucyHkax (a)—(r) rpadmwke dyHKUIRAN:
filz) = {lz+ 1| = 2, falw) = (lz] = 2)* + 1, fal2) = (lz - 2| + 1)?,
Fa(x) = (Jz| + 1)% — 2. 6) YKaxuTe NOCIEACBATEIBHOCTD NIPe0dPA3OBAHNE,
TOCPEACTEOM KOTODPHIX IpadiKK 3THX GYHKIHA TOMYYaloTCa U3 CTaHAApT-
HOH napabonH y = 2.

4

I =

4
3 3
2 2
1-

2 1 1 2 3

4. Onunmute npeobpa3zoBaHKs, OHAM N3 KOTOPHIX SBJSETCA TAPAILIE b
HBIH NEPEHOC HA EAUHULY BAOAL OCU afCLMCC, IPH IOMOILH KOTOPBIX H3
rpaduka y = /x noayuaercsd rpaduk y = +/21r — 1.

5. IoctpofiTe rpaduk dpyHkmun y = |w|::_ 1°

6. 3azaliTe oaHolt dbopMyacl GyHKIUNI, IpadmK KoTopoll n3obpaxked Ha
CNEAYIOMEN PHCYHKE

210 1 2 3 4 & &
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2

fz()_w

7. IocrpoiiTe rpadmkn byuxamit fi(r) =

z* — 2z
R = m s

8. JokaxaTe, yTo mobbe aBe Dapabonsl 0OJ0OHE,

:c2+1

9. H3BecTrO, uTOo byukuma f{x) apnsgerca deTHOH U ee rpadBK cUMMeET-
PYMeH OTHOCHTeNbHO npaMoil ¥ = 1. Joxaskarte, YTo 3TOT rpauprik MMeeT
GeCcKOHEYHO MHOTO ocell CHMMETPUH.

Pewrenus pomainHmx 3agad 0o veme 11
Craenaem cnenywmee npecbpasosande: z2 — 2z — 2|z — 1]
= (z — 1)% — 2lx — 1| — 1. ockomeky 22 = |#|%, To mamo mocTpomts
napabony y — 2 — 2x — 1, B3ATH €8 YaCTh, JIEXKAILYIO NPaBee OCH ODAHHAT,
A0DaBUTH K Hetl ee 00pa3 MpH 0CeBON CHMMETPUM OTHOCHTEJIBHO 3TOM ocH,
IOMY9HE TeM caMbiv rpadex y = |x|? — 2|x| — 1, u Ipou3BecTH COBHT Ha
eMHUIY BIIPABO BAOAL OcH abcruce. (OTBET Ha PHCYHKe.

1

{

¥
H
)

2. a) I'padmk dbyakupn f nonay«aercd cledyOMAMHA TpeotpasoBaHusT-
MH: BHadale caeiyeT J00aBHUTh K rpaduKy § = /T ero obpa3 NpH oceBol
CIMMETPHH OTHOCHTEJIBHO OCH OPJAMHAT, TIOIYUHB rpaduk y — \/E y & 3a-
TEM CABHHYTH NOJAy9eHHbll rpaduk Ha 2 Bopago Broqb ocu aberncee, s
NoCTpoeHus rpadrka HYHKINA ¢ Ha0 BHAYANE CABUHY Th TPpaduK § = /%
Ha 2 BIPABO BJIOMb OCH adcIMce, a 3aTeM JOOABHTH K eMy ero obpas npu
OCEROM CHMMETPHH OTHOCHTEIBHO ocH opaHHar. Takum obpasom, B oboux
CY4ASX MBI IPUMEHAEM K Tpaduky 4§ = /T OJHH U Te e Npectpasopa-
S, O/INAKO B pasaoil moCne0BaTeThHOCTH.

) OrBeTbl HA PUCYHKAX.
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3. 'padmx dbyskuun fi m3obpaxen \a pucysake (r). Pacemorpum cre-
AYVIOIMYIO MOCASA0BATEILHOCTD Npeobpa3oBanuii:

2?3 (2 —2)° 3 (jo] - 2)* B (Jo + 1 - 2%

TIpeobpazosanne T ecThb capur Ba 2 Bupaso BOOAL och abcumee, nmpeodpa-
30BaHBe 1) 3aKIKYaeTcs B NoOaBlIeHHH K wacTH napadons: y = {r — 2)2,
JeXkamell cupasa OT OCH OPLMHAT, €€ 08pa3a IPH 0CeBoli CHMMETPHH OT-
HOCHTCALIIO aTol ocH, T3 — aTo cosur 11a 1 paceo BIoONL ocH aberuce.

I'padux bynkuun f3 H3obparked Ha pracydke (B). Jloa Toro 1To6el ero
NOAYIHTE, HAJO CAEJATL NAPAIIENBHBI Teperoc mapabonsr y = z° Ha
BexTop @(2; 1), a 3aTeM npeobpasosanre T5, ONMCAHHOE BHIMIE.

['pacdbar dbyuximn fi n3o6paken Ha pucyske (a). [Ipeobpasosanus na-
pabosnl y = 22 ¢apur Ha 1 BIEBO BIOMb ocH abenuec, npeoctpasopanye 15,
CJIBHT HA 2 BOPABO BIOAL 0CH abCIHCe.

I'padbux dynxupum fi n306pasen va pucynke (6). IpeoGpasosanns:
NapanaentHhil Neperoc apaboas ¥ = x? Ra rexrop a{—1;—2), a aaTem

mpecbpazosanue To, ormwecaHHoe BhIIIE.

4. Bl-lﬂ'[a.lle HH.'.{J‘U (!)LEJlﬂ’l‘b 11&[]HJIJIEJIthIﬁ IlB[}EHDC, A 3a1eM — CHaTrue
B 2 pa3a K OCH Op/MHAT.

5. OTpeT Aay Ha pUCcYHKe K 3ajatde 606 Temur 9.

6. Oteer: y — |||z — 2| - 1| - 1‘.
7. 'pacuk neproii U3 THX (DYHEKIAHE TOAYUAETCH HHBEPCHEN TapaboIbI
—
y=2% ; ! oraocurenso ocu abcice {PHCYHOK).
3-2-10 1 2 3
_ 2 _zt-2z42-2 . 2
Taxxaxfz(:n}—(I_1)9+1Hf3($)— 22 — 2y + 2 =1 (z-1)24+1’

TO MX rpaduku noxygawrces u3 rpaduxa bynkumn fi (pucyHkH).
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-

----
e -

3-2-10 1 2 3

B. Kak H3BeCTHO, MapasLiesThHbIM TTEPEROCOM MBI MOXKeM npeolipaso-
sare uapaboay y = ax’ + br — ¢ 8 napaboay y = ax®. Bom e < 0, 10,
CAEJAB CAMMETPHIO OTHOCHTEIBHO OCH abeiuce, Mbl OAyYnaM napaboay ¢
TIOMIOKHTENBHBIM Ko3bHITHEHTOM Tpu 2°.

Jokaxem, 110 ecu ¢ > 0, To napadonsl ¥ — ez’ ny — T° MOACGHHL.
MHuozectBo, 3aaamHoe ypaBHeHmeM ['(ax,ay) — 0, mogobHO MHOMKECTBY,
3aJaHHOMY ypapHerHeM F(z,y) = 0 (Teopema 10.6). Ecrm F(x, y) = y—x2,
To Flaz,ay) = ay — a*z?, nostomy ypasuenue F{az,ay) = 0 mpeobpasy-
eTca K yDPaBHEHUIO i = ax?.

9. Tax xak f(—=z) = f(z) m f(2-2) = f(z), 10 f(x-2)= f(2-2) =
f(z). losToMy ZAs BCAKOTO YETHOrO HMCIa 2K CIPABeNHBO PABEHCTEO
F2k—z) — f(x—2k) — flz—2(k-1)) — ... — f(x), yro 1 o3HA"aeT, YTO
ana Teboro nenoro k npaMas r = &k ABAAETCA OCbIO CHMMETpHA rpacduka
JaHaOH (PYHKIHN.

CamocrosiTenbHasn pabora 6 (Tembr 10 1 11)

Bapmnanr 1

1. M306pasiTe MIIOKCCTBO 118 MAOCKOCTH, 3aIATIIOC:

a} nepasencriom [z — 1| — |y — 2| < 0; 6) ypasuenuew 22 + 1 = 42 + 4.
2. Haliymre mionmg/ih MHOMXKECTRY, IHJHHBOrD HEPARSHCTBOM!

a) z|+2ly| <4 6) [r-2[+2y+1[ < 4.

3. a) OmumuTe DoCaeI0BATEIBHOCTD IpenfpazoBaRuil, MPH MOMOIIH KO-
Topuix 13 rpaduka Gyuxmnn f{2) = /T nomygaerca rpabuk byHKIER
gl{z) — /3 - |z +2].

6) Tocrpotite rpadux dyrkunu g.

4. Halinute:

a} och cummeTpun rpacduka Gyexmma f(r) = Va2 + 1+ Vz? —dx + 5;
6} mBe OCH CUMMETDHHA MHOXECTBA, 38JaHHOIO HePABEHCTEOM

22t —ry + 241 < 4.
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Bapnanr 2

1. M300pasuTe MHOXKECTBO Ha MAOCKOCTH, 3aJaHHOE:

a)} nepasencrsom (T +2)2+(y—3)? € 0; 6) ypasmenuem 22 — 2z — y® —2y.
2. HafiuTe nuomass MHOMKECTBA, 32JaHHOTO HEPABEHCTBOM:

a) 2|+ £2;6) 2z + 2|+ 2y -1 <2

3. a) Onumure mocnae OBATENBHOCTE NIPeOGPASOBAHEIA, TPH HOMOINH KO-
Topuix 13 rpaduxa dyukouu f{r) = /= nonyuaerca rpadbux GyHKIHE
q(x) = /2 — |z — 3|. 6) [locTpoirre rpadux dynkuma g.

4. Hattgure:

a} ock cummerpun rpacdmsa gyukuun f(r) = V22 + 2 + 22 + 8 + 18;
6) ABE OCH CUMMETPHH MHOXECTBa, 33J3HHOIC HEPABEHCTBOM

3z +ay+ 3 < T,

Bapuanrt 3

1. Mzofpa3nte MHOXKECTBC Ha IJIOCKOCTH, 3aIAHHOE YDABHEHHEM:
a) 22 -2z =y*—-20%6) |x2 -y =2z + .
2. [MalorTe maomaah MHOXKECTBA, 380aHBOTO;

2+ y? < 2z 4 dy + 3,
a) HepaBeHCTBOM #%+y? < 22-+4y; ) crctemott { Ty | N T4y + 3,

22+ 9% 2 22 + 4y.

3. H.) Ol]H]IIH'l‘H IHHLE 0 BATSN BHOCTR ]l[le{'}()llﬂﬁ(']ﬂ&HHﬁ, LA HOMONH KOTY)-
peix U3 rpaduxa Gyrkupu f(x) = /T DoAy4YaeTca MHOXECTBO, 3aJaHHOE
ypasienueM |y| = 2 — y/|z + 2| — 1. 6) HaoBpasure 910 MHOXKECTBO.

4. a) JoxaxnTe, 4TO IpAMbIe iy = Z U Y = —& ABIAKTCA OCAMH CAMMETPUH
MHOXKECTBa, 3aJaHHOr0 HePABEHCTRBOM |2 + Y| + |z — y| € 2. 6) 3o6pasure
ITO MHOMKECTBO.

Bapnant 4

1. M306pazuTe MHOKECTBO HA MIOCKOCTH, 38 AHHOE YPABHEHNEM:

a) P+ 2y =at—2%6) |22 — ¥ =z —y.

2. Hatiqure nioma s MHOMKECTBA, 381aHHOTO:

2’,'2 + yz 2 dr — 2@',
2?4y < dr — 29+ 1.
3. a) Onnmuure DOCIEIOBATENBHOCTE NPECOPA30BaHMl, IPH IIOMOIIK KOTO-
pbix w3 rpadpmaxa GyuknuA f(T) = /T MOMYy4YaeTCs MHOXECTBO, 333HHOS
ypasrenneM |y| — \/jx — 1| — 2 — 1. 6) H30o6pa3aTe 9170 MEOKECTBO.

4. a} JokaxnTe, 4T0 NIpsAMble Y = T H § = —Z SABIAIOTCH OCAMA CAMMETPUM
MHOKECTBA, 33JaHHOMO HepaBeHCTBOM | +¥| + |z — y| 2 4. 6) Waobpazure
3TO MHOKECTBO.

a) HepaBeHCTBOM x°+3° < 4x—2y; 6) cucTeMoit {
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JomoIHHTeIbHBIE YIIDaXKHeHna o TeMaM 10 u 11

6.1. Usobpasure MHOKECTBO, 3a0aHH0€ ypasHerneM: 1) z2+ ¥ = 2|y|;

2y =—v—(z-1D{x-3);3) (lz| -2 +(ly| - 3" =
-2+ -2y-32=05 2+ =2y —z| +2.

6.2. HatimiTre naomagn MIIOKCCTBA, 3A0AIIIOr0 CPABCIICTBOM:
a} 22+ y? £ 2|z[; 6) |y|+||¢:—l|—z| 38} oo+ |y + e —y £ 4

6.3. Mac0pasuTe MHOXKECTBO, 3aJaHHOS HEPABEHCTBOM:
a)2r—12 |y+3|; 6)

- .
| + 3|
6.4. HafiauTe MEOMKCCTBO 3U249CIHHR, KOTOPLIC IPHIHMACT CYMMa KO-

OPJAMHAT TOUMEK MHOMKECTBA, 384dHHOI0 Y PaBHEHUeM |y| = 6x — 22,

6.5. Onpegenure, B 3aBHCHMOCTH OT 3HAMEHHS [TAPAMETPA G, BHJ MHO-
7KeCTBa, 33JaHHOMO HepaBenCTBOM || + |y| + |r+y — 1] € a.

6.6. a) I’Iaoﬁpasnfrc 113, [JIOCKCCTH MIIOKCCTRO, 38JAIMN0C VPARIICIACM
|z 4 y| = =% — 3z + 2. 6) Haﬁgmw BOE SHAMBHUS UAPAMETPA 1, [IPM KOTO-
pHIX ypaBHeHue |r + a| = 2 — 3r + 2 HMeeT Kak IoJoKUTeNbHbIH, TAK H
OTPHIOATENEHDIE KOPEHD.

6.7. Mzo0pasure Ha MJIOCKOCTH MHOMKECTBO, 3aJIaHHOE YPaBHEeHHEM
(HepaBeHCTBOM )
8) =yl 2« — 25 6) min{lel,lyl} < 13 0) (= — [al)? + (y + [5)? = 4
6.8. Haiiaute npaMyK, OTHOCHTENBHO KOTOPOH CUMMETPHIHEL rpadu-

2 —_
KH cbyﬂxunﬁ fug ecm a) f(x) =2z u glz) = %; 6} f(x) = H

Tt xt
n g(z) = m ; B)

6.9. HBOGP&BHTG Ha IINIOCKOCTHY MHOXKECTBO, 3aJ1aHA0E YPaBHEHHEM
max{z?, ¢+ 2} = y*.

flzy=2*+4dz+5ug(x) =2 +2z+2.

6.10. Haiinute yenrp cuvMeTpy rpacduka dvukomu: a) f(z) =
6} flay = Vo +14+ Yo +3 -2

6.11. a) JlokaxuTe CHMMETPHYHOCTS OTHOCHTENRHO OpAMON y = —&
MHOMKECTB, 3aJAHHEIX YPABHEHHAMA y = 8 —T° H y = /T — 8. 6) Pemmure
ypabnenne 8 —x% = /r + 8.

6.12. Ussecrro, uro iyHKIMS [ SIBISETCS HEUETHOW M UTO €6 rpa-
duk cavmerpuren ornocrTensHO Totkm (1;0). a) Jokaxnare, 7T0 TOKA
(—1;0) Takxke SBAAETCA NEHTPOM CHMMETPHH rpadHKa sTo# (byHKIMH.

6) Hokaxnare, uto rpaduk 310l GyHKIMNA UMeeT GECKOHEYHO MHOIQ [I€H-
TPOB CHMMETDHH.

z+1’
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¥Ypok oaHOI 33Ia9d: HPPAlUMOHAJIBGHBIE YVPABHEHUS H
HEPaBeHCTRA

C To4uku 3perEusA 00y4SHHA MATEMATHKE, APPAIHOHAJBHBIE YPaBHEHHA
XOPOINH TeM, YTO IPU HX PellieHyd NPHUXOJHTCH paccydtcéamy. KpoMe To-
0, Ha MX OpHMEPEe MOXKHO NMPOJEMOHCTPHPOBATD OJIb3Y rpadpuiecKoil uH-
TepupeTanyd. [ He Hafl0 JaBATh HAPOYHTO YCJIOKHEHHBIE 3a/1a4K. KaK BbI
cefiyac YBOAUTE, BCE BAXKHEIE HIAEH M METOIhl MOMHO MOKA3ATH Ha OUEHB
IIPOCTEIX C BHAY YDPaBHEHHAX,

Koreuno, Mbl mpegiaraeM Ha 3TOM YPOKe PEIIMTL He OHO YpPaBHe-
HuUe, a gecaTtb. OHH CPPYNIMPOBAHBI B OOHY 38Ja9dy II0 II€SArOTHYeCKHM
npuaydsaM. CMBICT He B TOM, YTOOEI PEliumb KOHNDEMHOE YPAGHEHUE, 8 B
TOM, YTOOB HAYYHTLCA BLICTPO, IPOCTO U NPABIIBHO PacCy X IaTh, YCTPO-
HB yYAIEMCE 1ICYTO BPOJE MO3206020 UMMYPMA.

3amaua 83. Janbl ypasHeHus:
Dvz-2-1vVr-2—V1-2.3)vVz—-2—-1-2.4)Vz-2—4—u.
5)vVz—2=100z -3+ 1.6 Ve —2 =[x —=3[. ) vVI—-2? = 22 + 1.
NVZ_ai=22+1.9 Ve —2+vz—3=2.100vVz -2z 3= %
BriscHuTe, KaKKHe W3 3THY ypaBHeHUH He HMeIOT pelleHU#t, KaKue HMEIT
CJIHHCTRENTOS PEINCANE, & KAKHE — JIBA PETIICITHS.

OueBnaHo, 4TO ypaBHeHue (1) mmeeT e JUHCTBEHHOE pelleHNe. Y paBHe-
Hue (2) pemeHuil He MMeeT, TaK Kak ero obJ1acTb onpeleNeHus MyCcTa; ero
NeBas YaCTh ONpeJeNieHa NPH X -2 2, Torja KaK e€ro npapas YacTh — NPU
z £ 1. Ypaprenue (3) Takke He MMeeT DelleHnlt: OHO ONPENENCHO TIPH
Z 22 2, 110 IPH STOM YCSIOBHH CTO MpaBad YacTh ABIACTCH OTPHOATCNLION.
Vparraeane {4) uMeeT €IMHCTREHHOE pelieHHe T = 3, NOCKIBKY B Ero
NMeBOH YACTH CTOMT BO3pacTalomaf (OYHKIHS, B TPaBoil — yObBaiomas
Gdyaxuma (AeBiil pACYHOK). YpaBHeHHE () TAKMKE MMEET €IMHCTBOHHOE
peleHne & = 3, YTO OYEBHHO (DpaBLIf PHCYHOK ).

3.0': 3_05
2.5: 25
2.0: 20!
LS. s
L 1.0
0.5: :
0_55
: | L
-05 0 1
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B onpeneneHHOM CMBICIIE KAPTHEKS K ypaBHeHHIO {8) HaoMuaHaeT npe-
JLIAYIIYIO, OJHAKG PA3HUIA COCTOMT B TOM, UTO BEPIIHHA «YTOIKAS> Pac-
nonaraetes Ha acn abenuce (nernd pueynok ). Koredro, emig cneiyet no-
HOCHH' 'L, LIOrIEMY []ELUEHHH Bne MoHer ﬁbl'l'b F)()Jlb]_lle MBYX, HHOCKONBKY 1M
3 v dyskima y = vx — 2, u dyskuua y = |x — 3| = z — 3 — Bospac-
Talowipe.

Ypaererne (7) umeer oase pemenune ¥ = 0, Tak kak npu r # 0 ero Je-
Bas 4aCTb MeHbIe 1, a ero npasas 4acth Goneine 1. 'paduyeckas umnio-
crpatus ypasHeHust (8) — Ha 1IpaBOM PUCYHKE, H3 KOTOPOTO ACHO BHJEHO,
YTO OHO HMEEeT [Ba PEINEHHS .

2.5.
2.0:
1.5:
1.0:
0.5:

Oynkuua y = vr — 2+ v/ — 3 BoszpacTaeT Ha Beelt cBoelt 061acTH OIpeae-
JeHUs — IPOMEXKYTKe [3; +20), MHOKECTBOM ee 3HAYeHHN ABIAETCH IIPo-
MEXYTOK [1; +00), 3Ha4uT, ypaBHeHne (9) MMeeT eIUHCTBEHHOE PEILIeHHE.

EamacTeeHHOE ypaBHEHKS, 0 KOTOPOM CPa3y TPYLHO CKA3ATh, CKOJBKO
¥ HErO perreHuit, — 70 ypasHenre (10}. Onaako yMHOKUB ofe ero JacTu
HE, CyMMY T — 2 + /2 — 3, KOTOPas HEKOCLA B HyJb He 08PAIAeTcs, Mbl
HOJMYYHM ypapHende 1 = %(\/:n - 24++x — 3), T. e. ypaenenue (9). Takam
obpazom, ypassenus (9) n (10) pasHocHnbHbL

CrenaeM OTCTYIUIEHHE M DeliuM ypapHeHue (9) HOCpPeICTBOM OJHOIO
HIITCPCCIIOTO [IPHCMA.

Bsejem noBeie nepeMenssie Y = & — 2 1 z = /& — 3. Ilo oupenene-
avio i 22 0wz > O, iprt atom y + z = 2 B cuny ypasredna (9). C apyroi
croponsr, §° = x — 2 1 2° = 2 — 3, nosTomy 32 — 22 = 1. Taxkum obpazom,
MBI IIOJIy4aeM CHCTEMY H3 JBYX yPaBHEHHI M ABYX HEPABEHCTB:

y+ i =2,

2_22__11

<

0
0.

bW
Wow
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Umeem y? — 22 = (y — 2y + z) = 2(y — 2) = 1, oTkyZa caemyeT, 4TO
y——z—% TaKKa.Ky~+~z—2 TO Y = g zzg. IosTomy z = 4° + 2 =
a7
-5 t2= 1

B npouecce ofydueHMa MHOTIa NOJE3HO <IOAKTEPCTBOBATb». 1IOHATHO,
YTO y4anMcs 6yaeT TPYIHO caMOCTOSTENbHO Pa3odpaThes ¢ ypaBHEeHNeM
(10). Mer u npegjaraeM COeTaTh, YCIOBIO TOBODPS, Iay3y, BO BPeMs KO-
Topoll JaTk MOACKa3Ky. B NpUBeIeHHOM pelleHiH MBI Belb (DAKTHUECKH
HOKa3a!, 910 ypaBHeHne (10) paBHOCHIBHO ypasHeHHio (9).

Ecnu Ml ucnosibsyeM rpadpuyeckyo HHTEPIIPETAIUIO, TC HAM, II0 CYTH
Jena, BCe PABHO, UTO DELIATL,  YpaBHEHWe WIA HepabeHeTBO. [losToMmy
B Ka4CCTBC AOMAMIICTO 3ATANMAS MOXKIIO MPCIJIOKHATL YHAMUMCS CJICIYIO-
MY 3ATATY.
3anaua 84. B xaxom ws ypasaenndt (1)—(10} 3aMeHUM 3HAK DABEHCTRA
a) na anak «$»; 6) Ha 3Hak «2». Onpeaeanre CrpykLypy MHOKECTBA De-
INEHUit TONY9eHHBIX HepaeeHCTE. HanpuMep, BLISICHATE, KAKHE U3 HHEX He
HMEWT pemeHHﬁ, PelIeHHeM KaKAaX ABJAeTCA TOYKa, OTPE30K, HeOrpaHH-
YEHHBIN [POMEKYTOK, OObeIHHEHNE HENEPECEKAIOIUXCHA TPOMEXKYTKOB.

B crenyoomelt Tabanie npuBeIeHa CTPYKTYpa 0TBeToB. O603HAueHUS
X1 ¥ &9 BHIGPAHE] JUIH DEIICHNNA COOTBETCTBYIOIErO yPaBHEHH .

< 2
1 [2:3] 132 +00)
2 ¢
3 P 12; + o)
4 [2; 3] [3; +00)
5 [2; +00) {3}
6 12,21 U [z2; +2¢) [@1; z2)
7 [-1;1] {0}
8 | [-v2imlUlwg; v2] | [an;22)
9 [3; x1] [£1; +00)
10 [z);+) [3; 1]

Tema 12. HUccaenoBaHue ypaBHEHUM, HEPABEHCTB B MX
CHACTEM

He mago BosTbes npeaiaraTh yIaluMesl VPABHEHAS ¢ OApaMeTpPaMHu.
Tosaeko penias Hx, yHaLIHecs CMOTYT [IOHSITh IPOBOJIMMEIE PUCCYHCOCHUR.
Crenyromuit Habop 33789 MBI TAKZKE INPEIIaraeM HCMONb30BAThE Ha TEp-
BBEIX YPOKAX N0 JaHHOH TeMe.
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3amaua 85. BusacHuTe, CKOJIBKO pemieHnd (B 3aBUCHMOCTH OT 3HANEHHS
HapaMeTpa ¢) UMEIT YPARHEHUT:

NVer+tl=a;D vVl +1=a;3) V2r+1=Vrta;4) V2r+1=a—x
5)V2c4+3=ax+1;6) v+ 1=z +ta.

Heno, ate ypapnenne (1) e uMecT peiicnudt pa a < 0 H UMeECT ¢JAT-
CTBEHHOE pelneHus npu mobom o 2 (.

Tak Kak Jesast 4acTh ypasHeRus (2) Be Medbiie 1, 7o npu ¢ < 1 oHO
pemrennii Be aMeet. Ecii a = 1, To equHCTBEHHEIM €0 pPEIIeHAEM SABIGETCA
z — 0. IIpu ;11000M @ > 1 OHO MMeeT JBa peEIIeHHS.

Ipn pemenun ypasnenns (3) NPHIETCA YIUTHIBATE €r0 OBIACTH OUPE-
genennd. Peimrennen ypasnenus 2 + 1 = x + ¢ ABasierca x = a — 1.

OcTtanoct BeecTn yeosne 2 +1 2 0, otkyaa 2a¢ 2 1, umu a 2 % Ta-

1
KHM OfDasaM, NpH a < 5 YpabHeHue (3) pelenunl He UMeeT, a UPH TIODOM

1
a = 5 OHO HMEET €IMHCTECHHOE Dellenue.

Ipoute Bcero mecnenoBaTh ypaBieHue (4), ecyu 3allUcaTb €0 B BUE
z++/2x + 1 = a. DyHKIHE, CTOANASR B £T'0 JIEBOH YACTH, — BO3PACTAIONLAL
KaK CYMMAa JBYX Bo3pacTalomux ¢hyvukiuit. Ee HauMeHLOINM 3HAYEHREM

1
ABJIACTCA JHAYCHALC [IDH T = E, Pa.BIIOC - § llOB'IY)My 3ITO Ypablcldc IIc

1 1
HMEeT PEINCHHHA Npu a < —3» & IpH JioboM a = —7 OHO HMEET eHHCTBEH-
HOE pellleHne.
[TpodmemMa TOMBKO B TOM, UTO YYAIMIAMCA MOXKET OBITH HEJIETKO OHATH
noBefieHne GYHKIET ¥ = X + /2% + 1, Tem Bosiee uTo ee rpadpuk He ABIA-
eTCA CTAHIapPTHBIM.

Maoxkuo noctynuts no-apyravy. Mzobpasvu rpadmwk y = 22 + 1 ne-
BOM wacTH ypaeHeHwus. | padmkoM era npaBol “IACTH SIBASIETCS TIPAMAasi
y = a — z. Yem Goubure 3HaUeHHEe NapaMeTpa @, TEM <BBIIIE» PACIIOAAra-
eTca 9Ta mpsiMad. CaMoe «HUIKOe» €€ TIOJIOXKEHHe, TIPA KOTOPOM OHa elle
HEPECEKACTCA ¢ rpaduroM, JyAeT TOrga, KOrJa OHa OPOXOOHT Y4epe3 TOUKY
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C KOOPIHHATAMHA (—% : O) (pPHCYHOK Ha OpeABLIAYIIEH CTRAHALE), T. €. EC/H

O=a+ %, OTKYJla U CNeayeT OTBET.

Pemrenne ypasrenus (&) npoxoaut mo ananorugHolt cxeMe. Paznnana B
TOM, YTO NPH H3MEHEHHU MAPAMETPA (& MEHFSTCH Yrojl HAKJIOHA IIPAMO
y =ax | 1 k ocn abeyuee. TIpn srom, tak kak ¥y = 1 upu x = 0, kancan
M3 9THX TPAMBIX TTPOXQIT vepes Touky (0; 1) Ha och opsHaT (pHCYHOK).

3
PaccMOTPHM OPAMYI, MPOXOAAILYIO eIUe H Uepe3 TOIKy (—5 ;0) ocm abe-

mice. Mmeem 0 = —g @+ 1, oTKyIa @ = g W3 KapTHHKH BUJHO, ITO NPH

2
a > “g YpaBHCHHE HMECT OA4le pCIOCHHE. Ono umeeT ABa. peluIeiinda 1npH

0<ac< % Ecim a € 0, To paccvaTpuBaeMOe ypaBHEHHE TakKxe Oynmer
HMETE OJTHO pelieHNe.

Ha mpumepe pettienus ypasHeHus {6) MOYKHO BHOBb TIPONEMOHCTPU-
poBark vaobeTse0 3aMeH MepeMenHbix. Fenn nomoxury ¢ = x + 1, To
z =12 — 1, u B pe3yJbTATE MBI IIOAYYUM VpaBHeHue £ = t2 — 1 + a, miaM
1+t—t? = a. UeesIeopaTn nonpoc o YHEJIC Cro PeINCcHMI 106110, NOCTPOHD
napabony y =1+ & — 2.

15

!.C//— \\

0.5

=05

Ha nesoM pucyHke m3ofpaxeHa ayra 3Toit napaboaer opu ¢ 2 0. BeecTn
TAKOE ZOIOJMHHTENIFHOE YCIOBHE HEODXOAUMO, DOCKOIBKY t = V& + 1 2 0.
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B pesynprare ME DONYYHM CaeAylomuit OTBeT: ypasHeHue (8) uMeeT oxHO

peileHHe IIpH ¢ = g H @ < 1; 0HO MMeeT ABa pEIMICHUA IIPH a & [1; g), npH

3
a > 7 YpaBheHue pelieRUHE Be HMeeT.

Ecmi mbr m306pasny rpadux y = Vz + 1 # 6yaem uccaenoBaTh YACHO
€ro TOYEK TNepecedeHns ¢ IPAMBIMA Y = X +a, To 6y1eT BuaHO, yT0a = 1 —
camMoe MaJIeHbKOEe 3HAUEHUE [lapaMeTpa a, PU KOTOPOM JaHHbH rpaduk K
npAMas UMeT Ape ofimue TOMKY {(OpaBeiii pucyHok). IlpoGneMa cocTOHT
B TOM, 9To0bl Halitn Haunbo/bllee 3HAYPHHE NapaMeTpa 4, IPU KOTOPOM
rpadHK 7 IpAMaa HMeloT obiyio Touky. Ha mpapom pHcyake uanbpaxe-
HA W CAMAH <¢BhICOKHAR TIDMMAA I} = .0 + %, NEPeCEKANAACH ¢ JITAHHBIM
rpachuKroM.

Chenyionad 3a1a49a UHTEPECHA TEM, U9TO BAYACTVIO TeOMeTPHYCCKHH
OAXOM, K CC PCINCIIHIO TPHBOAUT K OINHOOYOBIM BLIBOAAM.

3anaua 86. Onpenenanute, CKOILKO pellleHU B 3aBUCKMOCTH OT @ UMEeT
CACTEMa
y=1—ax?,

x=1—ay’

Haunure ¢ Toro, 9ro HAlHTEe 4MCIO pelieHHH JaHHOH CHCTEMBI NpPH
a = 1, a 3aTeM mocTapaiiTeck HAPHCOBATL IaPADOJELL, 38JaHHbLIE YPABHE-
maamMa ¥ = 1 — 22 m ¢ = 1 — y? Tak, 4TOGH HA BAlleM PUCYHKE GLLIO
CTONBKO JKe TOUYeK Nepecedernst napadoil, CKOIBKO y Ba¢ HalineHo pemenmit
CHCTEMbl ¥ABHEHUE. Me YBE[IEHLI, YT} FI0 HE TAK-TO upoeTo!

Dy D

=1 u:%

Tlopcrapue BHpaXkenue A1 ¥ U3 NEPBOCO YPABHEHHS CHCTEMEI BO BTODOE,
nonyanm ypashenne 1 —z = (1—z?)2. fcno, 9T0 onHEM K3 pemennii Gyner
z = 1. lloaenus Ha 1 — z, nosyuuM ypasaerue 1 = (1+z)(1 —x?). Teneps
IPOIIE BCETO PACKPHITh CKOGKH, NOMywHB ypasnenue r° + z2 — z = 0,
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OJHNM K3 pemenuil koroporo Oyaer & = (. JeTaeTcs pemINTh ypaBHEHHE

+ /5

22 +1r—1=0, oTkyga x = — 5—— - Ha nesom prcynxe u wsoSpaensi
JTBe 9TH Tlapadonkl, Nepecekalonpecst B 4 TOTKaX.

HsobpaxenHsie Ha TpaBOM PHCYHKe napabosbl KacaloTes Apyr Ipy-
ra. HatiTu 3Hadenne a = % , TIPA KOTOPOM pachnojiokeHne napabos HMeeT
TaKoM BHJA, paccyXKiafd reoMeTpHIecKH, HepeaibHO. [loToMy 3TO €cTh XG-
POLIMIA MpHMep 3aJav, peliaTh KOTOPYIo HAaJ0 MMEHHO ajrebpanvecKkn,
HO Pa3yMHO,

IIpy a = 0 cucTeMa OYMEBMIHO HMCCT CIMACTBEHHOE DEIICHHE, NOITOMY
Jadee cunraeM, 1o a # (. Beiuti U3 epBoro ypaBHeHH: BIOpoe, 10AY 1MM
ypaBHeHMe §f —z = a(y’ —z2), oTKylay = T W +y = < Ecnuy =z, 10
ar? 4+ 2 —1 = 0. Juckpuvuuagr 31000 ypasuenus pasen 1+ 4a, uosromy

1
pH 2 < — = OHO PenleHANl He MMeeT, TIPH 2 = — < OH0 HUMeeT QJTHO penieHue,

4 4
TipH @ > —% — ABa PelieHnd.

2

Bo BropoMm cnygae monydaeMm ypaBHeHHE AL — L — 1-!-% = {, ARCKpHMH-

3
HAHT KOTOporo paBeH 4a — 3. [loaToMy OHO He mMeeT penieHwuif IpH a < = ,

3 3
uMeeT OJHO PellieHAe ITRH & = Z H HMeeT J1BAa PeIHeHAA, echiHd a > z . Ocra-
JOCE DOCMOTPETH, MOCYT JIW COBOALZATL APYD ¢ IPYyIOM DelneHHd CHCTEeMbL
B 0DOHX 3THX cJiydasax, T. €. CYIIECTBYeT JIH PeUIeHHe CHCTEMBL

¥ =,
1
rTt+y=-=
Y 2’
y=1-— ax?.
1
3 nmepBBIx ABYX YpaBHEHHN CJEQYeT, YTO § = I = 5" Iloncrapue »ta
1 3
3RANCHUA B TPETRE YDARRERNE, NOJIYIHM, 9T0 o = 1- 1 OTRYwa = o
1

OKOHYATENBHBIN OTBET: CHCTEMA HE HMEeT DEIIeHHil NMPH 4 < —= , UMeeT

Z ]
1 1 3
£3—1 ), ;TRa peilteHAsT TIPH 4 € (_Z ;ﬂ) U (0; Z]'
YeThiPe PeMIeHUs NpH & > 3 .

OJIHG DeMeHde TIPH 4 = —

Penrenne cneayicmeil 3aAa4H OCHOBAHO Ha KOMOHHAIIHH 3a3MEHBI MTepe-
MEHHBIX ¥ I€OMETPHIECKOH HHTEPIPETALINH,
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3amaua 87. HafianTe BCe 3HAYEHHA MAPAMETDA @, UPH KOTODPHIX HMEET
PeLIEHHEe CHCTEMA

y+a > 2z —al,

z+|y—al=a+l.

ITonoxms «w =& — a ¥ v = ¥ + @, MBI [IOJIY9UM CHCTEMY

v = 2u,
w+|v—2a — 1.

Ha CilelyroneM DICYHKE H306pa}1(el-10 MHOXKECTEBO, 3aJAHHOE HEDABEHCTBOM
v 2 2|u|, «3AMOMHEEHBIY YTONOK>.

MHO¥ecTBO, 33,1aHHOe YpaBHeRneM u = 1 — |v — 2¢|, npencrapadeT cobol
«YTOJMOK, Jiexawdit Ha 60Ky », BEPUIHHS, KOTOPOTO DACTIOJIONKEHA B TOUKE C
13 1
koopmuaaTamu {1; 2¢). Ha prcynke n3obpasken 3TOT yroooK Opy a = g
KODAA BCPXUAA CTOPOLA FIOI0 YIOUKA LPOXOUHT Y3 HAYAND KOOPAH-
HAT. B DTOM CJTyTIﬂE ﬂﬂJ’ly"IEHHﬂH CHRCTEMA AMEeeT eTHHCTBEHHOE pemem{e
1
(u,v) = (0,0). Eccm @ > —=, TO yrolOK OOAHAMETCH BhILE H MHOXE-

CTBO peme}mﬁ CHCTCMBI 6}'2(6']: 6eCKOHeqHHM, eclidi a < —%, TO YT'OJIOK
MIYUTHTCH, 60.11?,{3! He ﬁyglleu‘ HEPRECEKATHEA ¢ 3ALO0JHEHHBIM YEIOM, 8 10TO-
MY CHCTEMa pBIHEHHﬁ He IMeeT. OTCIO,[[& MHB H IIOJdyYaeM OTEeT. CHCTeMa
HMeERT peleHHA TOJABKO IMPA G P —% .

3anaua 88. Haitaure Bce 3HAYEHWA @, PN KOTOPLIX HMEET € UHCTBEHHOE
pemieHye ypasHerue vx2 + 6 + 8 = v/a — 3z.

HaHHOE YpaBHEHHEe DABHOCHJILHO CHCTEME

2+ 6x+820,
2+ 9r+8=a.
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Hac unrepecy1oT snagenns bynxumu f(x) = 2+ 92 +8 ¢ obractsio onpe-
Jenenns (—oc; —4] U [—2; +o0), KOTOpHle 0HA IPHHUMAST POBHO OJIMH a3
Ha caegymomenm pucynke wsobpasked rpaduk stolt dryawmnn. Hamviens-

1IHM 2€ SHAYEHHUEM ABRJSIETA YHCH) —— .

1
\-‘6 -4 z/

17
T

49
Ho xpome uncna a = — °Ta dbyHKNUSA 6yaeT NpUEAMAaThE POBHO B OJHOM
TOUKEe BCe 3HAjYeHus M3 npomexyTka {—12; —6). Taxum obpazoM, orBeT:

ae{-F}L(-12-6).

3agauM O1A JOMAITHUX 3aJaxHni 0o teme 12
1. Hafiiure Bee 3HaueHuasl 1APAMETPA G, IPU KOTOPbIX MMEET DELIEHUe
HEPABeHCTBO | — a| + |2z — a| + |z + 2a| € 6.
2. HaliinTe Bee HHAUERWS] MADAMETDA @, NMPH KOTOPWX HMEET DEeleHne
ypaBHeHHE /T + V4 — 1 = a.

3. HatinuTe pec 3nadenusl mapaMoeTpa ¢, MPH KOTOPBIX HMCGCT DEIICITHe
ypasaeHue /r + 20 — 1+ o —a=1.

4. Hatimume Bce 3HAYEHUA TADPAMETDS 4, NPH KOTOPBHIX HMEET DelifHHe
ypanincimce 2xy +a =z +y + 2.
5. HalignTe BCe 3HAYEHHUA NIAPAMETPA &, [PU KOTOPLIX yDABHEHHE

VAdz — 22 - 3=1-azx

UMeeT &JUHCTBCHHOE PellleHuo.

6. HatimuTe BCe 3HAYEHUS MapaMeTpa &, NpYU KOTOPBIX CUCTEMS,

a(zt+ 1) =y+2— |z,
a4yt =4

HMEST ¢IHHCTBCHHOE PEIIeHHS,
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z? + =20yl
y=a(r—2)

7. T—Taﬁ;gwre BCE SHAYMCHWH @, TIH KOTOLIX CHCTEMA

HMeeT SIJAHCTBCHHOE PEllIeHHAS.

8. Haltymire Bee 3HASEHUST 0, TPH KOTOPRIX ypaBHenne /(¢ + 2)(a — x) =

=1 + 3 uMeRT BUMHCTHEHHDE PEILEHUE.
9. HBOﬁp&SHT& Ha IUTOCKOCTH MOOXecTBO map (a;b), TAKHX, YTO CHCTEMA
20?% + y =a,

HMEET DEIHCHHE,
22 +y2=b

Pemmenua noMalliHux 3a7ad 1o teme 12

1. I'padmk dyoxkyuu f(r} = al t |20  a|l | |z | 24 ecrp soMa-
H(‘ELH: CO(‘,'TT)HII];&H HE ﬁ(’].J'IEE‘ eM U3 '-IFTh]pFX ABEEHLEER. l"[pn ATOM Bf)l“II‘H(‘(‘FLMH
«TOYEK M3I0MA» ABIAIOTCA YUGTIa ¢, = M —2¢. Jannoe HepaseHcTBO GyOeT

]
HMETE DeNICHIC TOTda H TOJBLKO TOTrda, KOrla XoTd OBl OOHO H3 SHAYCHHE

fla) = 4aq|, f(%) = 3|a| u f{ 2a) = 8|a| uc npeBocxoauT 6. 13 mepapcn-
crua 3|a| £ 6 Mul 4 nonyyaem, gro |a| £ 2

Ecth v apyrodt noixan K pemeddn, KOTOPHH, OpaRTa, B JaHHOM Gy~
ae Byner bosee TpyaoemkumM. Ha chaenyiomem pucyHkre w3obpasken me-
CTHYTOJIBHNK, KOTOPBI 38JaH ypaBHeHueM |r — y| + |22 —y| + |2 + 2y| = 6.

MroxecTro, 3a1aAH0e HepakeHcTBOM 1 — %] + |2z < 6,
npencTaeser cobol ACTh MOCKOCTH, OrPAHHMEHHYO 3THM IIECTHYTOE-
HUKOM. [IpAMble, 3aaaHHEIe YDARBREHHEM [ = G, EDECEKAIOTCH ¢ ITHM IIe-
CTHYTOJBHUKOM IPH |¢| € 2, 4TO @ JaeT OTBeT B 3alade.

2. Tleproe pemenue ctanaaprao. Hero, vto o 2 0. B{HHE‘J‘LH B Kﬂa,npa'
ofe <ACTA ZAHBOTO YDABHEHAS, HONY<IHM ypasaenne 2./5(4 — x) = a? — 4.
CrnenopatennHo, aZ >z d,aTak xak ¢ = 0, TO Q@ 2 2. KBaﬂpaTH‘lHaﬁ ing:\ =
maa y = 4r — % J0CTHraeT HauOGONBIIErO 3HAYEHUA npHu x = 2, caeno-
BATEIBHO, MHOXKECTBOM 3HAYEHAH JIEBOH YUACTH NOJYYEHHOIO YPABHEHHS
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saBasercs orpesok [0;4). 3rauur, a? —4 < 4, OTKYIA @ % £ 2v/2. Takam
08pasoM, JaHHOE ypABHEHNEe HMeeT pellleHne IpH a € [2; 2\/_ 2].

l'eomeTpudecxott RANIOCTpaIHE TpYTOr0 W3 ROBMOMHBIX DElleHul -
AASTCH CASAYOOUE PRCYADK.

Caenaem 3ameny uw = /z,v = vd—z. Totrnau+v=anu P4 e? =4,
KPOME TOT0, CIENVeT y4ecTh, uTo ¢ 22 0 u v 2 0. ¥Vcaorus

u? +v% =4,
w2z {,
1 =0

3aJAI0T PACIONIOXKEBHYIO B IEPBOM KOOPIMHATHOM YIJIE YETBEPTh OKPYK-
HoCTH paaumyca 2. OcTanock HAMTH 3HAYEHUS @, NPH KOTOPHIX IIpsMas
u + v = a NnepeceKaeTcd ¢ 3TOH 4acThio OKpy:KHOCTH. Ha pHCVHKe BHI-
me H300paXkeHbl: caMas HIXKHAS NpaMaf u + ¢ = 2, IepeceKalomancd C
sTol OKPYKHOCTBIO, H caMas BepXHfd H3 TaKUX nNpaMuix. Bropolt ops-
MOIt ABIfSETCH KacaTelbHAA K OKDYKHOCTH, NPOXOZAMAA YE€pe3 TOYKY C
KOOPAHATAMH (\/'_ \/_] OTKY/[H Mbl M HONYHREM, 910 0 5 2\/_

3. BripaeHne B JIeBOIM 4aCTU AAHHOTO YPABHEHAS OnpeAendeT GyHK-
IIMI0, BO3PACTAIONIYI0 Ha ¢Boel ofs1acTH onpefenenma. Slcso, 4TO 3Have-
HUA 3TOK DYHKOHH MOTYT OLITL CKOJb YTONHO OONLIIHMIL, NOITOMY JaH-
HOE ypaBHEHHE HMEET PelleHHe TOrAa H TOJLKO TOTJa, KOrja 3HaYeHHue
dyEKIEN Ha /NeBOM KOHIE ee o0IACTH ompedesleHHs He OpeBocxoduT 1.

Pacevorpum apa crnyvuag. llyerb a €1 26, T e a £ B sToM eay-

1

3
Yae o0NacThio onpegeseHns JIEBOE WaCcTH AAHHOTC YPABHEHHA ABJIACTCH
npoMexkyYToK [1 — 2a;+oc). [Tonyuaem HepaBeECTBO /1 — 3a < 1, oTkyaa

a;O.Ec.rl:ua->§,

oTkvaa v/3a — 1 £ 1, nodroMy a < q OxoHYaTE IBHBIH OTBET: [0; %]

TO (QYHKIHA onpe,qe.neﬂa Ha TMPOMeXYTKe [a;+oc),
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4. Bossegs obe J4acTH YPABHEHHA B KBAJADPAT, OOJIYIAM CHCTEMY

r+y+2 20,
2ry+a=(x+y+2)°

Bropoe ypasHenue npeobpasyeM K BuAy z° + y° + 4z + 4y +4 = a, nm
(x+2)°+ (y+2)?2 = a+4 ScvO, uT0 @ 2 —4, HO, HATIDHMED, NPH
a = —4 5T0 ypaBHeHMe 3aJaeT TOUKY (—2; —2), KOOPJMHATE KOTOPOH He
VAOBJNETBOPAOT HepaBeHCTBY % + 4+ 2 22 0. Mexoanoe ypasHeHRe 1id, 9T0
PABHOCHIIBHO, MOJIVHUEHHAS CUCTEMA HMMEeT pelleBHe, CIH OKPYXHOCT,
sagarman ypasiemney (7 + 2)2 — (y + 2)? = a + 4, nepecekaetesn ¢ no-
IYUIOCKOUTEIO, 388HH0A nepaseHersom & 4+ 3 + 2 2 0. Ha caeayomem
PUCYHKE N300DAsKEHA CAMAY ¢MAJEHLKAND TAKAN OKPYHHOC b,

Ee paawyc paBeH nonNoBHHE ORATCHAJIH KBAADATA CO CTOPOHOH 2, T. e. V2,
TakuM 06pA30M, a + 4 2 v’§ ., OTKYa TMONYHaeM, 4TO ¢ =2 —2.

5. 3ammueM ypaBHeHHe B BUIe axr — 1 = —v4x — x? — 3. Ypapaenue
y = ax — 1 3a/1aeT NpAMYIO ¢ YISIOBBIM KO3 PHOUEHTOM d, IPOXOAAIIYIO
4yepe3 TOURY ¢ KoopauaaTamu (0; —1). Ypaprenue y = —v4zr — 22 — 3 3a-
JaeT HIDKHIOK HOIYOKDYKHOCTh pafuyca 1 ¢ uenrtpoM B Touke (2;0) (pu-

CYHOK).
-
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(JTBeT CYATHIBAETCA HETIOCPELCTBEHHO ¢ 3TOro pucyHKa. lIpamas y = az—1
UMeeT €IWHCTBEHHY10 0By TOUKY ¢ TOJMYOKPYKHOCTRIO npu ¢ = (), B

1
3TOM CIIyHac OITa KacacTCd 9TOH TIOAYOKPY?KITOCTH, A TAKXKC ITIPH @ © (5 M 1] .

6. Kaxpoe B3 ypapHeHH! ITAHHON CHCTEMBI 3AJAET MHKECTEO, CHM-
MEeTPHYHOS OTHOCHTEJNBLHO OCH OPJIMHAT, & MOTOMY €IWHCTBEHHLIM ee pe-
IeHHeM MOXKeT OHITh pelnexue, B KOTOpoM & = 0, T. €. 3T0 MOLYT DBITh
Toneko mapet (0,2) i (0, —2). MuoxecTBO, 33 JaEHOE IEPBEIM yPaBHEHUEM,
mpoxonat yepes Touky (0;2) npu a = 4, uepes Touky (0; —2) — opu a = 0.
O oHaKo BO BTOPOM CAydae Mbl NOAYYAeM CHCTEMY

y=lz[-2,
2 +y* =4,

otkyma 2z° — 4|z| = 0, a noromy x = 0; £2. Takum obpasom, npu a = 0
cucTeMa UMeeT TpH peterus (0; —2), (—2;0) u (2;0).

Ocranoce pasobparbes co caydaeM ¢ = 4. U3 neproro ypaBHeRu:
y = 4z 4 |z| + 2 cnemyer, uTo y = 2, w3 BTOporo Yy < 2. 3uaundr,
¥ = 2, W3 RTOPOrO YPABAEHUA ToNy49aev, 970 1 = (), a NOTOVY CHCTEMA
MMeer gauHeTBeHHOe pewenne ((; 2).

OTeeT: 0 = 4.

7. re()MB’l'pH‘lellKHﬁ CMbICI 3841 COCTUOHMT B OUPDENEIEHHMA YILIOBBIX
KoahDUIIHEHTOR B YpaBHeHUH Yy = a(z — 2) NpAMBX, NPOXCAANINX Gepes
To4KY (2;0} ¥ MMEIOIMX eIMHCTBEHHYO TOUKY NEPeCce¥eHus ¢ KPUBO#, 3a-
JeHHOHK ypaBHesmeM 2 + y° = 2|y|. DTa kpuBas ABngeTCH ObbeAMHEHAEM
JABYX €THHUYHBIX OKPYZKHOCTeH, Kacalomuxcs ocH abcluce B Hadane Koop-
AUHAT (PACYHOK ).

KoreuHo, OTHEM U3 BO3MOXKHEIX 3HaueHHd sasercs ¢ — 0. Ocramdoch
HaliTH YrioBLe KO3GXDHIMEHTE KacaTeNbHBIX K STUM OKpy»kHoCTAM. Ko-
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HEYHO, 6CNIM K3BeCTHA (POpMyJa TAHIEHCA IBOHHOIO YIVIA, TO 3HAYCHHS
4
a = :tq HAXOAATCA <B TOACTPOUKH». KeiiH Ke HET, To HAJO HAITUCATH

KBaJpaTHOoe YpaBHeHHe 1A OnpeAeneHus abeliuce epeceyeH s NPAMbIX ¢
OKDPY2KHOCTBIO T2 + y° = 2y

(62 + 1)z —20(20 4+ 1)z + 4ale - 1) = 0,
HATH ero JHCKPUMHHAHT U IPHPABHATH €0 K HYJIO, IOJIY9UB ypaBHeHue
2 2 _ 2
a®(2a + 1)° — 4a(e + 1}{a” + 1),

e, nocie ynpoueraii, a(3a + 4) = 0. llostomy a = 0; :I:% .

8. Oteer: a € (—00; —3) U {—2v/2} U {24/2}. Mer npumezem sipa pe-
IMEeHHs STOH 330341,

Acno, uto x 2 —3. Tlpr 5TOM YCJORMH NMPOREJEM CIRTYIONHE Npeoh-
PA30BAHESA:

(3 2 +6x+9 1 1

@=T e St Ty S WAt ey =2+ Y+ s
lloaToMy Hajo natiTa Tc 3uadenus dyaxkipd f{z) = 2z | % IpH yCiio-
BHH £ 2 —1, KOTOpble OHa TIPUHHMAaET PoBHO o4uH pa3. [lopexzenue aToit

1
by HKIMA XOpomIO M3BECTHO, OHA BO3PACTAET HA MPOMEXKYTKAX [—1; ~7 ]

; 400}, yObiBaeT Ha HPOMEXYTKaX [—l;{]) " (0;L . Ha cne-

n [ ]
7z 7z %

AYIOMICM PHCYIIKC &Sl KPacoThl» TpHuBcAcH rpaduk dynkoun g{r) =

2($+2)+W12'
LA
2

-.3....-.2...._.1....?....1
..2
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Buaderna a = 2V2 ma = —2v/2 — ATO, COOTBETCTBEHHO, HANMEHLIORE
3HgMeHHe 3ToH yHKIHA Opd £ > —2 U ee HAaUDOABLIIEe 3IHAYCHUE OPH
x < —2

Bropoe penierme — reomeTpryeckoe. XOpPOUIO M3BECTHO, YTO YPaBHE-
e ¥y = /(7 + 2)(a — T) 3a13eT BEPXHIOW NOAYOKPYKHOCTh, ZHAMETPOM
KoTopoll ABASAETCd OTPE30K ¢ KOHUAMH B TOUKax a 1 —2 ockt abcupee. Ecnni
a < —3. TO 3Ta NONYOKPYKHOCTE [IEPECeKAeT NPAMYIO ¥ = T + 3 B OTHON
TOuKe (JIERRI PUCYHOK).

HeticTBuTenbHo, OpavMasg § = & + 3 NepeceKaeT ARaMeTD OKPYKHOCTH,
MOTOMY BTOpAS U3 TOYEK [epecevMeHHsl MPAMOH M OKDPYXXHOCTU JIE€XKUT
HIKe OocH abcmucc.

Cayqait @ 2 —3 aBnserca bonee ciaoxkubIM, [ONIyOKPYKHOCTE MOXeT
He UMeTb 0DIINX TOYEK ¢ OPAMOll ¥ = X + 3, MOXKeT HMeTh ¢ Hell aBe ofinpe
TOYKH, & MOXET KacaThes 3Toi npsmofi (mpasweiit pucynok). Ilocnennumit
B&PHAHT H8M H IMOOXOAHT, TOTJA JAHHOE YPaBHEHHE NMMEeT eMHCTBEHHO?
pelleHue.

—2
LleaTp mOAyOKpY#HOCTH JIEIKHUT B TOYKE ¢ ADCHHCCOH GT , & PAOMYC
la + 2|
3TOH NOIYOKDYIKHOCTH Onpenenserca popMyaofi r = —5 - Pacerossue

0T IMEHTPA NOIYOKPYKHOCTH A0 OPAMOM HAXOAWTCA no dopyyse

1 ;a—2 a+4
d— —(— — .
v’i( 2 +3) 2v/2

2
Peliius ypasraeHde c;;"/; = |a-;- | , MBL M TIONy"MM 3HAYEHMs @ = +2+/2.
Ha caepymwuem preyske msodpasenst rpadmky byskuuit d(a) = % u

e+ 2]
r(a) = 5 -
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-3 -2-1 1 2 3 4
-1

9. 13 cucremsr nosiyyaeM, uro 22 = a — b u y° = 2b — a. [losromy
CACTeMA HMEEeT pelleHue TOrJa H TOJALKO TOTHA, Korja a 2 &6 u a < 2b.
Muowecerso nap (a,b), vie ¢ 2 b, 2cTh MHOXKECTRO, H9/JAHHOE HEepABEH-
CUBOM i 5 I, — NOJYILIOCKOULb, JIEHKALUAN HHUKE LPHMON i = 1.

Anxanoruuaeiv obpazoM, yCiaoeue ¢ € 20 3anaeT HOJIyIUIOCKOCTD, Jie-
KAMYIo Buie npaMolt 2y 2 x. TakuM 06pa3oM, HCKOMOe MHOMKECTBO Iap
(@3 b) ecTb M30OpakeHHbBIY HA CMEAYIONEM PUCYHKE YTOJ MEX/Y NPSIMbIME
yzxny:%,mex?ﬂ.

3

1 2 3

CamocrosaTenbHasa pabora 7 (Tema 12)

Bapuanr 1

1. Haitnure, B 3aBHCUMOCTH OT IHAYUEHMS TAPAMETpPa ¢, YHCIO DEINeHH
ypasreHns vi? +z = vVz? +a.

2. Halimure BCe 3HAYEHHA @, IPH KOTOPBIX ypaBHeHne v4 — 2 = a(x — 1)
HMeeT JBa pelleHHs.

3. Halluure HaMMCHbILCE 3LAYCUME CY MM x? 'g2, CCHIM MABCCLLIG, 910

1z +y = V2.

[z + [yl £ 1,

4. Hattmume BCe 3HAYEHNWS @, MPH KOTOPBLIX CHCTEMA o o
(r—2Y"+y’=a

HMeeT KOHeUHOe (M HEHYNEBOE) YHCNIO pelneHmuit,




168 I'napa 1. Pysxumn

Bapnanr 2

1. Haitaute, B 32BHCHMOCTH OT IHAYUEHHUHA [IAPAMETpA ¢, YHCJIO pemeHHit
ypaBreHus vz? — 2z = vz —2q.

2. Hajimure BCe 3HAYEHNMA @, IPE KOTOPBIX ypastenue v9 — 2 = a(z + 1)
UMeEeT ZBa PellleHMs.

3. Haitapre HaMMCILIICe MAYCIAC CYMMLI T2 -+ %2, CCJIH W3BCCTHO, YTO
y — | € —v2.

4. Hafimime BCe 3HAYEHNS @, IPH KOTOPBIX CHCTEMA {

[ + [yl < 1,
22+ (y+3)72=a
UMeeT KOHEUHOe (M HEHYNEBOE) MUCHIO PelleHHH.

Bapnanr 3

1. Hafizure pee anadeiins a, MpH KOTOPHX yPAaBHCIHC V4 — T4 = a — T 11e
HMeeT permerni.
2, HaltauTe Bee 3HAMEHAA @, IPH KOTOPLIX HMEET /IBA DellleHHs y paBHEHHE
Vi—z? -2 =q(z—2).
3. Haiinute ycrnoBme Ha MapaMeTphl g ¥ b, IPH KOTOPBIX UMEET PelieHne
ypasnenwe 2|z| + | — ai = b.
?+y? =2,
4. Hﬂﬁ)LH'l‘B BCE 3HA'IEHN A {1y I]pH K('}"l'(]pblx CHCTEMA nueer
¥l -z —a
eIMHCTBEHHOE PEeLICHHE.

Bapnanr 4

1. Halygre Bee anauenns o, Upu KOIOPLIX ypasuedne v9 — % = 1 +a ue
UMeeT pemeHni.
2. HalianTe Bce 3HaYeHNA ¢, IPH KOTOPHIX HMEET JBa DeUISHUs yPaBHEHMNE
V—22 -3 =alx+3)
3. Hafinure ycioBRE Ha TapaMeTpPh! ¢ ¥ b, IPH KOTOPBIX HMeeT PelleHus
ypasrenune 3|z| + |x — b| = a.
% + 9% =3,
4. Hafinnre ECe 3HATEHUA ¢, IPH KOTOPBIX CHCTEMA 2] nMeeT
r=y—na
€¢IHHCTBEHHOe pellleHHe.

HdononHuTenbHBE YIPEXKHEHHA 0 TeEMe 12

7.1. Haligure MHOXKeCTBO 3HadeHuit ¥ + y, ecm: a) |z — 1| + 2|y € 2;
6) 2+ 9% < 2x+ 1; B) max{|z — 1], |y — 2|} < L.

7.2. HafiznTe HanGoMbNee 3HAYCHUE CyMMBI 22 + 2, ecau:
a) o) +y €16) @ -1)>+ (y-1)° < L 8) max{lr — 1], Jy - 2|} < L.
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7.3. HaliguTe BCe 3HAMCHHSA HaPAMETDA @, IIPH KOTOPEIX HMEET Dere-
HHe ypaBHeHUe vz + 3 = /o — 1.

7.4. Haiinre Bce 3Ha49eHUS NIapaMeTpa &, IIPA KOTOPLIX UMEeT pellle-
HHe HepaBeHCTBO [z —a| + |2+ 1] £ 2.

7.5. Hafimure Bce 3HauMeHHs napaMeTpa 6, IPH KOTOPBIX HMeET eIMH-
CTBEHHOC PELIeHne ypaBHeHue: a) 2)x —a| = z;6) vz + 3+ V1l —x =a.

7.6. Oupcaeanic, CKONLKO PCLICIMI B 3ABUCAMOGIH OT & MMCCT ypPas-
Henue: a) VT —3=a—z;6)vVr —3=n—2%8) VI —3=2—a.

7.7. Onpenenure, B 3aBACHAMOCTH OT &, YHCJIQ PEINEHNH CHCTEME]

x4 ‘yz =1,
ry =9

7.8. Halimure Bee 3HaueHHS DApaMeTpa ¢, IPH KOTOPHIX MMeET eInH-
CTBEHHOS PELICHME:
a) ypaskenne vzt +a® = |z + a| + |z — al;
|z — 2| +|y+ 1| =a,
2?2 —dx+y: =0
(=] - 6)% + (y — 12)* = 4,
(z+1)%+y*=a.

6) crcreMa

B) cucreMa



I'staBa 2
IlocaenoBaTeIpbHOCTH

BBe,Il;eHHe: YUTO 2Ke TakKoe — ITOoCAed0BaTeJIbHOCTE

IMpucerynas x usyyenuo TeMu «IlocreroBaTeabHOCTHY, HE CIELYET 10~
OUBATBLCS «abCOMIOTHOI CTPOrOCTH> B ONIpelefieHHAX M paccyskienuax. B
OTAMYHC OT HOHATHA (DYHKIMH, IPCACTARICIOHS 0 TOCICI0BATCILIOCTIX 10
Oobmedt gacTh GoOpMEPYIOTES BHE YPOKOB MATEMATHKH, THK YTO CMBICT
IJOro MaTreMaTrH1ecKoLra 'l‘EpMHHa y‘iaum MOCH M3BECIEH. h{{))‘l{ HO Il()l[p()(:}i'l'b
HX NoaodpPaTe CHHOHHME! 3TOrO cioBa. Haseproe, Gvayr zaHW Taxne oT-
BETHI: «pAl», €CMHUCOKS>, <QUEPelb».

3a 0849 THIS «[IPOSO/LKHTE PAL dKces] (uiau GYKB)», BCTPEYAIHCH y4a-
muMcst i pasee. Hanpumep, nepes nocrynuieHneM B epebiit Kiace peGeaky
BIOJIHE MOTJIO OLITH OPEATOKEHO TaKoe 3aaaHue: [Ipodoasicums nocieds-
sameavhoems 6yxs I, B, T, 4, [I, Il

/aKe BIPOCIIOrD 9TO 38, JAHHE MOXKET [IOCTABATL B TYMHK. (OAHAKO OHO
BIOJNC COOTBCTCTBYET OIIPCICJICHHIC NOIATHS MOCICIOBATCALIIOCTH, MO-
CKOJley OHA CUaHlag ey '.:iﬂ,LI‘HHHUﬁ, €CJJId 33a0aH CI[UCOG HAXPKIEHNA KAXK-
JIOTO ee aJieMenTa. B NpHBeIeHHOM [IPHMEPE YKA3aHHbIE OYKBEI — 3TO ep-
Bhle 6YKBLI CJIOB:

nepantdl, 6TOPL, mpenal, Lemeeptetil, naruntl, uwecinot,

OOSTOMY cliefyvionas dykea — 370 ¢ — nepeas OYKBa coBa cedomol.

Hasee 6yLyT H3y9aThes B OCHOBHOM YHCJIOBLIE [OCIEJ0OBATENALHOCTH.
Kakue [IPHMEDRE] HOCJIG,[LOB&TBJ’[]:HDCTBﬁ ¢«HM3 JKHUIHH» MOXKHO 3aMETHTL!
Hanpumep, Bo jloare ctonTe Ha aToDYCHOR ocranoRke. Kakyio nocne-
JOBATEIBHOCTb BHl MOXMeTe yBUAeTh! WMmm: BB m3ytiaere pedTHHr Koo
ropoda, 9TO 34 NocC.1e10BATENbHOCTE IIOABUTCH IePeT BaMH?

Koreuno, B oxpyxatomell Hac JefiCTBHTENLHOCTH BCE NMOCAEAOBATE b~
HOCTH ABAAKICA KOHCHHBIMHA, T. €. HMEIOT KOHCYHYI0 OJHHY (KOJ’[H'—IBCTBO
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SHeMeHmB). Beckoneunnie NOCIIeJOBATCNBREOCTH — YHKE MaTeMaTHYCCKaA
abcTpaxua.

an STOM Cpa3dy A CACAYCT NOAICPDKIYTE PalXIIAIY MCMKOY KOIICH-
HEIMH TIOCACOBATEVIBHOCTAMY W TIQCHSMOBATEL THRHOCTHMHA, QMCMEHTHI KO-
TOPBIX IIPpHHAMAKT JHAYIEHHA H3 HEKOTOpOI'0 KOHEYHOI' 0 MHOXKeCTBA. Ha-
npuvep, nadpaMn JecATHIHOR Jpoba ABASIOTCE TOJILKO IEMEBTHl MHO-
xectBa {0,1,...,9}, cocToamero uz mecatu uucesa. OxHaxo nudpsl ae-

1
CATHYHOTO IPEJICTAB/IHNH, HANPHUMED, THCIIA =, 00pa3yooT GeCKOHEYHYIO
MOCASA0BATEIbHOCTD

=0,142857 142857 142857142857 142857 . ..

..,l'.—l

CTUHT, KOHEYHO, ()Gpﬂ.THTI) BHAMANHAC YYHaIlIHXCHA Ha. TO, 97D 3Ta [DOC IR0~
BATEIBHIXTE HBJIHETUH IIEIIH{JH'I,H‘-]HU]':L

Tema 13. llocnnemoRaTeITEHOCTH: KX 3aJaHUE U 3HAYECHHSA

3anaya 89. a) BeumuummTe HECKOIBKO CIIEAYIOIIMX 4ICHOB IIOCIE JOBATE b
HOCTell, HAYaALHEE Y/IEeHR KOTOPhIX PABHBIL!

1) 1,2,3,4; 2) 2,4,6,8; 3)2,4,816, 4)1,4,7,10;
5)15,17,19,21; 6) 1,4,9,16; 7)1,1,2,3,5 8)2,3,5,7,11.

6} MoxeTe MM BB BEITMCATE COTHI 3JTEMEHT Kaxk, 101 H3 3THX MOCeI0BA-
TeabHoCTeT

IMorsaTen 8 BaM CMBICT BTOPOTC 3aJaHMA AaHHOMN 3ataun? [eno B TOM,
YTO €CU I NocAegoBaTe bHOCTe# (1)—(6) HATh OTBET HECIOXKHO, TO A1
MOCHIeJJHUX OBYX HOCJIE,[[OBaT&'IbHOCTBﬁ ATO TAJIEKO HEe Tak. HpH ITOM, ECJIH
COTBHIM TTPOCTHIM YHCIIOM SBJAeTcd uHe 10 541, To coThiM unuciom Pubomat-
9H ADBJIACTCH YHCIIO

354 224848178261 915075

C apyrofi ¢TOpOHBI, ec/u MocaeaoBaTe/bHocTh Pubonayun MoxkeT BbITH
33,JaHa [IOCPEACTBOM COOTHOMCHHA Ty = Tyl + Ty, TAC T = Tz = 1,
(151 Hee CYIIECTBYeT AaxKe siBHasl (GOPMYIIa), TO JA5 NOCAEA0BATETEHOCTH
TIPOCTHIX THCET HUKaKO# opMynnl «He NPHIIyMaHo», A8 H He MOXKET 5bITh
TPELY MATIO.

lake ecit YUEeHMKHN BEPHO PENIAAH BTOPO#H NMYHKT MpeabIAyIied 3a1a-
9H, Ha4O HPHYYATh HX K 3aIHCH «Oﬁ]]J,EBPO qJIeHas» [MOCACI0BATEIBHOCTH.
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3anaua 90. 3aznaiire dopMynaMu 3HAYEHHE 7-T'C LIEHA TIOCEIOBATEIb-
HocTett (1) (6) 3anaunm 89.

Orrerai: 1} 2y = 13 2) & = 203 3) 2, = 2% 4) 1, = 30—2; 5) 2, = 2n+13;
6} x5, = n?

IIpu 3TOM He CTOUT CTECHATBCS HCAOIB3IOBATE <«OMHY H TY Xe OYKBY»
TPH 38IHCH PA3IMHHBIX N0C1eJ0BATENbHOCTER.

3amaua 91. Haitgure dopMyny «obmero wicliny CACIYIOMAX MOCICIO-
Hﬂ’]'e.i]bl—l[){'.’l‘(—)ﬁ, HEPBBEIM “LIICHOM KH.}K,:'L(J]‘—% W3 KOTODPBIX ABNABRTUA EHAATL
a} Tnt1 = ZTp + 15 6) zpg1 = (0 + V)ag; B) 2pg1 = 225,

HOHHTHO, 9T0O CMBICI 3A08TH CQCTOHT B TOM, T-I"]Z‘Oﬁh[ IpHY"aTh yqam,nx-
CAl IePeXOIUTh (KOTAA 3TO BO3MOXKHO) OT PEKYPPEHTHOTO 3aJAHHS MOCe-
JoBaTeibHocTel K aBHoMY. OTBETH: a) X, = n; 6) x, = n!; B) 2, = 2" L.

Sagaua 92. Onpejeanre, KaKHe 3HAYEHHA MOTYT NPHHHMATD LIEHB T10-
CAEAOBATEIBHOCTEH, 3800HHBIX (DOPMYyIaME:

a) Tnp = 24+ (—1)*; 6) =, = sin(n - 45°); B) 7, = [g] (3mecy [@] — =10
Iesas 9acTh 9UCTA a).

a) [lepsag nocaesosaTensHocTE BMeer Bug 1,3, 1,3,. . ., U 3HaYCHHAME
€e WIPHOB SBJAIOTCH TOJIBKO wmHeaa 1 u 3.

6) HaguapHEMA 3/18MEHTAME BTO].)Oﬁ NOCJCIO0BaTCIIBROCTH ABJIAAHYIC

ﬁlﬁg_ﬁ _1_£Uﬁ
2??2!7 27 H 2?'.'2""‘

u muomecrso {—1, — ,1} ee 3pauennil coCTOMT K3 LRLK “UCEIL

V2 V2
7%

B) B TperpeMm cnydae monyuaeM, uto 1 = 5, X0 =2, x3 =4 =15 =1
H x,, = 0 npu Bcex n 2 6. Takum o6pa3oM, MuoxKecTEO {0,1, 2, 5} 3Ha9eHU
9TOH NOCTEI0BATENBHOCTH COCTOAT H3 YeThIpeX DIIeMEHTOR.

3agaua 93. Onpeac/niTe, KAKHC 3MAYCHAA MOTYT NMPHIHMATL WICHL I10-

CJJE,LI,OBH.'J.'E..'II:HOC'.I.‘EH., 33 /AHHBIX COOTHOWEHANMH?
T Un
1—yn

a) Tpt1 = mi Ax1=1;0) Yoy = Ay = 2. B) HaftanTe 3E29eAUA

n
L2013 W H2014-

a) 3aece Boe mpocTo; MH IOMyTIaeM nocnepcBaTenmHOCT 1,3,1.3,. ..
Taknav 06pa3oM, MHOKECTBC 3HaAYeHHUI 3TON OCHEeIOBATEIEHOCTH ACHUeD-
nbIBaeTCs napeit unces 1 B 3. ChenyeT o0paTHTh BHHMaHHE YHallUXcH,
ITO €CJAM MBL XOTHM 3amHCaTh $opMysty oGmero 4iieHa 3TOH NMOCIeI0Ba-
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TETIBHOCTH, TO MOMKHO HCIIOJb30BATE .TIIOGYIO H3 JBYyX CACOVIOMINX ('l')OpM.

Tp =24 (-1)" (kak B npeapAyIIeH 3ana4e)

1, ecitt n HeterHo,
HIH e Ty =
3, 816K T, IeTHO,

KOMY KakK IIPpaBHATCH,

§) Bropas mocnie10BaTeALHOCTE MHTEDECHES. Ee HAYANBHBIME YICHAMHE
11

2°3°
30M, MHOXECTRO ee sHaveHnl {2, —3

ABAAIOTCA: 2, —3, — 2,-3..., u aanee Bce NOBTOpAETCA. TakuM obpa-

,—%, % } COCTOWT W3 9eThIpex gucen.

Packpoem Tak:Ke «CeKpeTs COOTHOINEHUS , CTIPEIETAIOIIEr0 JAHHY IO MO~
CAEAOBATETBHOCTE, Je10 B TOM, 4TO €CIH IONOXKATE Y, = t€¢, TO, KaK
caeayer w3 GOPMYSIB TAHTEHCA CYMMBL, Yn41 = tg(cp + %) Orciona, B
YACTHOCTH, M CNEAYeT COOTHOWEHHE Yn+q = Yn. KOTOPBIM HYKHO BOCHOIb-
30BATHCS IPH PelleHAH NOCIIeIHET0 OYHKTA 3aXa4H.

B) Buaso, 9To and wieHOB mepBoil [OC/IEAOBATEIILHOCTH NpPH TI050M
HATYPAJILHOM 7t CTIPABEJMIHBO COOTHOLIEHHE T,i2 = Zp, HO3TOMY Tog)3 =
= 1), = 1. CooTHOmCIIHC MCKIY YACIIAMH BTODOH MOCHCAOBATCILIIOCTH

UMEET BHJ, Ypid = Ypn, TOITOMY Y2014 = Y2 = —3.

KOHB‘IHO, AJIA peledrd ciaeny IO]_Ll,eﬁ 3ajaqHd I[IGJA€3HO [MOHATHe BO3pac-
TaHHA 0OCIeA0BATENbHOCTH, OMHAKO OYJeT ecTeCTBeHHee BBOINTE eT0 yiKe
HOCJIE TOro, KakK 3Ta 3aJada OyZeT NOHATA U PELIeHA.

3agaua 94. Halizure nouMennIIEd YaCH NOCICIO0BATCILIIOCTH:
) g =30+ 7;2) 2, = 02 + 205 3) w, = 0% — dny 4) 1, = n® — by

5} 2, = n> — 12n; 6)$n=n+%;7) mn=n—%‘

[IpuBeaeM HeKOTOPBIE IEIATOrHYSCKHe COOODAKEHHE B Pa3Ho0Opa3HbIe
penteand. CoOCTBEHHO MOBOPS, 3TO 3aJa4a Ha NOBTOPEHHE CBOWCTE YHC/IO-
BhIX HepaBeHCTE. Hanpumep, w3 Toro, uto n? 2 1u2n > 2 npk Beex n 2 1,
CHEJyeT, 9TO B IYHKTE 2 CIpaBellHBO HEPABEHCTBO Ty, 2 1 = 3. OxHAKO
YTO KaCcaeTCsa NYHKTA 3, TO B HEM TOAODHOE PACCY>KJCHWE HETIPHUMEHHMO,
TIOCKONBKY “BLINHTATLY HEPABCICTBA ICIL3A. KOICWO, 3TOT MyHKT — 114
]I()B’I'('JIIBHHH CBOHCTB KB&)!I)H’I‘H‘-[H();{ (I}HVHK]LHH. HOJIHHHU TAKHE ()ﬁ(!y)l}‘l'l‘h
CAeAyIoIee ero pellenie.

Ecnm o = n? —dn, To 11 = =3, 13 = —4, 23 = =3, 24 = 0. Tax kak
Tn, = n{n —4), T0 T, 2 0 opu Beex n 2 4. CresoBaTeIbHO, HANMEHbBIIAM
3HaYEHHEM JAHAOH TIOC/EIOBATE;ILHOCTH SBASETCA 3HAYEHHE Ty = —4.
He ncnonp3ys npusegennoe coobpaxkenue, TpysEO OymeT PEIIMTL MYHKT
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5, pemeHEe KOTOPOIO COBCEM MNpocTo. [lepBrie 3HAYEHHA 3TOH MOCIEIOBA-
T&IBPHOCTH NTPUBETLHBI B T&&'IHHE:

n 1 2 3 4
Ty | =11 | =16 | =9 | 16

Mockonbky z, = n{n®> —12) > 0 npu Beex n 32 4, TO HAWMEHbIIEe 3HAYC-
HUE CIEIYET HCKATh CDETN HAXOAANIXCS B MPUBEIEHHOH Tabmane 3raqe-
HHHA ,LLFI.HH()ﬁ HOGASNOBATE L BHOC TH. TH,KHM ('lﬁpﬂf‘l()]‘ul, HAHMEHELIHM HEB/1RET-
o £y = —16.

6) 3 nepasencTBa MeXKLy cpelHMM apudMeTHISCKUM H CPEAHIM Teo-
METPHYECKHM JABYX LOJIOKHTEILALIX MHCe)l Clelyer, UTo I, = 1 + % =2

> 24/9 = 6. TIpy 9TOM PABEHCTBO HMEET MECTO LK 7t = 3.

Koreuno, MOXKHO GBI PacCy» JaTh TAK Xe, KaK B Npelpayniell sa-
Jade, TAK KaK fACHO, 9T0 Ty, > 6 mpu Beex n 2 6. [losTromy nafimeHHOe
YHCIIO T3 = 6 — HAMMENBIICe CPCAM MCPBBIX OATH 3UANCIIHE AaTmol mo-
CREIOBATETHHOCTH — FRATSTCST W HAMMEHBITAM 3HAYCHHEM CPE#E BeeX e
ANEMEHTOB.

7) A TpH pemeHMH STOrC NYHKTA 3aJa4d CjeAyeT pacCyXJaTh TaK
»Ke, KaK W OPU pPelleHHH ¢e TNepBHIX ABYX OVHKTOB. Tak Kak n 2 1, TO
0 < % € 9, mosTOMY - 2 —9, sHaumT, 1 — % > —8, 3mayenne r; = —8
U ABIAETCH HAHMEHLINHAM.

3amaua 95. ,Z[or:amn're, 4TO 3Ha‘{eHHH BCEX B.HeMeHTOB nocne,:cJBa'realeo-
on -+

et 1) &y, = T TIeWAT B OTpe3Ke [ 2;2) ap = — . nexat B OTpeske
[—1;1]; 3) zp = m nexkat B otpeske [0;1]; 4) In =vnt+1l-—mn

JEXKAT B OTPEIKE [U; l]

2nt1

1) HepaBencteo ——— n < 2 BepHO, HOCKOABKY 21 + 1 £ 2n + 2. Hepa-

2n+1 3

n+1
BEHCTBO ey = 5 BEPHO, TAK KAk in+2 2 3n+3 opu Bcex n 2 1,

EC'I‘GCTBGHHO, B IIpOAcAanHbBIX HDGOGDGBOBaHHﬂK HCOONL3OBAJIOCkE TO, YTO
3BaMeHaTe b JAHHON ;Ip061-1 — INOJIOKHTEIBHOE THCAC.

2) Hepasencteo ‘-—-‘ 1 BepHO, Tak Kak |sinn| < 1,an 2 1.
1
—— 1.
n? —4n+5 1
4) Hcno, yto vn? +1—n > 0. Janee npogenaem npeoBpaioBanue,
KOoTopoe Gy1eT AOCTATOMHO YaCTC MCHOIE3OBATHC B JaIbHelmeM. Hseem

1 1 1
) _
n“+1—n= <-.
s SRR

3) Tokkak n? ~dn+5=(n-2% 4121 100<
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[Ioneesem mTor BBOZHEIX 3aHATUIL. (JCHOBHAA MEBICIB, KOTODYIO O CJIe-
JyeT NOBECTH N0 YHalIUXCs, COCTOHT B TOM, YTO IOCHENOBATEILHOCTD 3a-
JIHA, BCAW AMEsTCST MTPARMIIO, TIOCPECTBOM KOTOPOTD N0 MIO0MY 38,/1AH-
HOMY HATYPAJJIBHOMY ‘IH{L1lY — «HOMEPY ‘'L1eHa HOCACA0BATENBHOCTH> —
MOKHO HaliTH IMC10, KOTOPOE M HAa3bIBAETCA <3HAYeHHeM jieHa NOCIeIo-
BaTEIBHOCTH ¢ JAHHEBIM HOMepoM». KOHeYHO, eCTh JBa OCHOBHBIX crniocoba
3a,JaHNA NOCIEeJOBATENbHOCTER: a) ABHOI GoOpMYMOH U §) IOCPeaCTBOM pe-
KYPPEHTHOIO COOTHOMIEHUS, 00a B3 KOTODEIX JOJIKHB NIOSBUTHCHA yKe Ha
nepBoM 3ansTUH. KpouMe Toro, npejjarasMble 3a1aun CBA3aHbl U ¢ HOHA-
THSMHU OI'PDAHHYEHHOCTH IOCNeAOBATENBHOCTH, 8¢ MePUONHYHOCTH HIIH MO-
HOTOHHOCTH, HO Mbl IPeJATaeM BEOAHTEL COOTBETCTBYIOIUE ONpefencaus
118, [OCACTY IOIIHX SAIIATAAX.

3amgaum Oa5 OOMAIDHUX 3agaHuil 0o tTeme 13

1. 3aaafiTe PEKYPPCITHLIM COOTHOMCITHEM CICAYIOOHE NOCIEI0RBATCABII0-
CTH, 3HHHBIE ABHOR (hopMyaoir;

1) &, — n + 2014; 2) &, — 2015- 3", 3) z,, — \/2+\/2+...+x/§.

n KopHeit

2. Hammure dopMysy o61I€ro 4iieHa NOCIEI0BATEIBHOCTH, 38 aHHOL Co-
OTHOMEHHEM:

1} Zpy1 = &p + 2 ¢ HAYWILOLIM DICOOM T1 = 25 2) Tpi1 = Zn + 2 € HA-
WANBHBEIM ‘LIEHOM &1 = 3; 3) wpy1 = 26, € HAMAIBHBIM LIBHOM Iy = 2;
1) ZTpty = 2Ty, ¢ HAYAJIBHBIM WIEHOM 1 = 3; §) Zpg1 = 22, + 1 ¢ HavaIb-
HBIM 971€ECM X1 = 1; 6) Xpy1 = 22, + 2 ¢ HAYAJIBHEIM WIeHOM &1 = 2.

3. HalimnTe HamMeHBIIME W HaHOOMBINHI YiIeH IOCHEZOBATEILHOCTH
(B TOM Cay9ae, eciy OHH CYWECTBYIOT):

])$ﬂ=3n+%;2)xﬂ= 3)$n=n3+]2n;4)xn= 1 .

ng -7
n

wo
Int 17
+ 6

(14
ﬂ.) Hﬂﬁ,!],ld’l‘ﬂ BCE ZHAMEHUY "LUIBHOB FT0OH LHOCHEeA0BATCNBHOCTH, HBIHKLEIKWE-

CA HaTyYPa.IBHEIMHA qHACJIaMH.
6) Joxaxkure, 4T0 cpely 3HANEHUHN YICHOB 3TOM TOC/IeA0BATENLHOCTH KMe-
eTcHd Ha.mﬁonbmee, HO HET HAHMENLbLIIEro.

4. PaccMOTPHM IOCKIEIOBATENBHOCTE, 3aIAHHYI0 hopMyIol T, = 2

5. TIpamomkuTe MOCneaeBATETRHOCTH W HARHTE ee coThili uaen:
1} 2,12,36,80,150; 2) 2,6,18,54,162; 3) 1,10,11,100,101,110,111.
Vi,

4} Haligure OpOnyIEeHHbBH “IeH MOCAEA0BATEIBHOCTH 0, 1, % AR % .
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6. PacemorpuM HOCICIOBATEIBHOCTD, 38T8HHYIO0 COOTHOMCHHEM Tpiq =
_ 1 —in
T 14 2,
BATEIBHOCTH, €¢iH &1 = 2. 6) JdokaxnuTe, 910 ecaa 1 # —1, TO T2 = Ty,

TIPpHA BCeX HATYPaJbHBIX IHAYEHHAX 71.

. a) HatauTe MEOXeCTBO 3HAYEHHI 3]eMCHTOB TaKoW NOCIeno-

14z

——= (cM. myHKT (6) 38~
1 - In

Jam 93). fHcno, u1o qmcao 1 He Moxer GbiTb €6 HAYMAJBHLIM ‘LICHOM.
a} Hafaure Bee umcnia, KOTOphIE He MOrYT OBITh HAYaJbHbIME JIEHAMHE
TaKoM NocAeAoBaTebHOCTH, 6) JokaXKuTe, 4T0 NPH BCEX OCTAJBHBIX 3HA-
YEHHAX HAYAMbHBIX Y/IEHOB MEXKIY JIEMEHTAME ITOH NOC/IEA0BATEILHOCTH

HMEET MECTO COOTHOIICHHE Tptpd = Tn.

7*. PaccMoTprM NOCIe10BATENBHOCTD Lyq1 —

Pemmenns aoMamHAX 3a7a4 110 teMe 13

1. OtBethl: 1) 41 = Zn + 1, 21 = 20155 2) 1,41 = 32, 1 = 6045;
3) Tt = V2 T Tn, 21 = V2.

2. Otperer: 1) 2z, =2n; 2) x, =20+ 1; 3) 2, = 2™ 4) 2, = 3- gn-1

5) B omsiadue OT 3agaHMil NpeABl1yIOUX OYHKTOB 3[4€Ch MPUIETCA [o-

paccyxkaaTb. Coctapum Tabminy 3HaveHUil NepPBBIX 3IEMEHTOB DacCMAaT-
puBaeMoil HoC/ae 0BATETbHOCTH.

n |1]12|3]| 4|5
z, |1 (3| 7]15]31

Hetpynmo aorafmarhed, aTo cTOAMIHE B TABIRIE IHAMEHWA MOTYT BRITH 38-
Aanni dhopmynolt @, = 2% — 1. A gance paccyKacM 00 HIYKIHH: CCIH
Tp=2" 1, Toxn =22 — 1)+ 1 =21 1,

6) Paccyxaenue, aHANOTH'IHOE MPOBEACHHOMY B DEIIEHHM MPENLIAYIIEro
MyHKTa 33Ja49H, 4aeT GOpMyay I — 2711 — 2,

3. 1) losaTHo, YTo HaubOMbLIEro YieHa AaHHOM NOCAeI0BATE LHOCTH
HE CYHIECTBYET, IOCKOIBKY &, > 311, & N — 3TO OPCUIBOJILHOS HATYpPab-
Hoe 4MCno. SIcHO TakaKe, ¥TO HAUMEHBOIHM YISHOM ABISeTCa Xy, — 4, no-
CKOJIBKY, KaK viKe OBlI0 3aMedeHo, [IpA Nt 2> 2 BBINO;IHEHBl HEPABEHCTBA
Ty, > 3n 2 6.

2) B stoM MecTe ynoDHO BBecTH pa3Hbie 0003HaueHMA AMAA Pa3HBIX

T[OCJIB,H,OB&TGJII}HOCTBﬁ, IMOCKONBKY [IpeANlarasTcA pacCMaTPHBATE OJHOBDE-
L]

) 3ne41°
KAK Yn = ——; TO HAUMCHBILEIO “ICHA BTOPO [IOCTI€IOBATEJIBHOCTH He Cy=-

T

IIECTBYET, & €¢ HauOOAbILKH 4iIeH OOpATEH HANMEHBILEMY YJICHY &1 IEPBOH

MeHHO JBe nocjaenorarenbaocTH. Ilyers 2, = 3n— 18Yn = Tak
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noceaoBaTe/bHOCTH. TakuM obpasoM, 31 = % — 3T0 HaHOOJIBILME IeH
nocaeaoBaTensaocTa (2).

3) Hambonninero uneHa He CYUIECTBYeET, 3 HAMMEHBIIMM ABIASTCS YJIEH
I = 13.

4) CocTaBHM TaOMHUKY 3HAYEHMI BAa4aabHBIX 9/ICHOB JAHHOM [OCIIE-
JOBATEIBHOCTH.

T 1 2 314
| L] L|1[L
R 4 3 2 ]

HOCKOJ'Ibe 3HaAEHHA BCEX OCTAJBHBIX €€ YNeHOR MOJIGKHTENBHBL, TO HAH-

1
MEHBIINM ABJIACTCA LIEH Ty = — 3. Ilockoabky npu n 22 3 cupaBedIHBO

. 1
HepaReHCTRO N2 — 7 2 2, To 1, € T3 = 3 Crenosatennho, HanDONBIIAM
ABAAETCH TPETHI TeH DOCIeIOBATEILHOCTH.

2n+6
n

G
4. a) Tak kak z,, — — 2-+-; , TO YHCAO Ty, ABJSSTCH 1IIHIM TOTHA

H TOJILKO TOT/IA, KOTJIA — — MEJIoe JHCJO. Takum 00pa3oM, SHCIIO R JJODKHO
ObITh menmTeneM umcaa 6, T. e. n = 1,2, 3, 6. [ToaToMy HaTypambHBIME
ABNAIOTCA 3HaUeHHA &1 = B, X2 =5, x3 =4 1 x4 = 3.

6) Ecmen > 1, Tox, =2+ n < 246 =z, noaToMy &1 = 8 eCTb HAM-
GoJIbINHI “IeH JaHHOH MOCTIeJ0BATENbHOCTH. HCHO, 4TO 2 < Tpyy < Ty

1pa Beex n. C apyroft cTOpOHLL, 3HAYEHUS YICHOR 3TOH 10C/1e10BATeNbHO-

CTH MOTYT BBITH CKONL yroano bmskuvu K 2. Hanpumep, x, = 2 + % <

24 11—0 opu Bcex 1 2> 60, a z, < 2,001 opn n > 6000, 1 Tax manee.

5. CobcTBEeHHO TOBOPS, 3RIAMA COCTOUT B TOM, YTOBBL 34METHTH 36—
KoroMepHocTs. 1) Eerecrrenna, uto wp = 12 = 4-3, 23 = 36 = 9-4
Hzy = 80 = 16 - 5. Kax smaso, z, = n?(n + 1). Ja, max n ecrs,
x5 = 52 -6 = 25- 6 = 150. Takum obpasoM, x1g0 = 1002 - 101 = 1010000.

2) B raHHOM citytiae KaXGBil cIenyompit ‘e nocleioBare;bHOCTH
BTpoe GoAbINe MpenbLIyMero, MOITOMY T = 2-37 !, 3HauuT, 190 = 2-3%°.

3) 3agarta noxurpee. COThIM "WIEHOM JAHHOA MOCHE0BATENBHOCTH] SIB-
agercs 1100100 — vucao 100, 3anHcaHHOe B ABOHYHON CHCTEME,

4) IlponyIuen «ieH, paBHBIA Sin 1850 = §in 36°.
1 1+ 3
6. a) Ecimr 21 — 2, 10 2 — -3 3 23 T 2, u ganee Bce
-3

1
nosropsercd. [losToMy MHOXKECTBO 3HAUEHHU COCTOHT B3 Mapst {2, -3 }-
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6} Umeem
1. 11—ty
z _l—®ny _ Tian _ 230 _ .
n+2 1+wn+1 L+ %L 9 e 3]
Fre

TIPH 3TOM CIeAYIOUINI 3eMeHT 9TOH ocaAeJ0BATEILHOCTH CYILECTBYET, ec-
JI TIpe BTy Myl Be 6bl1 paBeH —1.

l4+a
7. llyets 2y = a. Torga 7o = T— g TPH 3TOM 3MIEMEHT Iz He CYy-

1+ e 1
mecTeyeT, eciid ¢ = 1. Ecan a # 1, To 23 = T 1% — g [Ipm sTOM
T I-a

Tpe'IHﬁ INNEeMEHT IMOCAETOBATENBEHOCTH ﬁ}w,e"r CYUIeCTBOBATH, €CTH & _/—‘ 0.
1

— 4 -1
TTosTomy mpegmosoxuM, uto a # 0; 1. Toraa x4 = T * = :: - Ecau
42
a# —1, 10 alneMeHT x4 cymeeTsyer. [pegooaoxumd, uto a # 0:41. Torna
1+ a_-
T5 = I—Zf: = ¢. Taknv o6pa3oM, MBI NONYIAEM OTBET HA 3aJ4aHNE ITyHK-
T el

ta {a): 1 HE MoXKeT GeiTh pasHbM 0, —1 uau xe 1. CobersenBo roBops,
MPUBEICHHOS BEIYHCICHAE TOKA3BIBACT B HyHKT (6). JeficTBuTenpHO, B3AB
@ = Ty, MBI DOJYYHM, 9TQ Lptd = @ = Tp.

CamocrositenbHan pabora 8 (tema 13)

Bapuanr 1

n nl
1. Jann nocaeiosarelbHOCTH Ty, = {I} H Uty = {T} {zpecn {a} — aro
IpobHas 4acTh yucha a). HatianTe: a) TpRAUATHE 4ieHB THX OOCIEI0-
BaTeIbHOCTEN; ) MHOXKECTBA UX SHAMCHHI.

2. 3apaiiTe noc/1IeH0BATENBHOCTH Ty, = N+2 B Y, = /N + 1 pEKYPPEHTHBIM
00pasoM.

3. Haignre dhopmyny obmerc “wieHa NOCAeIOBATETBHOCTY ¢ HAMATHHBIM
WICHOM T1 = 2, €C/IHE A) Tugy = Tpn + 6; 6) Tppy = 6 — oy,

4. BrigcauTe, CyILeCTBYeT M HAMMEHBLINHM H HaHOOMLILN 3JIeMEHT Mo-
CNENOBATEIBHOCTH: &) Ty = %; 6) T, = n? — 20n: B) Zpnt1 = 2z, — 1,
I = 2.
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Bapnanr 2

1. Jann uocie gBarcibHOCTH Ty = {%} H Yy = {%'} (3,1;,&(:1, {a} — 310
ApobHas “acTh HHcha o). HafianTe: a) TpHAUATHE *LISHBL 9THX OOCIEI0-
BATEIBHOCTEMN; §) MHOXKECTBA, HX SHATCHHIA.

2. 3agaiTe MOCAEAOBATEIBHOCTH Ly, = 21 + 1 M 4, = /N PeKYPPEHTHRIM
obpasom.

3. Haiinure dbopMymy ofmero wieHa MociefOBATEIbHOCTH ¢ HAYATIBHBIM
UICHOM ®1 = 2, €M &) Tyl = Tpn + 8; 6) Tny1 =8 — x,,.

4. Briacaurte, CYIMIECTBYST M HaMMEHbINUHE H HanbONLOINI 3MEMEeHT mo-
CNEJOBATEIILHOCTH: &) Ty = %; 6) x, = 30n — n?; B) x4 = 21, + 1,
Ir = 1.

Bapuanr 3

3n
nexkar B orpeske [1;3]. 6) Hatinure Bce ee menble 4ieHsl. B) YKaXKure
KaKoe-HUOYAb YHco B3 mpoMeXkyTKa (1; 3), He apasollleecd ee 3HAYEHUEM.
2. Haitnure cdhopMyny obmero wieHa NOCHe OBATEILHOCTH ¢ HAYATHHLIM

1. Jaun n0CiCaoBRICALHOCTE Ty = a) Jokaxure, 910 Bee ¢ ©ieHn

. 6
WIBHOM T = 2, €CIN: A) Ty 1 = 6y} 6) 2p 11 = — .
L
3. Hattpure hopMyiy obICro 9acia mOCJCAOBATCALIIOCTH, 3a, aH00H co-
OTHOMEHUHAMN: Ty =2 — — , 1) = 2.
Ln
4. BuscugTe, CymIceTBYeT M HAEMCHLIOAE B IIaH00ALIIKH 9cH NOciIcIo-
4 1
BATCHLHOCTH! A Ly =70 | e 6) x, = et B} 3RUAHHOA COUTUOWCHACM
n J—

Ept1 =22, -1, 71 =c.

Bapuanr 4

dn
1. Hana nocie10BATENBHOCTD I, = w3 a) AOKasKHTe, 9TO BCe €2 YIIeHbI

nexkar B orpeske [1;4]. 6) Hatinure Bce ee menble wneHel. B) YKa>kKure
Kakoe-HUOYOb YuCII0 B3 NpoMeskyTKa (1; 4), He ABAsIOMlcecs ee 3HAYEHUEM.

2. Haitaure ¢opMymy obmerc wieHa NoC/ieOBATEIBHOCTH ¢ HAYATBHBIM
3
UIEHOM ®1 = 2, ¢! &) Tnpi = 8%p; 6} Tpyy = -
i
3. Haitgure hopmyny obmero 9ieHa mociae OBATENBHOCTH, 3aIaHHOM CO-
1 1

OTHOWEHUAMH: Tnt) = 5——, F1 = 5.
o,
4. BuiscauTe, cyllecTByeT A HaMMEHbINHE H HauBOJLUIN 3/eMEHT Mo~
Y] 1
CNEAOBATEILHOCTH: A) Ty, = 7L + o 6) &, = T3 B} 3aJaHHON COOTHO-

MeHHeM Zny = 22, + 1, 21 = c.
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JONOJHNTeNbHbIe YIIPaKHeHud no teMe 13

8.1. 3agafive asyva cuocobamu — hopmynoii obIIero wiena U pekyp-
PEHTHLIM 06Pa30oM — [OCHIHOBATE/LHOCTH: 1) HEMETHBIX HATY PAJNLHBIX YH-
cen, 2) HATYDAThHBIX 9HCEN, OCTATOK TIPH JIRTeRAH KOTOPHX Ha D pAREH
4; 3} HATYpanbHBIX cTeneHel yucna 3; 4) KBAAPATOB HATYDATBLHBIX YHCE.

8.2, 3amaifite mOCPEACTBOM PEKYPPEHTHOIO COOTHOIICHHS NMOCACIOBa-

tesikHocTi: 1) &, — n—5; 2) x, — 25n; 3) z, — Oml; 4) x, — %;
5z, =3 (‘)ﬂ‘n~\/.)—|—w
n KopHeii

8.3. 3agaiiTe apHLIM 06pa30M CACAYIONAC PCKYPPCITTIIO 3aJAIILIC 110~
CNEJIOBATETRHOCTH, MEPREIT YIEH KAA0H W3 KOTOPHX paReH 2
1) Zni1 = 32p; 2) Tng1 = Zn + 35 3) Tyt = 02n; 4) Tny1 = (20)°

8.4. HaiinuTe MHOXECTBO 3HaYEHUH CJI61y 10X IIOC/e10BaTe TbHOCTEH:
1) nocrenuux uudp uucen 2™ 2) oCTaTKOB OT JeneHusa uucea 2" Ha 10;
3) ocTaTKOB OT JeseHms duces 1 Ha 3; 4) OCTATKOB OT JAeTeHHA UHCes N2
Ha, 4.

8.5. HaiiiuTe MHOXKECTRO 3HAYECHUN ClIe Ny IOIINX IOCEA0BATENLHOCTE!
|

1>xn=[;—gz];mn=[§];s> = {2} 9 2. ={7}:5) 3 = {35}
6)3:11:{?—0}.

8.6. HatinnTe parMenbnnit ¥ HAROONLIIHH 2/I€MEHTE CACOYIOLHX 110-
CNENOBATEILHOCTEH (eC/M OHM, KOHEYHO, CYIecTBYOT): 1) 2, = 2n — 5,
2) 2, = 2 —5n; 3) T, = 5n? + 2n; 4) 2, = 2n% — 5n; 5) z, = 2n® — 5n;

_ . _ . _ 2.
6):1:.,,—2n_5,7)a:n—2n+5,8)mu— 9) x, = 5n+n,

) 3
10):5,1:2n—5;11):rn:2n+5.

2n—|—5’

Tema 14. MonoToHHBIE OcegoBaTeNbHOCTH. [lepronu-
YEeCKHE INOCJIEAUBATECIbHOCTH

Brigenuu Te ¢BOMCTBa MOCAeOBATENBLHOCTEH, KOTOPLIE B ONpeeeH-
HOM CMBICNI2 TOBOPAT O TOM, YTO [OOCIEI0BATEILHOCTL BeleT cebd «pery-
JIIpHBEIM» 00pa3oM. [TepBbIM U3 MOAOOHEIX CBOMCTB ABIACTCA MOHOMOH-
HOCHLB, BTOPHIM, W B HEKOTODPOM CMBICHE MPOTHBONOMOKHBIM, — 7LEPUG-
FUNHOCTAD.

DyaeM Ha3smBATBE MOCIIETOBATENBLHOCTL S03PACMAOULEt, eCI KA IbIil
€e TMOCAeAYIOINUiE uneH QOnbIle MPeAbLAVINETDO, T. €. €C;IM NpPH BCeX Ha-
TYPAJIBHBIX 71 CIPABEMIHBO HEPABEHCTBO Xyl > Lp. LCIH e KasKZIbIH
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MOCACAYIOMIHHA YICH MOCAEIOBATEIBHOCTH MEHBINE MPEABLSVINErO, T. €.
Tpt1 < Tp, TO TAKYIO NIOCTEJOBATEILHOCTL OyIeM Ha3bBaThE yHutemouied.
Ecow opu Beex 1t BHIDOTHEHO HEPAREHCTRO LIy 11 22 Tp (En 11 € Tn )y TO 0O~
CACHOBATENIBHOCTD HAIBLIBBOTCH HEC"NLPUF,'{J Bnamc'nmmw,;e?'i (CUO']‘BG']‘C’I‘HEH-
HO, Hecmpozo ybusarweit). [Tociie0BaTENbHOCTD HA3BIBASTCS MOHOTIOH-
O, eCAM OHa ABIASTCA BO3pacTaloell HAW XKe ABAACTCA yOulBalomett —
KakK CTpOI‘O, TaK H HeCTpOoro.

33,1].3‘-]3 98. ﬂ(}KH)KH'['H, 970 CISJIYIONEE HOCTEAOBA TE/TBHOCTH SIBJISTRYICH

ybbipaomumu: 1) x, = 1. Dz, =n—n%3) o, =vn+1-n;
2

n *
4) z, = (sin36°)"; B) Tpy1 = %", rae ) = 2; 6) xpy1 = %, rae 1 = 2.

1 1
l) HeparencTro £n4) < Iy BEPHO, TAK Kak ] < - .

2) BocnonbayeMces cBoftcTBOM KBaJpaTHuBoOl GyHKUER f(z) = 1 — 2°.
Ota yObiBaeT Ha Jyde [%;%—oo), HOSTOMY Zn41 — f(n + 1) < f(n) =

= Zy,. KoBeaHo, MOXHO B0 HanucaTb, uTo .+ 1 — (n + 1)2 < n — nf,
nockoabky —2n < 0. ITonuepkueM elle pa3, uTO CTOMT CBA3aTH CBOHCTBO
IMoCae IOBATENILHOCTH CO CEROHCTBOM (l)yHKIIHH.

1
3) Tak kak 2,, = VR +1— VN = ———— |
) " vn Vatlt Vi
HepaBeHCTBA Vvt + 2+ v+ 1 > v+ 1 + /n crenyert, uto 5,41 < Ly,

Kore4Ho, 10cTaTo9HO GHIIO 3aMETHTh, YT0 GyHKUud (1) = —————
vr+1++/z
ABAASTCHA YORIBAIOIEH.

4) Beeacm oboznagenue @ = sin 36°. Tak kaxk 0 < @ < 1, TO a*tl < g®,
"wrao ’l‘l)ﬂﬁﬂﬁﬂ.‘I{)Ch AOKAIATb.

5) TockonbKy Bee 9JIeHBI JAHHOM TI0C/EA0BATEIEHOCTH O9€BHAHBIM 05~
Pa30M ABIAKTCA NOJICKHTEIBHEIMHA, TO %‘ < Ip, OTKYJa ¥ CIeIyeT, 9TO
Tr+1 < Ty

TO A3 QUEBHTIHOIO

2
H i
) HepapeHCTBO Tp4y = ?“ < Iy BBLIICHHEHO, ecill T, < 5. Tak kak
z1 =2, T0 2y < 1] = 2. TakuM 06pa3oM, paccy:XJad 10 HHAYKUHH, MBI H
HOJYIAEM, YTO €CJIH H3BECTHO, 4TO Ty < 2, TO Tny1 < Tn < 2.

3azaga 97. BusacuuTe, ABNAeTcA JH MOHOTOHHOHN IMOC/€I0BATE,ILHOCTD:

1) z, = sin(18°n); 2) z, = n% — 10n; 3) z, = n® — n; 4) sazannas

COOTHOWIEHMOM ;41 = -, €CIA I1 = ¢; 5) 3aJAHHAR COOTHOWIEHMEM
2

Tp41 = 5 ,ECAH T =C.

L.
1) KoHeuHo, He ABASETCA, TaK Kak, Hampmmep, 0 < x1 < 1, x5 = 1,
a x10 = 0. 2) Koneuno, He sABNAeTCA, Tak Kak, Hanpumep, ¥; = -9,
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29 = —16, a 219 = 0. 3} Ha, aenserca. Tak xak z, = (n — L)n(n + 1), 10

Tpt1 = n(n+1)(n+2) > x,. 4) Ja, apaserea opu moboM 3HaueHHH ¢. Eo-

au ¢ = 0, TO MOCTEORATENMHOCTR MOCTOAHAA. FKemmn ¢ > 0, To @, > 0 npwu
z

Ju0DoM T, CUBLOBATENLHEG, Ly = T“ < Ip. Bouan xe ¢ < 0, 1oz, <0,
5

MO3TOMY Lp41 > &n. 9) Ecan ¢ = 0 win ¢ = 5, 10 MOCAeA0BATENLHOCTD Ty

nmoctoanHa. Ecmmu 2 =€ > 5, T0 9 = 21 - g > &1 > b. Paccyxaana nanee
O HHAYKLHH, IIOYIaeM, ITO, IIOCKOIBKY T > B, TO Tpt1 = &y - % > Ty
Taknv obpazom, eciu ¢ > 5, TO NOCASIOBATESILHOCTD Ly, — BU‘3paCT‘aR‘}]]J,&H.
Ecmm 0 < ¢ < 5, To aHATOTHYHBIM ODpA30M JOKA3BIBAETCH, YTO NOCIEIO-
BaTEBHOCTD ABIAeTCA yObIBatonlel. Ilpu ¢ < —5 nocnenoBaTenbEOCTh —
BO3pacTaomad, mpa —5 < ¢ < 0 nocrenoBaTeNbHOCTE MOHOTOHHOH He fAB-
ngetrcs. Hakorer, mpu ¢ = —5 MH n0Iy4YaeM HECTPOrO BO3PACTAICUIYIO

ocNe oBaTeMbHOCTE —8,5,0, ...

Bo MIOrux ¢ny9aax MOHOTOHHOCTE JSHHON NOCICIOBATEALHOCTH MOXK-
HO 4DKa34al'hb, HC]iUJ[bByH MOHOTOHHOE 'S H3BSCTHRIX HO{SJIB,J;LOB&'J_’EJH:HUU’I'BI‘&‘
TToaTOMY CTOMT IOKA3ATH, TTOOH Aales HCMOIb30BATE, CNEVIONHe YTRED-
K IeHMS.

3amaua 98. [laun fape BOBpacTaONINe NOCASAOBATEALHOCTH Ly H Ypn.
1) Hokaxure, 410 ecan ¢ > 0, TO NOCIEI0BATENILHOCTh 4%, BO3PACTa-
€T, a ecau @ < 0, To oHa yOurpaeT. 2) Jokaxkure, ITO NOCISAOBATENLHOCTh
Tn — Y — BO3pacraromwmad. J) JdokaxKaTe, UTO eCNH YHCAA a H b UMEIOT
OAMH H TOT K€ 3HAK, TO IOCIEeJOBATEIbHOCTD 2, = &n + by, ABISETCA

MOHOTOHHOH. 4) BepHO 1M, 4TO NOCIEAOBATENBHOCTE 2; = o ABaseres
n
MoHoToHHEOH! 5) CopMy/mpyiiTe SOMOTHETENLHOE YCAOBHE HA MOCIEI0-

1
BATEJILHOCTD Ly, IPU BLIUOIHEHHH KOTOPOTO II0C/1¢(OBATENBHEOCTD &y, = —=
i
SABJHELCH MOHOTOHHOM. §) Bepro nn, 110 nocne oBaresbhoctb 2y = Lnlin
ABAsAerca MOHOTOHHOH? 7) CdopMynupyiire AOOOJHATENBHOE YCIOBHE HA
MOCTEAOBATENBHOCTH &y, U Yy, IPH BHIMOJHEHUH KOTOPOTO TOCAE0BATE b

HOCTD Zy = TnYn ABIAETCH MOHOTOHHOI,

3
4) Her, nerepro. Ecmun z,, = n— 5 TO MOC/IEI0BATENLHOCT 2y, HE Byzet

2
MOITOTOIIION, TIOCKOIILKY 2y = 2, 25 =2 > g1, a 23 = 3 < 72
5) MocTaTowiio mpeIOoIo¥HTE, YTO BCE YOl HOCHACKOBATEIBIIOCTH
Ep HMCIOT OZHI H TOT XKe 30aK. JefCTBHTEALII, IPH 3TOM TPEIN0N0NKE-

HHH HPOMIBEJIEHNWE Dgilp ] HOUOAUTENRH), 1THOYTOMY, IIEJEMEB HE HEerQO ()(}H

1 1
HACTH HEPARCHCTRA Ly () > Lp, MA TOJYTAM HEPARCHCTRO ..C_ > T N
mn n+1

KOTOPO€ H O3HAYAET, 9TO IOC/ACIOBATENbHOCTD 2; — YOBIBAKILAA.
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8) Het, meBepro. PaceMoTpuTe nocaeIoBaTebHOCTH Ty = Yp = h — 2.

7) docTraTouno npe nonoXNTE, 9TO Bce YIeHH 00eHX MoCeI0BaTeIh-
HOCTEH Ty, H Y, EMEIOT OIHUH H TOT JKe 3HAK, T. € mubo ¢, > 0uy, >0
IIPHA BCCX HATYPAJLHLIX 70, Hb0 &, < 0 1y, < 0.

Jagaua 99. Tokaxute, 9To clelyHOIEe NOCAEA0BATEILHOCTH ABIAKTCA

_ L]
BO3pacTaOWMMEI: 1) T, = nr_zl’ 2) 7 =v2n+1+4n;3) zn = n2+1 :

4) @, =37 — 2",

-1
l)xnzn’n <

T
7] = Tn+1, TOCKOTEKY n?—1 < n? Ognako nygme
paccy»aaTh HHave. Tax Kak x, =

1
— — ybpIBalomIas, TO Ty, — DO3IPACTAIONIAA [IOCACAOBATCILIIOCT b,

1

2) TlockoabKy 20 + 3 > /2n + 1 u v/n + 1 > /i, To ocnae foBaTE 1B~
HOCTB Iy, BO3PACTAET Kak CyMMa ABYX BO3DACTAIOMHX MOCIEIOBATEAbHO-
cTeft.

n—1

1
=1- n a DoC/IeJOBATC/IbHOCTD

w1 21'5

3) Heparenctro T3 > m1 PABHOCHIBHO HEpaBEHCTBY 2(n+1) >

n+ 2, A n > 0, cnpaBeATHBOMY AId BCEX HATYPANLHBIX YuceN. [loa-
YE€PKHEM, YTO H3 TOrO (haxkTa, 4TO ¥, €CTh YACTHOE ABYX BO3PACTAIOMIHX
NOCIe JoReTeNLHOCTE !, Hellyad OB CACAATE HEKAKOTO BLIBOJS. O IIOBE/Ie-
1IME 3TOM NOCICAOBATCALIOCTH.

4) Tak KoK Tpqy = 37H1 2741 = 3. 3% _2.90% 10 250y — 2y =
23" =27 > 3" — 2" > (. lloguepkuesm, 910 B3 TOTO PAKTA, YTO Ty CCIL
PAZHOCTL UBYX BOZPACTANMUMX LIOCIEHORALILHOC TN, HElb35 CUe/aTh HH-
KAKOTO BEIBGJS O €€ [IOBeIeHHH.,

3amaua 100, Mccnegyiire Ha MOHOTOHHOCTS DIOCIELOBATEABLHOCTD, 38 0aH-
HYK COOTHOWICHHEEM I,41 = 2%; — 1: a) ecan 21 = 1; 6) ecim &1 = —4;
B) B 3aBHCHMOCTH OT 3HAUEHHS €e NIEPBOr0 WIEHA.

a) Ecmn 2y = 1, To 23 = 3, 13 = 7 u, Boo6me, HETPYAHO JOTAJATHCH,
9710 T, = 2% — 1. Taxuu obpa3oM, MH DOOVIACM BO3PACTAIGILIVIO ITOCIIE-
JOBaTEILHOCTL.

6) Ecii Bag9aTh paccyXIATh TAK e, KAK [PU PenleHuy Npeanayie-
TO OYHKTA, TO NOJIYTHM I0CIeA0BATCALROCTE —4, —7, —13, —23, ... «Bua-
HO», "1T0 JAHHAN HOCASAOBATENbHOCTE — yObiBalowan. AKKyparnoe JoKa-
3aTeNLCTBO — B PEIIEHHH CAeJIYMIETO IYHKTA 34/a5H.

B) Jast 7aHHoH NOCIeIOBATENBHOCTA HEPABEHCTBO Xy > I'p PABHO-
CHAJILHO HEPABRHCTBY 21, + 1 > ., WIA &y > —1. KoHe4Ho, €ro cnpapen-
JIMBOCTH 3ABUCHT OT 3HAYEHHS WieHa 3TOH mocheAoBaTenbHOCTH. Ho ecim
) > —1, To cripaBeANIMBO HEPABEHCTBO Xy >~ 1, 3HAYHT, H T3 > — 1, OTKY-
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Ja OvIer cnejoBaThk, 4TO T3 > T > —1, u Tak manee. BEcmm ke 21 < —1,
TO o < 71 < —1, u Tak ganee. TakuM oHpa3OM, eCiiH HAMAMLHLIN uneH
PACCMATPRRAEMON TIOCASORATETLHOCTH Bobie — 1, TO OHA ABISIETCH BO3-
PACTAIOMEH, eI XKe MEHbLIE — yOnpBaowei. Sameram, 1o ecan 1 = —1,
TG Zp, = —1 OpH BCEX HATYPATbHBIX 3HAYEHUAAX 7.

[Tokazkem eme oguH MHTepecHBIN npeeM. [IpH pemennn 9ToH 3amadn
HOJE3HO CIEaTh HEGOBIOE (M IO CYTH — €CTECTREHHOE ) NPeoSpasoBaHue.
TIpudasue no 1 K 0deMM YacTAM JAHHOTO COOTHOIMICHUS, MBI TIOJIYYHM COOT-
HOUIEHHE T, 41+1 = 2(2,+1), KoTOpOe HoC.Ie nepeoGosHaYeRIA Iy, = Tpn+1
NPEBPAIIASTCA B COOTHOILCHHE YY) = 29,. SICHO, YTO HOBAA NOCMNEIOBA-
TEJILIINCTL BO3pacTaeT (y6uIBacT) TOrIA U TONLKO TOT/a, KOTAA BO3DACTACT
(COUTRETCTBEHHO, YOBIRAET) NCXOHAS TIOCTEA0BATENBHOCTL, OQeTannes 3a-
METHTbh, YTO MMOCAEA0BATENBHOCTD Iy, OYEBHAHO SBAAETCA BO3PACTAIONIEH,
ecnu Y1 = &1 -+ 1 > 0, u apaserca yoeBawwed, ecan 1 < 0.

3azaua 101. HatignTe BCE 3HAYEHUS @, IPH KOTOPBIX ABIAETCH BO3PAC-
TAIOLEH MOCAe 0BATENbHOCT: 1) T, = n? — an: 2z, = 5% —a-2%
3) x, = %; 4) x, = aen+ (-1}

HmMeeT ¢MBICT PacCMOTPETh PA3HOCTE Iy 41 — &y, ¥ HANTH YCAOBKE, IDH
KOTOPOM IIPH JIIO0OM HATYPAIBHOM 70 OHA ABJIAETCH [OIOKHATENLHBIM 9HC-
JIOM.

DZpp1—Zp=Mm+1—-an+l)—-n*+an=2n+1-¢ >0, ecsm
a < 2n+ 1 ana moboro n £ N, 4To nMeeT MecTo, ecs a < 3. 3aMeTuM,
YTO OPHY ¢ = 3 NepRble B8 YIeHa TOf TOCHe I0BATEIBHOCTH COBIAIMOT.

2) Tpy1 —Tp=06""1—q- 271 _ 57 4 4. 2% =4.5" —q-2" > 0, ecymm

5 n
e<4- (§ Aot aoboro e € N, aro umeer viecro, ecan o < 10,

3) B 3TOM CIydae CTOWT BHITHCATH TOMBKO YHCIUTENb APOGH, TOMYHeH-
aln+1)+1

Hoit mocae OpHUBEIEHHA K 06[L[8h«[}' 3HaMeHaTea pajHoOCTH T2

_an+1

Ta‘-_-i—l . On papen

an+12+n+1—(an+1)(n+2)=

=an®+2an+a+n+l—-an*—-2m-n—-2=a-1.

Takum obpasoM, npu ¢ > 1 JaHHAA MOCAEI0BATEIbHOCTE SBAAETCA BO3-
pacTaloweit, a npu a < 1 — ybuBaroneii.

[IpuBeneM elne nBa pemeHu:a TOMH 381a4H, B KOTOPHIX MPe00pa3oBaHil
Oymer CyIEeCTBEHHO MEHbIIE,
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B nepBoM u3 HEX HAIO NpocTO HpeobpazoBaTh GOpMyay, ONpeeIaio-
My TAaHHYI N0CTeTORATENLHOCT,
an+1 an+a+l—a l—a

x“=n+l = n-+1 =a+t

1
HOCKOJIB]{y nocae10oBaTe/bHOCTD Uy, — h - yﬁblBaIOlH,aﬂ , TQ IIOBENEHHE

JOHHOR O0CTIeI0BATEILHOCTH 38BUCUT OT 3HAKA Da3HOCTH 1 — @.
agr+1
r+1
ApobHO-AMHe#HaA byHKIME, NOBeNeHNAEe KOTOPO# XOPOMIO HIBECTHO (CM.

33739y 9a AoMaliHero 3ajaHus B Teme 3). Ecnu a < 1, To oHa dBifer-
ca ybulBawolllelt, ecnu ¢ > 1, — pospacraromeil. Tak Kak x, = f(n). To,
HAIIpDHMeD, NpA ¢ < 1 U3 HepaBeHCTBa N -+ 1 > n clenyer, 9T0 Tn41 =
= f(n+ 1) < f(n) = x,. Takum 0OpaIOM, B 9TOM CIyH4ae PRCCMUTPUBAS-
Mad (IOCNCAOBATCALIOCTS HBJIACTCH YOLIBaIoWICH.

4) Eesn aucio n 9erno, 1o &, = an + 1, a xp1 = a{n 4+ 1) - 1,
TOITOMY Zpt) — Tp = ¢ — 2. Eclin Ke n HeweTHO, TO Ty — Ty = 4+ 2.
CremoBATENbHO, PASHOCTD Tp 1 — Ly DOJOMKHTEIbHA TIPA J000M 1 TOTAR
H TOJBKO TOTIa, KoTaa ¢ > 2,

Tenepps paccmorpum dbyrkumo f(z) = Ha ayde [0; +o0). D10

Toene oRATENTLROCTE Ty, NABHWBASTCS NEPUOCUNECKOT, BOTH CYNECTRYET
TaKoe HATYPAJILHOE THCAO K, ITO Ly p = &p 1pH Beex i € N, Haumenbmee
u3 umces k, oONadalOIHX YKA3aHHBIM CBOHCTBOM, HASBIBAETCA MEPUOTOM
JaHHOH NOoC/1eI0BaTeALHOCTH.

[IpuMepsl HmepHOOHYECKHX NOCTEIOBATEAbHOCTER OBUIH JAaHBl paHee.
[TpH 3TOM NOPOIC UX BHEIIHUN BUJA HHKAK HE FOBOPHMA O TOM, UTO PACCMAT-
PHUBacMadA TIOCEIOBATEIBHOCTE KAK-TO CBA3RHA ¢ TPUNOHOMETPHYECKHMMHU
byHEIIAME.

3agaua 102, Bogciare, KAKAC K3 CICIYOIIHX TOCICIOBATCALHOCTER SB-
JHKIICH UEPHOUMIIECKAMU: a) Iy, = sin(18° - n); 6) &, = sin(180° /2 n);

B) Zn = sin(180° - QH—T:_I] .

a) Mockomeky Tny20 = sin(18°(n + 20)) = sin(18°n + 360°) = z,, To
JAHHAS DOCIEI0BATENFHOCT — [EPHOJMISCKAS.

6) Ecnu T4k = Ty X0TA Gbl NpH HEKOTOPBHIX HATYPAIBHBIX 1l H K, TO
H3 PABCHCTBA 5111(18[}"\/5(?1 + k)) = sin(180°v/2n) cregosano 6k, YTO
180°v/2 (n + k) = 180°v2n + 360°m wim xe 180°v2(n + k) = 180° —
180°v/2 n + 360°m. O6a papHaBTa HEBO3MOXKHE, TAK KAK B [IEPBOM CIIy4ae
kv2 = 2m, Bo BTopoM ciyuae (2n +k)v/2 = 2m, YTO NPOTHBOPEIUT TOMY,
ITO YUCIO V2 ABJISETCH HPPALMOHAJbHEIM.
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B) JaHAas noCAeZOBATEIBHOCTE HEe ABMAECTCH [EPHOIMYECKOH XoTd GBI
OTOMY, YTO OH& Bo3pacTamInag. HeHeTBHTENLHO, TAaK K&K ABIAETCA
BOIPHCTAROTNEN TTOCIeURATENRHOCTR 3y, = 180° - TG W3 TOTO, 9TO

n
2n4+1°
0 < ¥, < 90° cuegyer, 11O BO3ZPACTAST M JAHHAN [OCJEJA0BATEIbHOCTD
Tp = S0 Yn.

. Tn+l ‘ .
3anaua 103. Mycrs o, = ﬂ_+ , =1 vz = 2. Hoxwkure, 1o

r
MOCAe JI0BATENIEHOCTE Iy, — INepHOAHISCKAas.

B caeaywuie# Tabmuie yKa3aHb 3HAUEHAS LEPBHX JIBMEHTOR JHHHOH
TMOCTIEORATETRHOCTH.

n|[1[2]3]4
e |12 2]1

7|8
1|2

b0 ) =] on
b= o

[Tockoabky, KAK MBI BHAMM, 7 = &1 H &g = Tz, TO Tg = T3 H TAK JaJjIee,
Taxum oOpa3oM, paccMaTPHBAEMasa TOCAeI0BATENPHOCTE HMeeT nepnos 6.
3azasa 104. INpeanoncKymM, 9TC HENOCTOABHAA HOCAEJA0BATENBHOCTE Ty
TaKOBa, WIO Lp49 = Tn ¥ Tnt15 = T 0pn Beex 1t € N, Joxaxwure, uro
IEPHOI, FTGH MOGIeNOBATEABHOCTH PaBeH 3.

[TOCKONMEKY &n46 = Tnils = Tny TO Entd = Tnig = Ln. JOKAKEM, YTO
k = 3 1 ecTb NepHOA NAHAOI MOCAEI0BATEIBHOCTH, L1 9TOr0 JOCTATOMHO
J0Ka3aTh, YTO UYNACA0 2 He ABASIETCA ee NepUOAOM.

Ecmwm 2,49 = 2, npu Bcex n € N, 10 2,41 = Tnez = T, TAKHM
00pasoM, B 9TOM CJIyYae MOCIeI0BATENbHOCTE ObINA OBl MOCTOSHHO.

PesynsraT crnegyromedt 3aaa4n uMeeT TiyGoxme 06001IeHAA, CBA3aHHEIE
¢ uMeHama Pepaa u 3iLaepa, HO 3TO — TeMa OvIyIIETO.

3azaua 105. BeisicHATe, ABIAETCS JIH MEPUOIMNECKOH NOCJ/EAOBATE b
HOCTb OCTATKOB OT JeNleHus uMcna 3" Ha: a) 7; 6) 10; B) 27.

a) Hs 'I‘a6J'IHILbI BLIYHCJICHHBIX 3HAYMCHHI OCTATKOB

n T[2[314]5]6]7
3" (mod 7) | 3| 2|6|2|5|1]3

ACHO BHIHO, uTo wncaa 37 u 3718 umeror omunakosse ocTaTky npu mene-
e Ha 7. 1 Toro arolel B 3TOM HE OCTAROCH HHKAKHX COMITCIIMH, MOMXKIIO
TIPOILTATEL CACAYIOMEE NPCobpa3OBaIIHE:

3nte _gm =33 — 1) =37 (3" - 1}(3% +1) = 3" - 26- 28,

H3 KOTOPOTO H caenyeT, uto 37°7% — 3" penmtca Ha 7 Ans ;00BIX HATy-
paJbHBIX 7.
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6) M3 Tabauupl BEIMHCICHEBIX SHAYCHEN OCTATKOB

n 2345
3% (mod 10) |3 9] 7|13

—

BHZHO, 9TO Irciaa 3” 1 3" nMeoT oquHaKoBLIE OCTATKH OPH J€JICHAHA Ha
10. Koneuno, paznocts 3774 — 37 = 37(81 — 1) = 80 - 3™ gemurca Ha 10.

B) KoHeuso, paccMaTpaBaeMasi NOC.1eIOBATENIFHOCTE He ABNAETCH IIe-
PMOTHYECKOH, TAK KAK MepBHE JIRA e 4I€HA PaBHH, COOTBETCTBERHO, 3 ¥
), a BcC MOCACAYIONINC TACHLI 3TOH MOCCIOBATCALIIOCTH PAROH YO,

B nakiodcnuc 3Tof TCMLI IPHBCACM OAILY 3a0a4V, PCIICIHC KOTOPOH
sgraseT cobol TpUMeD CHATESA JJOPAKH H KOHKDETHRIX BBIYACAEHHN.

3anaua 106. Halipure Bee HATYpasbHEE 9HCHA 1, IPH KOTOPHX ¢Opa-
BeJTUBO HepapeHcTBO 9™ + 10™ < 117,

[Ipeano/okumM, Y10 OPH HEKOTOPOM HAaTYPaJIbHOM k UMEST MECTO Hepa-
sercro 11% > 10% + 9%, Torma 11%t1 = 11.11% > 11{10% + 9%) >
10+ +1 4 g+l (CraezoBaTenbHO, HepakeHCTRO 9™ — 10™ < 11" GyaeT BBHION-
HATbCA Npn Beex 1t 22 k. Ilosromy, ecnm Mbl HailieM mepBOe HATYPAIBHOS
YHCTO, MTPH KOTOPOM BEPHO JAAHHOS HEPABEHCTBO, TO OHO OYIeT BepHO A
BCCX YHeeT, naduiad ¢ nafiacinoro. [loggepkiicM, 9To noka e JOKA3AI0,
IO CTAKGE G0 BOODINE HARASTCH.

Tenepb noxazkeM, KaK 3T0 MOMXKHO JOKA3aTh. /Js 3TOMG MOTEJHM 0De
€ro YaCTH Ha €ro NPABYIO YacTb. B pe3yibTaTe Mbl MTOJYIHM HEPABEHCTBO

(%)" + (i—{l})" < 1. YTrepxaenue cieAyeT U3 TOTG, YTQ NMOCTEA0OBATE Ih-
HOCTH, C'OALAY B JieBo# 1acTi LTOJY "1 @HHOL0 Hep&BEHC‘l‘BH., HABIHETCH y6bl-
BaOMmEH H npubankKaoneica K HYJIIO,

Teneps HaA0 MPOCTO MOCYUTATH. YMHOXATH «B CTONMOHK» HE OYEHBb
XOYeTCA, l'.[OBTOM)" €CTeCTBEHHO BOCIONB30BATRCHA K&JIbe.TIﬂ"DOpOM. Ta.l{ KakKk
9% + 10 = 18561 > 14641 = 11*, 1o 9° 4+ 10° = 159049 < 161051 = 115,

TO JAIOC HCPABCIICTRO BCPHO IIPH BCCX 71 2 5.

OcnaopHoe B aTol TeMe — JIOTHKA OPOBEDKH OIpeJiefIeHUlt H NOCTPOeHHe
KOHTPIpamMepoB. C TeXHAIECKON TOYKH 3PEHUS, HUKAKKX HOBLIX WIeH HeT!
LTS TIPOBEPKH BO3DACTAHMS JaHHOH MOCHEAOBATE.ILHOCTH MOXKHO DPOBEe-
PHUTB, YTO Pa3HOCTb Tpy1 — Tp JKOBIX ABYX €€ NOCIEAOBATENbHBIX HIe-
HOB €CTE YACHO ITOJIOAKHTENRHOES, O Yero B OONBIIKHCTEE IIPpHMEDPOB HAAO
IPOBECTH HECIOACHOE NPeobpasoBaHue.
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3agayy Oas JoMalHHuUX 3agaHutt no Teme 14

1. Bruiscuure, ABAACTCA AU MOHOTOHHOM MOCIEIORATEALEOCTD:
. . 11° n
1} &, = sin{l11° - n); 2) &, = sin 3y = —

.n.

1
+ —i 4) zataHBas
COOTHOIIEHMEM Tny1 = En +

2. llyeTh Ty = xi 4 Eqy — 1, x1 = a. JOKAXKHATE, ITO €CIIH @ > 1 WA xe
< —2, TO JAHHAS NOLTE/OBATENRHOUTE — BOZDACTRINAS.

3. BricHuTe, BEpHO MU, YTO 414 JOO0H BO3PACTAIOIOEH ITOCIIE,I0BATENBHO-
CTH Iy ABNAETCA TAKXKE BO3PACTAIONIEH MOCHEIOBATEILHOCTD:! &) Yy = .'I-‘%;

6) 2n = 1/Tn (KONCYIO, CCITA HTA DOCICIORATCALIOCTL ONPCACICHA).

4. Hai&,nnre BCe 3HAYEHNA @, UPH KOTOPEIX ABJAETCH MOHOTOHHOHN IOCIEe-
1

an —3 '
5. Haitaure Bee 3HadeHMA KOI(D(MPHIHEHTOR, P KOTOPBIX ABAAETCA BO3-
pacTalolell MOCIen0BATENbHOCTE Ty, = an’ + bn + ¢.

JOBATEIBHOCTE: &) &y, = an + b; 6) x, = a™; B) 2, =

6. Mecneyhime HA MOHOTOHHOCTE OOCTETOBATENLHOCTH, 3aAHHHRIE COOTHO-
T
LIEHUEM Lp ] = ?“ + 1 (B 33BUCUMOCTH OF SHAMEHMH LIEPBOIO “LIEHA).

7. BrisicuATe, ABIAETCA JH DEPAGIHIECKON MOCIEIORATENBHOCTh Ty, TS

Iy, €CTh: a) OCTATOK OT J€JIEHHA YACHA N° Ha 9; 6) npobHas 4acTe yHCHAA
3n

11
8. [Iycts 7, = {an}, cae ¢ HeKoTOpoe uHCTO, a depes {¢} obozmaydeHa
JpobHAA 40CThH Yuesa ¢. JOKAXKHTe, YTO MOCHeTOBATEILIOCTD Xy TTIePHO-
JMYHA TOTYA M TIWIRKO TOVJR, KIHJA MACIO ¢ BRIHOHATEHO.

) B} ApOBHASA UACTh YRCaA nY/2 .

9, BHHCHHT&, MOXKET JIH CYMMa IBYX CTDOTO MOHOTOHHBIX IIOCIC IOBATE b=
HOCTel SLITH HEMOCTOAHHON TepuoaHIecKol Noc/e JOBATEILHOCTEIO.

$n+\/§
l1—z.V3

a) Ilyers ) = 1. JokaxkuTe, 4TO 3T OOCIEIOBATEALHOCTE  NEPHOJUYe-
ckas. 6) MoxeT TH DOCICIOBATCALIOCTL Ty, OKITH mocTosanmoit? B) Hali-

JIATE BCE TTEPHOTHIECKHE OGNS T0RATENEHOCTH JAHHOIO BH/TA.
Tn41

10. TlocneaoBaTe/IbHOCTE I, 38/TaHA COOTHOIIEHHEM Tp4i =

11. IlycTh Tpyn = . a) Ilyers 24 = 2 1 3 = —1. Hoxaxure, 4TO No-

CACAOBATENILHOCTE I, — NEPHOANYeCcKad. 6) Jlokaxure, 4TO Npy J0GBIX
JHAYUCHHAX 9A€¢HOB X1 H Io IIOCJIEJOBATEABIIOCTE &'y, ABJIACTCH nepﬂo,n.nqe-
croil.

12. Tlycts Zp H Yy, — NEpAOAUHNECKHE TIOCTASIOBATENEHOCTH, 8 Zn = Tnln.
a) Joxaxxure, YTO eCiH OepuOA Kaxkao#l U3 mocnefoBaTenbHOCTeN Tp M
Yp PaBEH k, TO MOCIEIOBATENBHOCTD 2, TAKKE ABIACTCH IEPHOSHIECKORH,
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6} BoiscHETE, MOXKET JIM B YCIAOBHH [PEABIOYIIETO OYHKTA THCIO, MEHb-
mee £, GHITH IEPUONOM NOCNTEACBATEIBHOCTH Z,. B) JloKeaokuTe, 9T0 Ipo-
WARBIEHHEe MOORIX ARYN MepROHYSCKUX TINCTEOBATETRHOCTEH ARIAeTes
llEpHD,:'J,H‘IECKOﬁ HOCHe10BATEJ BHOCTHH).

13*. TToeae noBaTENBEHOCTL Ty CTPOHTCT 0O CHSIVENIEMY DPABAITY: eChH
&y — TIETHOS H&'I‘}'I)H.IIHH(]H TIHLLO, 1O In41 = :r:n/‘,?, E0JIA 2Ke Ty HEIETHO,
TG Tnt1 = Ty, + 5. HalinuTe nepuoanieckne noc/ie/I0BaTEIbHOCTH JAHHOTO
BHAA.

Peimennna aoMamHnx 3azad oo teme 14

1. Oretn: 1) wer; 2) sa. 3) Tak kak Tpy) — Tp = ﬁ - ﬁ , TO
3TA Pa3loCTh OTPHIATCALEA, el n(n -+ 1) < 100, T c.mpun=1,2,...,9.
Taxny 00pasoM, Ty > Ts < ... > Tip < 11 < .... 4) llockoabky % > 0,

TO Tyt > T, SHAYHT, JAHAAA TNOCAEAOBATENLHOCTE  BO3PACTAIOMIAA.

2. Ilycte z; > 1. Tak kKak Tpog — Ty = ;':fb—l, TOI2 >I1 > 1, K1
TAK jajee Mo MEAYKIEM. Ecmu ¢y = a < -2, To s — 1 = +a -2 =
= (@ — 1){a + 2} > 0, nostomy xa > 1. Taxam obpasoM, T2 > T, & H3
HIPOBCICHIOND PACCYHKICIAA CICAYCT, 9TO H T3 > T, U TAK JAJICE.

3. a) Koneuno, nocaea0BaTeIbHOCTD ¥, MOXKET HE GBITH BO3IPACTAIO-
med, 9TO MOKA3BIBAET NPHMED TIOCAEIOBATENBHOCTH £y = 1 — 2.

6) Ecma xp41 > T, TO /Tnt1 > /Zn, SHAYHKT, Z, — BO3DaCTAIONLAA
IOCIIe JOBATEILHOCTh.

4. a) Ecan @ > 0, TO DOCNEAOBATENBHOCTD — BO3PACTAIOILAA, ECIIH
a < 0, To ova — yOeipaomaa. [Ipu a = 0 oea nocrosHHa.

6) ECJ]H a > 11 TO [HOCHEOBATE I BHOCTh Ly = ﬂ'.n HBAAST(H B('ll"!pﬂ.{?'l‘ﬂ-
onieH, ecsit 0 < o < 1, TO 3Ta NOCIEAOBATENLHOCTE — yomBawimad. [pu
¢ = 0;1 nocneloBaTellbHOCTL T, NOCTOsSHHA. Ecam xe a < 0, To cocea-
HHE YJEHBI [0CJENOBATENLHOCTH L, MMEKT NPOTHBONONOAKHEE 3HAKH, &
TIOTOMY OHA He ABJAEeTCS MOHOTOHHOH.

B) JarHa# noc.1en0saTe/IbHOCTS MOHOTOHHS, 8CiH o < O unH XKe @ > 3.

IIycts a < 0. Tax kak B sTOM cayvae a(n +1) -3 <an -3 < 0, To
1

>
aln4+1) -3 an—3
BO3pacTalilad. Hpﬂ a=>0 IIoJdy4gaeM MMOoCTOAHRY IO MNOCNCIOBATE. IBHOCTE,
Tenepr npeanoiekaM, 9o ¢ > (). PacoMmorpam e somepa 71, JLTs Ko-
I pen 3 I 1 s

I | = Ip H JaHHad IIoCaeJoBATelBHOCTh —

TopbIX an > 3. ThK Kak T, 1 = = Ty, TO, HA'TMHAN

<
a{n+1)—3  an-—-3
C HeKOTOPOIrO HoMepa. Kask TbIit nocneny OIMHE YIeH MoCTeA0BaATS,IEHOCTH
Menbine npegsiaymero. [lostoMy ecan 9Ta NOCAEAOBATEIBHOCTD ABIAETCH
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MOHOTOHIION, TO OHa — yDmBammas. Ecmi ke BEeKOTOpHIE ee HWieH OT-
pHIaTeneH, TO yObBawme oHa ObITh He MOXKeT. (NenoBATENBHO, BCE e
Ynennsl BYIYT NOMMKUTENRHBIMH, eCTU TOJOKATENeH MepRui wien atoi
1IOCJI,LLE{'}BHII‘EJ[bHUC'J‘H, TG MMEsT MecTo l]pM L > 3

5. flcHo, uTO 3HAUEHNE KOMDPHINEHTS ¢ HA TIOBEIeHHE NOCTeI0BATE Th-
HOCTH HE BJIMSET, NO3ToMy ganee noaoxmnm ¢ = 0. Ilvery a = 0. Torma
JaHHAs TOC/eA0BATE,IbHOCTE Bo3pacTaeT, ecs b > 0. Ilyers a % 0. Tak
Kak £y = a + b U 29 = 4da + 2b, T0 1| < I3, ecnu 3a + b > 0. Hepapen-
CTBO Tp41 > Tp BEPHO TOrZA H TOJILKO TOrAL, Korae (2n + 1)a + 6 > 0.
K(}HH'-IH(), ro K()f“](l)(bHII‘HHH'I‘ 1 JIEWIEH 6h]’[‘b MUIOZKHATEARHLIM. ”(_)T‘)'I‘(]-
MY JY1H [POMIBOJBHOID HATYPAILHOIG 'MCIA 71 CIPABENTIMBO HEPABEHCTEO
(2n+ 1)a+b > 3a + b. 3HaunT, ecnim @ > 0 1 3a + b > 0, TO HE TOALKO
Zg > Iy, HO U Tpyy > & TP BeeX HaTypadeHeix 1. Oteet: (0,5, c¢), rae
b > 0, ¢ — mwboe; (a,b,¢), rme a > 0, 3a + b > 0, ¢ — awboe,

6. B aToM cnydae paccyXIATH HRI0 HEMHOTO <«XHTDEE», YeM B Pellle-
i 2aaa49d 100. /IeieTBHTeNLIO, TICPABCICTRO Xy (1 > T PABIOCHILIIO
HEPABBHCTBY Ty, < 2. 3naumr, eciu ) < 2, 10 £y > X1, OITOMY Mbl
HE MOXKEM Cpady CIeJIaThb BRIBOJ, YTO X2 < 2, OTKYJa OBl caeloBaJo, 'ITo
x3 > 2. OOHAKO [IOCKONBKY &3 = % + 1, TO B3 HEpPaBEeHCTBA 1 < 2
CAEAYET, 9T0 N T2 < 2. 1JosToMYy paccy XJIeHNe ecTecTBeHHee NPOBeCTH B

113

. I

JBa mara. emi 2, < 2, T0 Tpyy = o I 1 < 2. 3meunT, cead 1 < 2,
TO T2 < 2, @ Tak panee. Taxum obpaszoM, JOKA3aHO, YTO eCIH L1 < 2, TO
Tnp < 2 NpU BCeX HATYPANBHRIX n. CNeIOBATENBHO, Ty y1 > &y, TPH BCEX

n € N, TakuM 06pa3omM, 3Ta NOCIEJOBATENBHOCTD — BO3PACTAIOMAS.

Ecmv xe 1 > 2, To 2, > 2 npr Beex n € N, oteyna OyaeT caeioRaTh,
nwro .'L'n+1 < L, TAK 110 B 21T0M (:le‘lﬂf! PRCCMATIIMBACM AH 1HOCARAOBA TR 1 bh-
HOCIb SAB/IACICH YORIBAKOOILH,

1234567809
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Ha pracynke n306parkeHo MOBEJEHHE IIOCIEIOBATEIBEOCTE) ¢ HAYAID-
HBIMH wireHaMu Ty = 0u ) = 3.

KorewyHo, MoxRG DLEINO cAelaTh npeobpA3OPAHNE, AHATOTHYIOE TOMY,
KoTopoc 6LII0 Opofcnanc B gopom |3 penenmi zagaan 100. Tlonoxknn
Un = Ep — 2, OJAFUHM, 9TO Yppi = %, OTKY,{H W CIRLyeT MOHOTOHHOUTh
PaccMaTDABAEMBIX TIOC IS I0BATeNBHOCTER.

7. a) Ja, fBasercd, TOcKoNbKY Yucaa n° u (n+9)? uMeoT oIAHaKOBLIe

OCTATKH [pA JelIesHnd Ha 9.

In+11
6) Jda, ABNAETCH, IOCKOJABKY % =3+ ?—’; , TAKHM 0Dpa3oM,

pa3sHOCTB Apodeil ¢ HoMepaMH 1 U 1t + 11 ecTh 1es10e YAca0, a NOTOMY HUX
JpobHble YacTH coBnajgaioT. [losToMy mepHom 3TOlt MOCHEIOBATEIBHOCTH
panct 11.

B) Her, 5e apasacTted. Bomee TOro, Cpeay wiciion 3TOH MOCICI0BATCABHO-
CTH BOODITE HET ARYX PABHHIX, THK K4K HH TPH KAKWUX PDASJTHUYHRIX YHETAX
n U k pasHOCTb V2 — kv/2 He ABASETCA LEABIM UECAOM.

T . . -
06 " L.t L 06. " . L
04c .t LT W 0ds * .t
e A
0 10 20 30 40 50 0 10 20 30 40 50

C npyrodi cTOpOHE, TOKAXKATE YIEHUKAM CHAFIAJA JIEBYH0 KAPTAHKY, 3ATEM
npaByo. Ila Kaxmol u3 HAX H300pakeHA 3aBACHMOCTb 3HAYEHUA 4JIEHA
TIOCNEZOBATENBHOCTH OT ee¢ HoMepa. Ha jepofl — apobuolt wacru mpoms-
BeJeHnA nv'2, Ha npaBoli — apoSmoii wacrm npomesexerna 1,41n. «ITo
KapTHHKe» 0fe NOCIeIOBATENBHOCTH KaKYTCS NepuoanvdeckuMu. ()aHaxo,
KaK CleIyeT B3 PeIleHUs 3aa4H, IePBad H3 HUX NePHOAHYecKOl! He ABId-
crea. Bropasa nociienoratennoocTs ACRCTBHTCALIO [CPHOIHYICCKAS, HO CC
NepHOd, YBHIETE B3 9TOH KapTHHKH HEeBO3MOMXKHO, TAK Kax OH paseH 100.
8. [IpeanonoxuMm, 9T¢ NOCICAOBATCILHOCTL Ty — Nepuogudcckad. To-
I'Aa CY WECTBYET TAKOe HaTypallbHOoe MUCIo K, W10, B HaCTHOCTH, X1 = I,
{(k+1)a} = {a}, cnenosarensno, paznocts uncen (k+ 1)a w o ecTe es0e
qucso. Takum obpaszoM, ka = £, rae uncio  — 1uenoe, OTKyAa U ClIeLYeT,

YTO JHCHC ¢ PATHOHAJILRO,
¢

[4
Tereph niycte @ = +. Tak kak pazHocTe + (1 + k) — +n = £ ecTh

k k k
HeJI0e THCIO, TO SPOOHBEIE YaCTH YMEHBLIAEMOTO M BBIMHTAEMOIO PaBHBI
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ADYT IPYTY, OTKYIA H CIEIVET, IO Tnti = Ty ANE M0O0r0 NaTypajbHOro
1.

9. OkaswmiBacred, 4ro Moxker! HeTpyalio DEACTL, YTO MOCICI0DBATC T
HOCLE 2y = 210+ (—1)" ssimercs BO3PACITAILEH, 4 HOCJIEA0BATENAbHOC b
tp = (—1)" — 2n — yOHIBAOIIEH, TOITA KAK MX CYMMA 2y = Zp + Yn =
=2 (—1)™ ecTb DOCNEI0BATEALHOCTL OEPHOAa 2.

10. a) Ecau 21 =1, T0

2
1+v3 (11 v3)
£o 1_\/5 5 \/_
—2—-v34++3 -2 1
Ty = = = = :\/5_29
T T 1f2v34+3  4+2/3 2+ V3
_V3-24V3 232
1+2¢3-3  2/3-2

CACI0OBATETEHO, JaHHAA O0CTTe,I0BaTeNbHOCTE AMEST NepHoa 3.

§) Wz pasencrsa rp; = M = | NONYYHM, 9TO T + V3 =
1-z:1v3
=z — 23v/3, wm z} = —1, aro mesoamoxkmo. CileJOBATEIBHO, OCTO-
AHHBIX TIOCNEN0BATEILHOCTEN AAHHOTO BUJA HE CYIIECTBYET.
B) B HetteTBHTENLHOCTH, BCe TaKHe MOCISIOBATENILHOCTH HMEIOT Tie-

pyod, paBiultt TpeM. flpome Brero 3T0 MOKA3ATL CAeOVIOIMHM oOpa3oM.

=1=uz,

Tonoxam z; = tga # Ld Tax kax V3 = tg 60°, To

7
__ tga+tgB0T o
T2 = Ttz atat0r tg (ex + 60°).

Ananornuno, 3 — tg (o +120°) u 24 — tg(a + 180°) — tga — x1, urO
H JOKA3BIBAaeT, UTO [IePHOI NPOU3BOILHON NOCIeA0BATENEHOCTH JAHHOIO
V3’
IIPOTHBHOM Caydae Be 0yIeT CymecTBOBATh TPETHH YJeH IOCJIEI0BATE Ib-
HOCTH.

Be3yCcnoBHO, MOKHCO MPOBECTH NPAMOE BHIYHCAEHUEe. [IpH 3amaHHOM
3HAYEHHN T TIOJIVIMM, UTO

T1+v3
3=£2+v/§= 1—z173+\/§ =x1—\/§
2 I e L+z1v3’
"

Buaa paeeH 3. KoHeuHo, eme Hazo morpeboBaTh, YTOOBW Iy # — B

aryg = r.
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11. a) Jdectatouno, Kek B npu pemwennn 3aaaak 103, saiitn mepere
BOCEME 3HAYEHUN JAHHOH MOCTETOBATEILHCCTH, YTOOLl YBHIETEH, 9TO e
nepuo,T pasen 6.

ﬁ) Ecian agHHas 10CAEN0BATEILHOCTE NOCTOSMHHA, TO Tpyi1 = Ly, 3HA-
YUT, Tpyz = 1, MO3TOMY Iy, = 1 npy BoeX HATypayibHEIX n. Ecan xors Ob
OIHH M3 4JEeHOB Ii U Ty He pabBeH 1, To

Tl Tn-2 _ Tppl 1

iz = —— Iny3 = = = :
! &Ly ’ f L1 En il Ly

MMO3TOMY Lnitg = = Ip.

Ty 43

12. a) yTBep}Kﬂ;HHe OYEBUIHO, TAK KaK €CIH Tptk = Tn H Yntk = Uns
TO H Zntk = Tntkltnt+k = Talin = Zn.

§) IlycTs, HANPUMED, T, H Y, — OOCIEIOBATENLHOCTH OepHOAA 4, TIep-
BHIMH YJEHAMH KOTOPBIX ABJATCA, COOTBETCTRBeHHO, umcia 1,2.3,4
3,2,1,1. B aToM enyyac NepBuIMH YCTLIPLMS WICTIAMH IOCICIOBATCALIO-
CTH 2y, sBAMIOTCS aMeis 3,4, 3, 4, 10310MYy €€ [E[HO)] DABEH JIBYM.

B) [TycThb 1IepHOI MOCAEAOBATENNLHOCTH £y PaBed k, a NepHo nociieqo-
BaTEILHOCTH Yy, paBes £. [TonoKaM Taca0 m PaBHBIM HanMeHbleMy obie-
My kparHoMy uncen &k u £. Tak kak uncna p — TL—] HYg — %1 — HATypaJbHBIE,
TO Xy — Ttk — ++rv — Tndpk — Tndm HYn — Ynte — v — Untgf — Yntm,
MTORTOMY Zp 4 = 2n. TAKUM ODDA30M, 2, — MEPHOJHMECKAS IOCIEI0BaA-
TeJIBHOCTE.

13. Ciaenymomas Tabauna cONEPKHT 3HAYECHUSA HAYAJNbHBIX WICHOB II0O-
CACAOBATEIBLIOCTH, MEPBLEIM WWICHOM KOTOPOR SBISICTCA CIAHHIA.

n|1]2[3|4(5([6]|7
Tn |1 6|38 (4(2]1

Mp1 Buaum, 9To u 7 = 1, a notoMy &5 = 6, £y = 3, m Tak zauee. Ta-
KMM 00pa3oM, ec/i MEPBBIM UJIEHOM MOCIEA0BATENbHOCTH fABIASTCS OXHO
n3 yucen MHokecTBa {1,2,3,4,6,8}, TO OHA ABAAETCA MEPHOIMBECKOMN C
mepHoaoM 6, Tp46 = Ty, IPU BCEX HATYPAJBHBIX 7.

Ecmix, =5, 70 20 = 10, 23 = 5, 24 = 10. TlosTOMY nOCNEI0BATEABHO-
CTH, NepBRIY YNed KOTOPEIX pabeH 5 HaH 10, ARna0Tea HDepHoIHIecKHMHU
TIEPHOIA JBA.

Mo HO AOKAZATH, 9TO APYIAX MEPUOAHUECKHX 11008 /0BT hHOUTER
JAHHOTO BHZA HE CYIECTBYET. Donaw, Hanpumep, 1 = 7, 10 3 = 12,
x3 = 6, U Janee 3HAYEHHAMH YWIEHOB 3TOM MOCIETOBATENBHOCTH MOTYT
ORITh TOJMBKC 4HCAa MHOxecTBa {1,2,3,4,6,8}, B KOTOPOM HET <«CeMep-
KH»,
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Camocrositenpaas pabora 9 (rema 14)

Bapuasr 1
1. JloKasxuTe, YTO CAeAYIOUIME HOCEIOBATENBHOCTH ABIAIOTCA BO3PACTa-
. _n+1l _ oy Tt
IOUMMEE: 8) T, = g 6) T, = (tg72°) .

2. Buiacuute, BEpHO JIA, 9TO 4AA BCAKOM BO3PACTAIOMEN IOCACIOBATE Ib-
HOCTH T, TIOC.IEJOBATENbHOCTD | T, | ABNAETCHE MOHOTOHHOMN.
3. Hatiunre Bee NoJ0KUTeIbHBIE SHANEHU: 4, IIPH KOTOPLIX ABIAKYICA BO3-
u n+1

PACTAIONAMHE TIOCIEA0BATE/ILHOCTH: &) T = N° — 2an; 6) x, = —
4. BrisicHuTe, ABASCTCA N NEPHOANYECKOH TIOCIEI0BATEILHOCT:

a6° 2n
a) Tn — tg(36° - n); 6) x, — tg = B) &p — {—?— }- B cayyae nomoxn-
TEIBHOrO OTBETA HA JAHHEIE BONPOC YKAZKHTE €€ NePHOA,

BapmnanT 2

1. '}J‘{)Ka}l(ﬂ'l'e? LI N & §) (:Jle).[,ylﬂ].[l‘lr'[e HOCHE AOBATENIBHOCTH HBJIRHTCH _yﬁhlﬁﬂ[{‘)—
n+5 M

IIHMH: &) Ty, = S 6) zn, = (tg36%) .

2. BoisicCHHTE, BEDHO JIH, 9TO IAA BCAKOH BO3PACTAIOMEH TOC/CIOBATEIb-

IIOCTH T, TIOCICIOBATCALHOCTL fil, ABNACTCA MOOOTOMHOM,

3. Haﬁ,mim BCE€ NOJIOYKHTE/LHBIC 3HAYCHHA ¢, DPH KOTOPHIX ABAAIOTCA

2 ni1
yOBIBAIOIHAMH [IOCIEIOBATENBHOCTH: &) &, = an — n*; 0) x,, = mra
4. BmsicHuTe, SIBASIETCS IV NEPUOMUECKON TIOCNE/IOBATENBHOCTD:

a) Tn, = tg(20° - n); 6) z, = tg %; B) T, = {3%1 }. B cnyuae nonoxu-

TeIEHOTO OTBETA HA JAHHLIN BONPOC YKAXKHTE ee IIepHod.

BapnanTt 3

1. Buisicaure, ABAAIOTCA JIM MOHOTOHHBIME ITOCJIEAOBATEIbHOCTH:

1 2 o
a) mu—n+5;6) xn—n-i-;;s) Tpel — X5, +2,T1 —C
2. HaitaTe BCe NONMOXKHTENBHBIE 3HAUCHHA G, [[PA KOTOPBIX ABAAKTCA BO3-
2n 41 3
Tta 0 ETm =R
3. B[)IH[IZHHTH, HBIHKYICH 1M [IH[}]‘I()JLH‘I(—B('.KHI\«IH NOCHEAOBATCNBHOCTH (U213 T-
KOB OT JeJeHds: a) yncaa n’ Ha 5; 6) wicna n’ na n + 2.

4. ,HOKEI.JKHTG, 9T NOCIeLOBATCNbHOCTD, 38JaHHaA COOTHOIICHACM

—_ 8 - 32}"1
Ty = ﬁ , ABJIACTCH nepuo,aﬂqecxoﬁ.
n

pacTaliMH TTOC/ICJ0BATENLHOCTH: a) Ty — — Qan.
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Bapnant 4

1. BHHCHHTE, ABAAKTCH I MOHOTOHHBIMHK ITOCJI2AOBRATENLHOCTH:
1 ]
a) Tn=2n+ 3 6) Tn =20+ _ B) Tnt =22+l 7 =c

2. HailimaTe BCce MoJIOKHTEJAbHBIE JHAYEHUS 4, NPH KOTOPBIX ABIAIOTCA
n+1 3
——: 0] T, = o — n°,
Zn+ o’ ) Tn

3. BulacuuTe, aBagi0TCA JH NEPHOINYECKUMH MTOCNEACBATENLHOCTH OCTAT-
KOE OT IJejleHHs: a) Hicia n? Ha T 6) uncna n? uan+ 3.

4. JokaxXXHTe, YTO NOCIeOOBATEALHOCTb, 3aJaHHad COOTHOMICHHEM
33— 2z
Tnil = 2_—x" , ABJACTCH HEPUOTHIECKOM.

Tu

}'SI:IBaIOHmMH NoC1e JOBATETBHOCTH: EL) Ty =

ApnoaHEATenRHBIE YTPpaXkHEeHUA 1o Teme 14

9.1. BbIHCHHTE‘, CYHECTBYHT JIM BO3pPACTaKIHe [IOCTe.J0BATS1bHOCTH:
1) BCE YJICHBI KOTOPDBIX ABMEIOTCA LEJBIMH OTPHLIATSJIbHBIMH <HCIAMH,
2) BCe WISHBI KOTOPBIX ABAAIOTCA OTPULATEABHBIMH YUCIAMHA, 3) B KOTO-
PBIX TONBKO OJNH WIEH ABJACTCT OTPHIATENLHEIM YHCAOM; 4) B KOTOPBIX
TOJRKO OOHH “UJIeH ABMACTCH DOJOKHTEIBHEIM YHCIIOM.

9.2. BusicHuTE, CYILIECTBYIOT M TakKHe HEBO3PACTAICIIME MOCIeI0Ba-
TETBHOCTH; 1) BCE 4ieHbl KOTOPBIX #BISIOTCH HATYPAIBHBIMEA YHCIIAMH;
2) BCe YIEHB KOTOPBIX NOJIOXKHUTENBHEL; 3) MHOXKECTBO 3HAYEHHIT KOTOPBIX
COLEPYUT BCE HATYDAJbHBIE YKCIA; 4) B KOTOPEIX TOJBKO OLUH “jeH AB-
JIAeTCH NONOAHTEAERHBIM THC/AOM.

9.3. Jokaxkure, 4TO cne,cpylom.ﬂe MOCNEeA0BATEALHOCTH He ABAAIOTCS

MOHOTOHHBIMM: 1) T, = n? — 100n; 2) x, = n + — LU ; 3 = {E}
4) &y = 2“ 1 8) wp = cos(n ”')
D.4. JlokaxuTe, 410 cleiyiollHe NOCIeI0BATENLHOCTH ABIAKITCA MO-
HotoHHEIMA: 1) Zp, = n% —m; 2) 2 = n° — 31 3) T = 0+ %;
d
4)3:?’-:{ _|_2} 5) Zn mn’ﬁ)x
2.5, Buisicnnre, mosker siv DeiTh Hthm"lauml,eﬁ 1) pasnocts By X y6o-

BAOILKX [OCAEIoBaTeNAbHOCTeN: 2} MpouaBe eHde ABYX YOBIBAIOIHX MG-
caenoBarTesibHOCTEN; 3) cymMma UByX yOBIBAIOLIKX NOCICZOBATENLHOCTEN;
4) oTHOmMeHHe JBYX YOBIBAIOIINX I0CIEI0BATENBHOCTEM.

9.6. PaceMoTpHEM NOCIe 0BATEIBROCTh, 4718 KOTOPOR Tny1 = 3T, + 1
11 = a. 1) Jokaxkure, 4TO eci @ = —5, TO ITA IIOCASAOBATENLHOCTD AB-
Asercs youBalomefi. 2} Jlokaxure, uTo ecan ¢ 2 0, TO 3Ta NOCAEIOBATENNb-
HOCTb — BospacTaromas. 3) Hailaare Bce 3HaveHns G, IPH KOTOPBIX T4
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MOCJAIOBATENBHOCTE SBIAETCA BO3pACTAIOIDAL. 4) BrisicHuTe, cymecTBy-
0T JH FJHAYCHIA &, IIPH KOTOPBIX 3TA MOCISIOBATCIABAOCTE HE ABRTACTCA
MOHOTOHHOM.

0.7. BuisicHu e, KAKHE U3 CHEAYIDILMX HOCIEAOBETENBHOC TEH HBIHKY ICH
1000

7
nepno,:mqecxmum- 1) x, = cos{1° - n); 2) z, = { }; 3) 2n = cos ——
4z, = { } 5):1:,,—{?1\/_} 6)z,=3—z,yupun 22 1, =a

9.8. l'lycrb Yn = (T5,)%. Brisicuure, BepHo au, 4To: 1) ecau x,, — BO3pac-
Tawas NocaeloBATEIbHOCTD, TO U Yy,  BO3PACTI&IOUIAH IOCTEIOBATE b~
HOCTE; 2) ee/H T, — MOHOTOHHAA IOCHEIOBATEILHOCTh, TO H Y, — MOHO-
TOLIAS MOCACAOBATAILHOCTL; 3) CCIIH MOCACIOBATCABIOCTD Ty, TC ABTACT-
(] thH(-)TUHHOﬁ_‘ T d lEUCJI&}J‘UB&'l‘e.]'thUC'l‘b yﬂ HE HABJIHETTH l\ulﬂHO'I'OHHOL"'l;
1) ecny Ty, — NEPUOANYECKas NOCIEI0BATENbHOCTD, TO U Yy — NEPHOAHYE-
CKaA NOC/AEIOBATCABHOCTE; 3) €CIH Y, — HEPHOIHICCKAA TIOCIIEI0BATEIb-

HOCTb, TO H Iy, — NEPHOOHYISCKAA [MOCHAeAOBATENBHROCTD.

Tnt+l + Tn

9.9. HokazxuTe, 9TO €CITHA Lpqn = T # Tg, TO OOCIEI0BA-

TEJIBHOCT: Ty, HE JABJIACTCH NEPHOIHYISCKOH.

Tema 15. OrpannyeHHule MOCHe/I0BATENTHRHOCTH
Hpennonommu, bTO MBL U3y9aeM BO3PACTAIOIIHE [IOCTeJ0BATENIBHOCTH.

1n -1
B uem PA3HALS MEXKAY TTOBLICHHEM HOCJ]G,[[OB&TEJ'IBHOCTEH Ty, = T H

Yn = Ir:] 1?7 B caenymomedt Tabanie npHBeeHEl 3HAYCHAA HX HaYAAbHBIX

YJIEHOB.

n 1 2 3 4 5
2 9 ? — 95 % ~ 9,67 % — 9,75 4 — 9.8
Yn _09 _018 —O,? —0‘6 _O 5

C o/HOW CTOPOHB, YKa3aAHKE 3HAYMEHHST SUIEAOE NIEPBOH NOCTe/I0BATE ThH-
HOCTH OOSIBbIIE 3HAYIEHHH "LeHOB BTopoii u3 aux. C apyro#t cTopoHl, sICHO,

YTO LA WIEHOB ¢ GOJbIIEMH HOMepaMmH Bce Oyzer Haobopor. Koneuno,
1 -1 1n

Ty = —— <T:10npﬂ3ceanN Iomaxaxyn:%—l>10
TIDH BCEX n 110. Bonee Toro, KakKHM 6bl HE 6BLI0 9HETO ¢, HaftneTes dieH
B'mpoﬂ H3 paccMaTpPHBACMEIX HDCHG,H,OB&TEJI]:HOCTeﬁ, 3HAYLHHEe KOTOpOTro
6(1.!'[})["8 rOro MTHCIA. 9"[‘0"[‘ II[]PIMB[J HARJIASTCA MO’I‘HHHI)()BK{)ﬁ BREJCHHA
CASAYOINETO OUPeaeIeHHs.

HOCJ'[E.‘,Z[,OB&TBJI]:HOCTB Ty Ha3BIBAETCH OBPG.HH“I‘.EHHD’{‘E caepxy, eCiif Cy-
IMECTBYET YHACAO ¢, Takoe, 9TO I, € ¢ npu Beex n € N. C HarnmsmHo-

reoMeTPHYECKON TOYKH 3PEHHA 3TO O3HAYAET, YTO HA YHC/TOBOH MpPAMOR
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BCE TOUKH I, JIEXKAT JieBee TOUKH ¢. Ilociie10BaTeIbHOCTD Ty, HASHBACTCS
02POHUNEHHON CHUSY, eCTH CYNIECTBYET YHACIO ¢, TAKOE, UTO Iy 2 ¢ OpH
Beex 1t € N. TToeneoRaTeNRHOCTE Ty, HASKBABTCS D2DEHUSEHHOT, eCTV OHA
OU'PAHH'IEHA KAK CBEpXY, TAK M CHHU3Y, 1. &. eClH H&ﬁj.l‘_y”l‘CH TAKHE "1THCJA 4
ub, uro a € xp € b upu Beex n € N. C reoMeTpuueckoll TOUKH 3peHH:
TIOC/IC AOBATEMLHOCTL OTPAHHYEHA, €C/TH BCE €€ YJIeHb! JeXKaT B HEKOTOPOM
OTPE3Ke YHC/ACBOH mpAMO.

BumecTo «aByx OyKE» B OllpeiesieHIH OrpaHUYeHHOI 10C/1e0BATe bHO-
CTH MOKHO OTPaHHYATHECA OJHOM. J1e/10 B TOM, 4TO BCAKHIY OTPE30K THCIO-
BOI NIpAMON COOEPAUTCA B OTPE3KE, CEPEANHONA KOTOPOrO ABJIACTCH TOYKA
0, T. e. B oTpe3ke Buda [—¢;¢|. Yemorne —¢ € Z, < € MOXKHO 3aIHUCaTb
B BHIE |x,| < ¢ [TosTOoMY HOCHAEAOBATENBHOCTL 2y, ABAAECTCA OCPAHHYEH-
HOfl, ecnn HaiigeTcs 9UCHoO ¢, Takoe, UTO A4 BeexX o & N sHINoMHAETCS
HEPABEHCTBO |Ty| < ¢

ITprMmenyM gapROR OUpPEAEICHHE JJIA JOKA3ATeNbCTBA IEPBOTO ofM1Iero
(u npoctoro) dakTa.

3anmaua 107. JokaxkuTe, 94TO CyMMa H Da3HOCTb OBYX OrDAHHYEHHBIX
MOCTEAOBATENLHOCTER CYThH OrpaAHUYeHHBIE MOCTETOBATENBHOCTH.

HYC'I‘L Tpn H Yp — OFpalldaCIILIC [MOCJICAODATCALIOCTH. Ilo onpeaeae-
HHWK) Hﬁaﬂ'm(:ﬂ THEKWE “THOTA 3 H b, 9T JLTH BCEX HATYPDANBHRWX 71 BRITIONHE-
HEI HEPaBeHCTBA |Ty| < 6 H [yn| € b. Toraa |2 +4n| € 20| +|yn S a+0,
YTO H O3HAMAEET, YTO TOCIEIOBATENLHOCTD &y, + ¥n OrpanmdeHa. Jasa pas-
HOCTH Ty, — Yy COPABEATHABC B TOYHOCTH TO e HEPABEHCTRBO.

IlocnegoBaTe bHOCTD HA3EIBAETCH Meoapa-uuuenuoﬁ, eCJIH OH& He ABJIA-
eTCs OTPaHHYe HOMH. Takum 06p330M, nocCIeJOBATCALHOCTE HE OTPaHAYCHA,
€CJIH OHa He OorpaHHYCHa CBEDXY HJH XKe He ODaHHYcHa CHHU3Y.

3amaua 108. BoiacunTe, ABASCTCA JIA KaxKJasd H3 CASAYIOMMX NOCTIeI0-

BaTe,IbHOCTEH orpaHueHHO CHU3Y, OTPaHAYeHHOH CBepXy, O pAHNYeHHOH.

1000 n 100n 100n
Don=="32% =350 38 2n =g, 554 ¥ = 027

5) 2, = n{l+4(-1)").

1) Tak xak 0 < 1, € 1000, TO naEHAZ NOCIEIOBATENHHOCTE — OTDARH-
HEeHHHA.

2) Econ wmcno n 4eTHO, TO &, = ﬁ . Hockoopky yveTHOE YHCAO
MOZKEeT 6]:]'1"}1 B3ATO CKOJNE yro,r_[Ho GOJTbmth, TO 3Ta DOCICaA0BATEALHOCTE
He OrpaHmYeHs cBepxy. Ecaw ke n HedeTHo, TO &, = —%, TaKHM o0~
Pa30M, JAHHAS OOCTEIOBATENBHOCTE HE ABJASETCH ¥ QrPAHUYEHHOH CHH3Y.
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3) Tak kak 2y = —100, & BCe OCTaAbHEBIE YIECHB! 3TOH IOC/EIOBATEIEb-
HOCTH MOJMKUTENLHBL, T OHA OCPAHHYEHA CHU3Y, T, =2 —100 npu srex
n € N. Jlanee, 15 = 200). Teneps ROCTONBIYEMES CHETYIONAM (TPARAONG-

JODHBIM COODPAKBHMEM > . BCIM TE GIOCTATO' THO BEAMKO», TO 2n — 3 = 2n,

Ltlns « 200 opm Bcex n = 2. [Ipeob-

pa3ys, moayuuM HepabelcTBe 100n < 400n — 600, uau 600 < 3001, T. €.
n 2 2. CienoBaTensno, OHA ABJAACTCA TAKKE W OUPAHEYEHHOMN cBepxy. C
JPYTOH CTOPOHBI, MOXHO OBLIO BOCTIONB3OBATLCSA TEM, UTO 3TA [OCHEI0BA-
TeTLHOCTE YOLIBACT, HAMHHAA ¢ HOMEpa it = 2.

4) Jlyunre BCero BOCIONB30BATLCHA HepaBeHCTBOM 12 + 1 2 27, OTKyAa
CAEAVET, 9T0 Zn S 50, Tak Kak T, 2 0, TO 370 - - OrPAHHIEHHAA TOCTEI0-
DBATCILHIOCTD.

5) Yro6H [IOHATE IOBEIEHEE [IOCHAEAOBATEBHOCTH Ly, MOXKHO IPOCTO
HAYATH BRIYACHATL: (,4,0 8,0,12, ... TakuM obpazoM, wekabift BTopott ee
yneH pareH Hymio. Koaedano, o, 2 ) Mpa Beex #i, MO3TOMY MOCASTORATE TH

nosToMy Ty ~ H0. Hokaxkem, 4to

HOCIE OUrpaduntiesa cauzy. C apyrodl cropodel, B Hell coueprarcs <ucas
BHAa 4k TIpH BCeX HATYPAIBHBEIX k, IO3TOMY JAHHAS TIOCIEAOBATENLHOCTD
He OrpaHH4cHa CBCPXY.

ITOT NPHMep NOKA3BIBAET, ITC HE TOIBKC BOIPACTAIOIIME MOCTEI0BA-
TEIBHOCTH ABAAKTCA HE OrPAHHYEEHBIMH CBEDXY.

Samaua 109. UssectHO, 4TO Xy € ¥ BHACHATE, BEPHO J1H, YTO: 1) ecan
TIOCIIE AOBATENBHOCTD Yy, OIPAHMYEHA, TO H NOCNEI0BATENBHOCTE &y OTpPa-
HUYeHa; 2) C;TH NOC/IeJ0BATEIbHOCTD Ty HE OTPAHNYEHA, TO U NOCTeI0Ba-
TeTBHOCTS Y, He OTPaHUYeHA; 3) eCNH MOCNEZ0BATETLHOCTE Ty, OTPAHUYIEHA
CHH3Y, TO ¥ IOCIACAOBATCILIOCTD Yy, OPPAHHMYCHA cHU3Y; 4) ecnd mociean-
BATEIBHOCTL Ly 110 OCPAHAYCHA CHH3Y, TO H NOCAEIOBATEILHOCTL Yy HC
OUPaHU'IeHA CHU3Y; D) Cild NOCAEHOBATEILHOCTD Ty HE O PAHIMEHA CBep-
XY, TO H IIOC/IEI0BATEIbHOCTD Y, HE OTPaHAYEHA CBEPXY.

KokeuHo, H3 3TUX yTBepKIeHUN BEPHBIMH ABIAKTCA TONBKO YTBED-
xkgerns (3) u (5). B sTo#l 3a1a4e BaiKHO IIOCTPOEHME KOHTPIPHUMEDPOB K
yrsepaxcaenusm (1), (2) a (4).
3agaua 110. Beiscaure, ABIAI0TCA JIH OTPAHHYCHHBIMH TOCAEIOBATE Th-

n? n!
IIOCTH! a) Tn = 2—n o 6) Ty = (1,01)“; B) Ty = z—n .

EI.) Haripem ¢ TOTO, UTC NMpOHIBEAEM BB'IHCJEHHA.

1 11234 5
x

n 1 9 25

an | 9 1 8 1 32
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~ n? _ (n+1)?
Tloxoke, oro npu 1 = 3 cOpaBedIABO HEPABEHCTEO i s

006pa30oBaB €ro, MOMyYnM HepapeHCTBO 2n? > (n + 1)2, mnu n(n — 2) > 1,
KOTOpoe BepHO npH Bcex n 2> 3. Takum ob6pasom, 3HAYEHHA BCEX UJICHOB

. Ipe-

3TOl IOC/IEeAOBATEILHOCTH JIEKAT B OTPe3Ke [0; g], NCITOMY JaHHaA Io-
CACA0BATEC TEHOCTS — Or'paluYcHHAA.

6) KosedHo, CYHTATH 3/eCh CJI0KHee, HO, BO3MOMKHO, CTOHT € 3TOrO
HAYATH, 4TO0BI JOIAAATHCA N0 HYHHOH OUSHKH.

N 1 2 3 4
1,01 | 1,01 | 1,0201 | 1,030307 | 1,04060401

Mm poygum, o 1,017 > 1 4+ 0.01n opr r = 2, 3, 4. Hokazarh 3T MOXHO
0 MHAYKIHMH, 9TO OyAer 0pojenano yixe nocIe pemeHns 2ToH 3aJatH.

A MoxHO OBI10 nIOCTYINTE MHAYE, OLUESHHUE PA3HOCTb ABYX COCELHHX
YJIEHOB TIOCHEMOBATE/IbHOCTH:

Tnir — Tn = 1,017F1 — 101" = 1,017 - 0,01 > 0,01,
HOJYHHEM, YUTO Iy — Ly, > 0,01 npu Beex HATY paabHbiX 71, CJIEMOBATEILHO,
Tn >21+00l(n—-1)=1+ 755,

OTKYJa ¥ CJIeIYET, YTO JaHHAA AOCIeIOBATEIbHOCTh OrPAHIIEHHON He AB-
JI9eTCH.

B) [loncuersl MOKA3BIBAIOT, YTO 9Ta [OCIEHOBATENLHOCTD JOCTATOMHO
6eICTpO pacTeT. JefCcTBHTENBHO,

Intl = 571 T Ty om

= 2z, npu seex n 2 3

_ 3
HostoMy #, 2 27 3x3 = ED) + 27, 3HAUNT, 3Ta MOCACIOBATE/EHOCTL He
ABJIASTCHA OFpaHH'-IeHHOﬁ.

0606muM HePABEHCTBG, HCNIOMBL30BAHEOE [IPH PEIICHKUA OYHKTA (&) HpPeabl-
Jymefi 3agaui. A HMEHHO, JOKaXeM KJIACCHIECKOe HepuseHcmeo Bepuyian

(1+h)"21+hnopuecex h2 —1unecl. (1)

IIpn 7 = 1 npaBad u ncBag YACTH PABIIBL JADYT APYTY, IPH 72 = 2 DOJy4YacM
nepanercrro (1 4+ £)? 2 1 4 2k, cnpareuymsoe npH Beex fi. YMHOKHE
obe uactu HepabeHcTBa (1 + 7)™ Z 1+ hn Ha umcno 1 + b, KaTapoe no
IPeINOJIKEHNIO SBIAETCHE HEOTPHLATEBHEIM, HOJYYIMM HEDABEHCTBO

A+ > (1+h1+nh)=1+n+Dh+nk? 21+ (n+ A
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IlockonbKy HepaBeHCTBO BEPHO HPH 2 = 1 H n = 2, ¢I8I0BATENbHO, OHO
BepHO NpH 1t = 3, 4, ... HepaBenerso bepuynnn nokasano.

Janmaga 111. Beracaure, SBIAKTCA JX OTPAHAYEHHBIMY TIOCTEI0BATE b
HOCTH: 8) T, = "Un;6) &, = vV2n+1—yn;8)z,=vn+1—yn.

a) Koneuno, 3Ta nMoCaeJOBATEMEHOCTE He OrpaHudens. Ecan sadpukcn-
POBaTL [IPOYU3BOJILIOE HATYPANLIOC aucao k, To opi 1 2 k190 spageoms
&p, Oyiyr He meHbILE, Uem aueno k.

6) Koneno, o1, oCIea0BATEIIbHOCTD HE DU PAHAYMEHE, HOCKOAbKY

Tn =VIn+1—vn>Ven—vn=(2-1n,

a IOCJICAOBATEIBHOCTE @4/7 HE ABJHETCS OPaHMYCHHON HH IIPH KaKHX
a#0.

B) JaHAas MOCAeAOBATEIBHOCTh OTPAHIYEHA, YTO CIAEAYET XOTA OBl H3
TOrO, YTO OHa ABJISETCA HEOTPHIATENbHOE K yObBaiomeld (CM. Ipeaplay-
myio TeMmy). M eme npome:

1 1
0<vn+ —\/ﬁ_m+ﬁ<2'

3anaua 112. BHsicHATE, MOXKET JH BO3RACTAIONIAS TOCAE/I0BATETBHOCTh:
1) ObITL He OrpaHMYEHHOM CHHU3Y; 2) OBITH HE OrPAHHYEHHOM CBEpXY;
3) JAOCTHTATE HanboOAbIIETO 3HaYCHHA, 4) He JOCTHIATh BaMEeHbBIIero 35a-
YeHHS.

1) Het, ne moxeT. Tax Kax 10 yCAOBHIO TOCIEAOBATENRHOCTE £,  BO3-
PACITAIOWAH, TO Ly > £ 1M BECX 7 22 2, SuUsyutT, 31 H0CUICAOHE TCILIOC T
UFPH.HH']EH& CHPI?iy. B().TIBG T‘Ol"l‘)._‘ JHAMICHHE T} SIBAACTCA HAMMEHbLIIIHM 3HA-
YEHMeM JAHHON MOC/IeIOBATENBHOCTH, ITO JA6T OTPHIATEIRHE OTBET U
H&, BOITPOC NYHKTA (4) 3ama:m.

2) Koneyno, moxer. Ecau, manpumep, £, — n, To He CYIIECTBYeT Ta-
KOTO YHCJIA ¢, KOTOPoe 0o Obl He MEHBIIE KaXKJAOTO M3 HATYPAJBHBIX
YHCET.

3) Her, ne Moxker. 3HauenUe ¢ = i He MOKeT ObITh HAHOOJBIIMM, MO
CKOJIBKY, [10 ONDE/IENEHHAD BO3PACTAKIEN NOCIENOBATENbHOCTY, SHAYEHNE
ee caeayonero 4ieHa Oyner Gonbile ¢

3amaua 113. a) Toxaxknre, IT0 CyMMa OTPAHHTIEHHOR NOCTEI0BATEIBHO-
CTH M HEOTPaHHYeHHOM MOCAeJ0BaTENEHOCTH €CTh HEOT DAHUYeHHAS MOCTe-
JOBATEILHOCTL. 6) BepHo 10 mpenpiayImee yTBepKAeHHE 7 MPOH3BE/IE-
HYH TAKHX TOCIEJOBATENbHOCTEMH?
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a) Ilpome Beero paccyxgare ciaegyiomum obpaszoum. llyeres nocaemo-
BATE/IBHOCTE Ty, OTPDAHUYEHA, TIOCTEIOBATEILHOCTL Y,  He OTPAHHYLHA.
ITpeAnoaoKHM, 9TO WX CyMMa 2, = T, + ¥, BCTh OUPDAHHYEHHAS TIO-
CACA0BATE I BHOC T b, H() riga B Cl*l..lly 344AMHA 1“7 H 1IOCIE OB TENbHIM 'L
UYn = 2p — Tp OyJIET OTPAHUYEHHOH, “ITO IPOTHBOPEYHAT YCJIOBHID.

§) KoHesuHo, yTBep:xIeHNe HeBepHO. HanmprMep, MOXHO B34TE T, = %
H Yy, = n. [lepsas nocneaoBaTenbHOCTE OUPaHHYEHA, BTOPAs — HE Orpa-
HUYeHA. TeM He MeHee TIPOU3BEASHME Z;, = XLynlY, — 1 €CTh OrpaHUYEHHAS
OCNe ACBATENbHOCT, MoxkHO mpuBecTr n Bonee apxmii mprvep, B3FB N0-
CII€JOBATE ILHOCTE, BCE WIEHBI KOTODOil paeHE! (.

B saksioucnue BepiiemMca K pelnciuio saaaqd 106. /g aokazarciasersa
Taro, TTe #epaeHeTBG 97 + 107 £ 11" BepHO TA BCeX HATYPANRHBIX %,
HAYMHAA C HEKOTOPOTO HOMEPa, MOXKHO DELIO BOCMIONBLINBATHLCS MOHATHA-
MH MOHOTOHHOCTH H OrpaHHY4YeHHOCTH. Hepennmem JaHHO€ BCPABCHCTBO B

BHAE
9 ) 1
3 1<
(10 + 0
B ero nepo#t 4acTH cTONT YOBIBAIOMAS NOCIEAOBATEILHOCTD, TOMIA KaK B
ero Hp&BOﬁ aLTH BOBP&CT&!OIH,&H A Heorp&.ﬂﬂqelﬂ{aﬁ nocie nopaTe/Ib-
HOCTh. HOBTQMy [IﬂﬁﬂCTCH TAaKOC YHCTOD k:, 9T0O 3TO HEPADRCIICTDRO BCPIIO ODH

BOEX 7% ? k K{)HH‘[H(_], H [[I)H THKOM UII{)(:DGH [}HU(!_)'}K,JLHHHH 6(-}3 BRIHCJICHKR
He oO0ATHCD.

3agaun Oas JOMAINHWUX 3aAaHuii mo teme 15

1. Bh]H(le*l’l‘(—!: ABIAKKITCH JIK (17 I)dHH‘IF‘HHbIMH LOCHE10BATENBEHOCTH

2z __

n
Dap=vni+1-n2)z, = — 2” ;3 oy = —— 2+1 ,4):1:1rl = /n. Ykaxure
TAKKE B KAXKIOM CAy9ae OTPe30K HAMMEHbIIEH [JIMHE, CONSPIKANIHAN BCE

WILHBI pa.CCManHB&eMOﬁ IIOCIE AOBATEIBHOCTH,

2. [lpusegure NpyuMep HOCACHOBATC/ILLOCTH, 18 ONPAHNUYCHHOR HY CBEDXY,
HH CHURY.

T+

10
3. JdokaxaTe, YTO [IOCASOOBATENLHOCTD Ly = = OrpaHmeHa.

4. TTpenToaoKuM, \TO NOGIETOBATENRHOCTH Ty, H Yy SRISITCH OrPaHNIeH-
HuIMH. a) JdokasnTe, UTO ABAAETCS OTPAHMISHHON MOCTeAOBATEIbHOCTD
Ty Yn TIPEIMOIOKAM, UTO MOCNEIOBATENLHOCTH En B Yy, ABIAKTCA HEOIDA-
HHYEeHHBIMH. BBISCHHTE, BEPHO JIH, 9TO ABJASKOTCS HSOTPAHUYEHHBIMH 10—
CAEAOBATEIBHOCTH: B) LnYni B} &n + Yn.
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5. Haliogure BCe 3HAMEHRA @, NPHA KOTOPBIX ABIASTCA OTPAHAYEHHOR I10-
CASA0BATETEHOCTD:

a) o, = an +b; 6) @, a.";n):r:,,!:na—_f'l;r'):zrn:\/m—a.\/ﬁ.

le‘l Hﬂ.L{,LI\BHHle HHA IBHHU A X llﬂ.pﬂ..ME'l‘pﬁ. _)'K?]..}K_H'l'e TAK e 0'1‘118'301{, B KOTO-
POM JI€XKaT BCE LIeHBl COOTBETCTBYIOUISH NOCIEeA0BATEILHUCTH.

8. TTycTs MOCIe0BATENHROCT 3a/AHA COOTHONTEHHEM Ty 1 = 272 — 1.
Z[(‘}K&}KH'I.‘E, 10 OHA ABJIHETCA {)l'[)aHH‘lBHHOﬁ TOCHG | 'TOJBKG 'l‘()l"}_l‘ﬂ., KOUI'da
lza| € 1.

7. HokaxmTe, uro: a) 2" 2n+1; 6) 100 <1+ ?1—9

8. JlokaxkHTe, 4T0 NIPH BCeX HATYDaNbHBIX N K Bcex h 2 —1 uveer MecTo
T h
HepaBeHCTBO V1+h <1+ ol

Peommenna noMalllHuUX 3a7ad 1o TeMe 15

1
N

BAET, I09TOMY e HAMOO/IBIWHMM “WIEHOM HBASEICH L) = V2-1. Hockonbky

1. 1) Tak xaK z,, = . TO JAHHAA [MOCAEIUBATEIbHOCTE YObI-

< 5o, TO GHANGHWE Tp MOXET OWTHE MpowseoakEO MankiM. Cneosa-
TEJIBHO, OTPE3KOM HAMMEHbINeH JTHHbI, COAEPKAIMM BCe WJIeHb ITOMN Mo-
1€ A0BATEILHOCTH, ABJIAETCH oTpedok [0; v2 — 1.

2) CocrasuM Tafsuily 3HAYEHH TIEPBBIX WJIEHOB TAHHOW MOCHEI0BA-
TETHHOCTH.

n |12 3|4 5 | 6
1 27 125 | 27
512 T 143l %

I'magsa Ha Hee, MOMKHO HPEIOOIONKHTE, ITO, HAYUHHAAA C MeTBEPTOr0 WIeHa,
OGN AOBATENLHOCTL aBpudAeTcd youpatonel. J[eficTBETEILHO, TIOCKONBKY
OTTIOINCHKC

Tars _ (e 1° 1 (1+1)"
Tn 20t 2 n

Menbile 1 npu n 2= 4, TO Tp41 < Tn, OPH BeeX n 2 4. 38a49KT, HAHOOAbILIHM
WIBHOM HOCNEeIOBRTENbHOCTH apiaeres rg = 4. Taxk Kok &, > (), 10 no-
CNEJIOBATETRHOCTh — orpadnderdasn. MHTYRTURHO MTOHATHO, 9TG SHAMEHWS
MOrYT OBITE CKOJIB YTOAHO MAJEL, HO JOKAILBATE 9TC CTHOrO, BHAUMO, HE
crouT. Vckombrit 0Tpe3ok — oTpesok 0; 4].

3) fleno, yTo £y = 1 n z,, > 1 npm Bcex n 2> 2, NOITOMY MOCIEIO-
BATEIbHOCTD OCPAHHYEHA cnu3y. MOKHO TOrafaThed, Kakoe ee 3HaAUeHue
ABJACTCH HAMDOABIIAM, BLIYHC/AWUE 3HAYCHAA ee NepPBhIX 4NIEHOB. Tak xak

Xy = ¢ = Tz > X4, TO ¥ OYIEM IJOKA3BIBATB, UTO Ty < % [Ipeobpasys

3
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2
n"+n
n?+1 < 5?

KOTOPOE BEPHO JUTS BCEX HATYDATLHBIX 7t MCKOMBIH OTPedoK — [1;

npaaen k eEepasencTey (n — 2){n — 3) = 0,
6
51

4) Tak KaK z,, 2 1, TO NOC/ICIOBATEILHOCTD OI'PaHrdena cHsy. [Ipume-
HSA TOT K€ TIOAX0/T, ITO ¥ IPH PEMIEHHH NPEABINYINX NYHKTOB, ITPHX0 AM
K HPeIIooKEeHII0, YT0 MOCKONbKY 1 < V2 < 3 > ¥4 =v2 > ..., 10
A0 AOKA3ATD, 4TO /7 V2, wim n2 £ 2% opu n 2 4, a 310 6LLI0 ycTa-
HOBIeHO DaHee. Takum oBpaszomM, TOCTeIORLTENLHOCTE — OTPAHHISHHAS,
U HAHMEHBINTHMM COAERKAOIEM BCE €2 UJeHB OTPE3KOM ABRIAETCA OTPe30K
[1; v/3].

Koneuno, MOXHO J0Ka3aTh, 910 “R/n —1 < {/n npu n 2 3, onnako
JOKA3ATENbCTBO 3TOT0 (haxTa Jyme OTN0OKUTE OO CTAPDLIHX KJIACCOB.

2, Tako#t aBageTCA, HANPHMED, MIOCASIOBATENBHOCTD Ty, = {—1)™n.

HEPABEHCTBO

10 ln'n-l-l
- Z o T e—
3. Ecin n 2 10, To nrl < 1, clegoBaTeAbHO, Tp41 ——
10 10
— Tn = < T Ecm n — 1,2,...,8, 70 Tny1 — Ty =1 >
TloaTomy

T <ITp < ... < Pg=Zig>x11 > ...,

OTKVAA CIeAYeT, YTO BCe BHAUEHUA 3TOH TOCTEAOBATEILHOCTH JEXAT B

OTDPEIKE [U; Q] Taxum 0OpuIoM, JUHHAR NOCACTOBATEIBHOUTL — OTPa-
HAYEeHHAN. )

4. a) Yreepacienne chaeayer B3 HEPABEHCTBA |Tnln| — |Tn |Yn| € ad.

8) Pacemorpum nocacgosareasnocru 0,1,0,2,0,3,... 14 1,0,2,0,3,. ..
(6e OHRA He OrpaHvYeHnk], TOrA KaK KX MPOR3BEIeHWE SABNSETCA HYTEROHN,
a MoTOMY — OrpaHM'eHHON MOCIeIGBATeNbHOCTRIO.

B) B 3TOM cayuae TO, 4TO yTBeprKAECHUE HEBEPHO, HOKASHIBAECTCH CILE
npole. JOCTATOYHO TONOXKHATE ¥, = —I,. V3 HEOrDaHWYEHHOCTH OJHOM
W3 9TUX [OCJELOBATENbLHOCTEN CleqyeT HEOrPDAHHYIEHHOCTh IPYroll, Toria
KK 91X CYyMME CCTh TOAACCTBCHNR0 PABKHEA HYJLH NOCACA0BATENBIIOCT b,

5. a) Koneuno, AaHHaA TOCIEAOBATENLHOCTL OrpaHUYEHA JWIIbL GPH
e =0, T. e. €C/IM OHA ABIAETCA NIOCTOAHHOM,

6) JdeHHAA TOCTEAOPATENHLHOCTL OUPAHHYEHa TOTHAA H TOJBKO TOrg,
korya |a| € 1. TIpe yKasaHHKX 3HAYEHWSIX @ BCE "LIEHK TTOCTE0BATENBHO-
cTn nexkar B orpeske [—1; 1]. Konermo, orpesok, cogepxammit Boe rL1eHb1
MOCNeAOBATENBHOCTH, MOKHO B34Th «HNOMeHbOe». Ecau 0 < e < 1, To Bee
YJIeHBl MOCIeTOBATENBHOCTH NekaT B oTpeske [0;a]. Ecan ke —1 < a < 0,
TO OHE JIEXKAT B OTpeske [a; a®|.
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B) U3 mepasencTBa

7
41

|5 | =

o =l | 22| <l
CAeAyeT, 9To AaHHAA NOCIeJ0BATeNbHOCTD OrPAHUtIeHs [IPH JIKO0M 3HatTe-
HUH & M 9TC BCEe €¢ WIeHBl JIeXKAT B OTpe3Ke [—a; a.

r) B cauy 3apa4u 111 mocneqoBaTeabHOCT ¥, = Vi + 1—+/n aBngercs
orpamnrdeHHod. TakuM oBpa3oM, Apy a = 1 JaHHAA NOCAEA0BATEMbHOCTD
orpannyeta. Ecamn xe a # 1, 10

Tp = Vn+l_\/ﬁ+(1_ﬂ)ﬁ=yn+(l_ﬂ')\/ﬁa

HO3TOMY NOCIIELOBATENLHOCTD £y HE OTPAHHYIEHA K4K CYMMA HEOrDaHHIEH-
nolt nocnegosateannoetd (1 a)4/7 U OFPAHNYCINIOH NI0CACAOBATCILHOCTH
Un-
6. Bcan |21 €1, vo 0 £ .’L‘% < 1, anauwmn, —1 < 2:1:% —1 <1, rtakum
oOpazoM, |za] € 1. Paccyxaaa ganee o HEAYKINE, I0Jy9aeM, ITO |, | <
1 opu Becex n € N. Bcmm 21 < -1 mam 21 > 1, T0 22 > | u, boaee Toro,
Zp > 1 mpm Beex 1 2 2, 009TOMY 00a ITHX CAydYas MOXKHO pacCMATPHBATE
OJIHOBpeMeHHO. Jlanee

Tpgpr — 1 =212 —2=2(x, + )(@n — 1) > 4(r, — 1) mpu neex n 3 2,

OTKVAA H CIeAYET, YTO B 3TAX CIIy4YadaX NOCIeA0BATEeNBHOCTh Xy — HEOI'Da-
HHYCHHAA.

He cnenyer aymarh, 9T0 cay9ail orpamddgeHioll nocne oRaTe EHOCTH
LY I ' ) P 2 (
<ITPOLLIES, €M HeorpaHurierHoH. PopMyna, 10 KOTOPOHR BEIMMCASIETCH Cle-
JYHOMHN 47eH, 0YeHs NPOCTa, OJHAKO MUXKHO JIH [0 Hell cunTaTs.! [Ipeano-
-
i

JOXKHM, UTO T = % . Kak nafitn crieayromue wiensl? KoHeuno, z; = -3
La = ;—1’, aaee
5983 28545857

T4= "gs61 8T 23046720
A JAJNBIIC BLIYMHCAATEL O¢ Xoderced. Konc4dmo, MoyKIlo BLYHCIATE ApHOIH-
SKEHHO, OJHAKOQ, OPH £ = % OOJY9EM, 910 19 ~ —0,749302, a npu
z1 = 0,33, — uto 719 = 0,362049. Mexay >THMH 3HAYEHHSIMH HET HU-
qero odmero!
Ha cnepywomem pucyHKe m300parxKeHo MOBEIeHEE TIOCHIEI0BATEIBHOCTH

Ty C HAYANBHBIM Aa¥abiM 1 = 0,33 ... 3.
N —

20 uupp
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{1)2 f\ \\
) YR

—1.0

-—

DT0 — «Xaocs,
7. a) B ¢y HepasescTBa Bepuymnu 2% = (1+ 1)" 2 1+ n. §) B cany

HepaBeHCTBa DepHy/L1M (1 + % )n =1+ 99 = 100.

h
B, Tak kak h 2 -1, 70 | + poy > 0. ITocae BO3BeAEHHMSA B CTeleHbL T
ofieux JacTelt Mbl MOJY9HM HepABSICTBO Bepryrim.

CamocrodaresnsHas pabora 10 (Tema 15)

BapnanT 1

1. JokaxnuTe, 4TO NOCACIOBATENbHOCTD L, — N — % OI'DAaHHYEHA CHHU3Y,
HO He OrpaHUYeHa CBEPXY.

2. BrisicHuTe, Kakue 03 CJIe 1y 0IHX ToCIeA0BATeTLHOCTEH AR IIOTCa OTPa-
HUYeHHBIME! a) T, = (0,2)%n; 6) x, = ¥V2n;8) 2, = /15.

3. BulsicHATe, BEPHO JIH, UTO J/IS BCAKON HEOTPAHHYeHHOM MOC/Ie, J0BATe  h-
HOCTH Ty, TOCACIOBATCALIOCTH ¥Yn = NMTp B Zpn = —= TAKKC ABIASIOTCS
HEOPAHW SIEHHLIM K.

4. HalimuTe oTpe3oK HaMMeHbIlel JAUHEL, cOAeKallMi Bee “WIeHBl Moc/e-
n—2
2n+1"°

JOBATEJIBHOCTH &y, =

Bapuaur 2

1. JlokaKuTe, 4TO MOCAeIOBATEILHOCTE £y = % — 711 OrpaBKdeHa CBepXy,
HO He OrpaHHYeHs CHUIY.

2. BoiacHuTe, Kaxpe B3 CISAYILMX (10CAe 0 BATEILHOCTENR HBIHIOTCH OrPa-
UHYCHILIME: 8) T, = V135 6) 2, = V2 1) 2, = (0,3)Bn.

3. BrificHWTe, BEpHO JIH, STO AMA BCAKOW OMPAAWHMEHHON MOCTE ORATETh-

xr
HOCTH Iy NOCTEIOBATENLHOCTH Yy = Tlp H Zn = ?" TaKxKe SABAAKTCA
OrpaHN4€HHEIMH,
4. HaiimuTe 0Tpe30K HaUMeHbOIeH AAUHEL, COAEPXKAIUNA BCE WIEHH MOCHTe-
n+1

HOBATE/IBHOCTH Ty = Sm— 1"
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Bapuanr 3
2

i
orpanpycHa CHHU3Y,

1. ,J].OK&}KHTG, 9TO MMOCNCOOBATC/IBHOCTE Iy, = 9 — 3

IIO Tie OTDAHHYCHA CBCPXY.
2. llyeTr £, — ICOTPARUYERALS TOCTeIOBATCALHOCTE, KasK AL 9/ICH KOTO-
POl OMueH o)1 HyJid. BeisicHW e, BepHO A1, 410 Al J060# orpaHdd eHHOR

TIOCASOBATENMRHOCTH iy NTOCASTOBATENRHOCTR 2 = ﬁ TAKXKE ABRTASTCHA

OrpaHr4CHHONA,

3. Hafiqire oTpe3oK HaMMeHbOISH ITHHBI, COAEPXKAMHI BCe WIEHH HOCIE-
1

JOBaTeIbHOCTH T, — e R

4. JJokaxXuTe, 4YTO NOOCIEIOBATEJALHOCTb, 3ajaHHad COOTHOLIEHHEM

Ent+1 = % , OTPAHHYEHA TIPY JKOOM 3HAYEHWH €€ TIePBOrQo 9NeHA.

Bapnant 4

22
1. dokaxkuTe, 9TO MOCNEAOBATENLHOCTL Ty = o
HO He OIDAaHUYEHa CBEPXY.

2. IIpeanoIoxuM, Y10 MOCAEA0BATENLHOCTD Ty, SBISETCA BO3PACTAIOIIEN,

OrPAHHYEHHON CBEPXY M HH OLUH €€ 9JIeH He paBeH Hyn. Boiacunre, BepHO

orpanpycHa CHH3Y,

1
T, 9ITO TOCEOBATEIBHOCTE Y, = —— SABJIACTCA OTPAHWYEIIHON CHI3Y.
n
3. HatiznTe OoTpe30K HauMeHbOIel INHEE, COTEPIXANIME BCe WIEHH IIOC/IE-

2Vn
n+3°
4. JokaxmuTe, YTO NOCIETOBATEJILHOCTL, 38JAHAAA COOTHOMIEHAEM

JOBATEILHOCTH Ty, =

x
Tyl = “T , OFPAHHYCIIA IPH MICH0M JHAYNCIIHH CC MCPDOro WcIa.

JononHEuTenbHbIe YIIPazXKHEHUA Mo TeMe 15

10.1. IlycTe nocneaoBATEBHOCTS X, OIPAHAYEHaA CBepXy. BmacHuTe,
SIBASICTCA JIM OCPAHKHYEHHON CHUBY TIOCHETOBATENLHOCTE: &) Un = —Ty;
1
6) 4 = —|Tn|; B) Y = o (KOHEYHO, IPH JOMOMHHTEIBHOM IPeIIosoHe-
n
HUK, 110 Ly, # 0).
10.2. IMpeanonoxnM, 9TO MOCAEI0BATEIBHOCTh Ty HE ABIASTCA Orpa-
ungeHHoN. BuiAcHUTe, 6VIeT 1M HeOrpaHHYEHHON TAKKe M TOCTEI0BATe k-
. _ _Ea 6 — 2018 . _ ZIn
HOCTB: &) Yo = 055 ) Yn = ¥ Ty B) Y = 5
10.3. [oga:KATe, ITO CACTYIOMHC IOCACA0BATC ILIGCTH ABIAKTCA OrPa-

HHYMEHHBLIMHAL 2

- 1, — AL _ _n . . — _ n.
l)xn_ng+2:2)$n_n2+213)mﬂ_n2+234)£n_(2 V/g)!
5) 2 =L‘6)ﬂ: =
VAn T e VR T m
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10.4. Joxkaxkure, YTO CAEAYIOIIHE IOCIEAOBATEILHOCTH He ABASIOTCH
orpaﬂuqeﬁﬁm\m'

1) &y, = ; 2) rn—-M;B).-',r:nz(\/_'——v@)n;Al):r:n:z.

2 + ‘_2, i
10.5. BriacuuTe, BEPHO NH, 4TO: &} €CIIH IOC/1EJOBATEILHOCTDL YOBIBAET,

TO OH& OIPAHHYEHA ¢Bepxy; 0) €ClMM mocie 0BATeNBEHOCTh BOBPACTAET, TO
OIl8 [IC OPPAIIHYCHA CDCPXY; B) CCJIH [IOCIICAOBATC/ILIIOCTE HC OTPAIHECHS,
T OH!A HBIIBPHU,LI,H'_{H&.

Tema 16. CyMmMupoBaHHe IIOCJIEIOBATEIbHOCTEN

Sapaua 114. Haliawpre dhopmyiny 1na cyMMBI 1 MEPBRIX: a) HETETHRX
YHCem; B) IeTHHX TIHCEN; B) HATYDAJLHBIX “IHCE.

a) I'maaa Ha Tabmumy

1+3=4=22
1+3+5=4+5=9=232
1+3+5+7T=9+7=16=4°
MOGEKHO TTpEANTONOMATE, YTO CYMMA NEPBHX 7 HCYETHLIX YHUCCT paBHSa n2.
JlokaskeM 3TO yTBOpXKACIIHC MOCPCACTBOM HILTYKITHOIHIOrO Mertona. /leti-

etRuTeHio, ecti 1+ 3 +... +(2n — 1) =02, 1o

1+34...+@n—1=2n+1)=n*+2n+1=(n+ )"

Tloekonbky Mul yOegunues, 9ro Gopmyna sepaa npu ¢ = 1,2, 3,4, 10 oua,
BHAMHAT, BEPHA NTPH 1 = 5, & TIDTOMY BepHA W NpH 1. = 6, ¥ Tak JaTee. JHa-
YUT, OHA BEPHA U JINH CYMMBI JT0D0r0 YACIA DOCIEAOBATENBHBIX HEYETHRX
YHCeT.

§) Ecau K KaXkIoMY B3 NepBbIX 7 HeUeTHBIX YMces MpuGABATEL ¢AUHHLLY,
TG MBI [IOJYYHM 1 [IEPBHIX YeTHBIX YHCE, CIeIOBaTeNAbHO,

I+4+...+2Wm=14+3+.. . ~(2n—Dtnu=n’+n

B ciuty GOPMYIIbE NPEABIAYIIETO [IYHKTA.
B) [TockoABKY CYMMa N TIEPABIX YETHBIX YHCENT BIBOE OOJBIIE CyMMBL
HePBHIX 71 HATYPAJBHLIX YHUCEN, TO

201424...4n0)=2+4+44... +2n =04 n=n(n+1),

TIOSTOMY ( 1)
n{n+

1+24...4+n= 5
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IIpueeaem eme onum cnocob pemerus nyHkTa (a) 9Toit 3amagu. Ero
oTrpaBHOH ToUKOl ABRNAeTCA papeHcTro k2 — (k — 1) = 2k — 1. TlosTomy

1?7-0%=1,
22 12 =3,
37 _922 =15,

n*—(n-1*=2n-1.
CI0MHB 5TH PABEHCTBA, MBI H HOJYHHAM, 9TO
n?=14+34+...+(2n-1).

DT0 paccyKAeHHE BaXKHO TeM, 'ITO ero HeTpyaHo o6obuyums.
3anaua 115. Haiinure dopMyny and cyMuMbl 71 IepBhIX YAcea PuboHayumA.

Togoxum S, = Fy + Fy +...+ F, ¥ noc'inTaeM Mepeble U3 9THX CYMM,
COCTABHE CHCIYIOLULYIO TaBauLy,

n|1|12[3|4|5 |6 |7 ]|8]|9
F,l1]1])1213]5 |8 [13[21]34
Sp | 12|47 ]12]|20] 33|54 88

Pa.ccmannnas qUCHa FTOH TaﬁJIHI_I,bI, JECKO BBICKA3ATh IPeATIONOKEeHNE,
HTo

S-u:F1+F2+---+E1:E1+2_1- (2)

B Takom ciy4ae
Ssr1i=Sn+ 1 =Fase -1+ Fp = Fopz — 1

Takay 06pa3oM, paccy:ias 00 WHAYKIHH, Noily4aeM, 4To dopmyna (2)
BepHA NPH BCEX HATYPANLHBIX 7.
1 1 1 1

3amaua 116. Broraucnnre cymmy statgt -+ o8

Hawm npegcrapnsercs BaXKHbIM 00CYAMTH ¢ YHAIIMMHACH HECKOJIBKO [IOI-
XOIOB K pellleHnIo 9Tol 3aaayn. [lepBbiit H3 HIX aHAJOTHYEH HCNOAb30BAH-
HOMY B pellleHHH IpeAbLIyLIelt 33 a4n: HAN0 IOCYHTATh B JOI'aJaTbes.

HeficTBUTENIbHO, BRIYHCIANA NePBble CYMMBI, Mbl DOJIYYHM [OCIIEI0BA-
TEIBHOCTh

1 3 7

51378 H Tak jaajec.
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Takny 0HPa30M, BOIHHKALT MPEAIOIOKEHHE, TITO

1,1 1 2 —1 1
§+4-+...+§—2—n—1—2—n.

,LLOK&SaTb €ro Il AEAYKITHA HUYEro He CTOHT. CJIe,I[yIOI]La.ﬂ o IOpPAAKY
CYMMY paBHA

1 1 2—1 1
1_2_n+2n+1 =1- on+1 =1_2n+1'
B 4acTHOCTH, CKOMASE CYMMa puBHa 1 — 1 _ A0
’ 8 1086 4086

[IprEeaeM TakzKe reOMETPHYECKYIO HHTEPIIPETALOMIO TAHHON 3aJa4H.
PacevorpuM oTpeaok gnunbt 1 (pucyHok). dnuHa ero eBo# TMOMOBHHB

1
paBHa 3. JobaBuB x Hell JeBYIO TIOJIOBMHY MpPaBO# TOAOBHHBI HCXOJHOTO

3
OTpe3xa, MoJYYHUM OTPe30K JJWHBEL —.

4
1/2 L /4 18

1
Jnunaa ocTapmeficds MacTH MCXOTHOTO OTPE3Ka PABHA 1 Ha caeaywomem

mare MBI ,ZLO6&B.TI$1€M NOJOBHHY STOH OCTABMISHCA YaCTH, B OCTAETCA TaK-

1
Ke ee IOJIOBHHA LIHHE = . Tagum 06pa30M, KOrIa HA DOCTEIHEM IIIare

,[[OGH.BJIHBTCH OTpe30K AJIHHBI « TO OH ABJAETCA [ICJA0BHHONH OTpe3Ka

L
] 4096
JUTHHBL 5o, U OCTaBINMHCA OTPe3CK (AONONHIIOUIUHE A0 eIUHHYHOID OT-
PCIKA) TAKXKC HMCCT JJTHOY zll)lm 13 sroro u cacayet, 9TO UCKOMAA CYMMa,

1 4095

paBia 1 — 7558 = 1096 ° i
Moxuo ,H,QHCTBOB&T]J ﬂ.ﬂmﬁpwquKH H JOKA3ATE CYUIECTBCHHO DONEe

00IICC YTBOPMCACHNC, DINAKO CICJIATEL ¥TO OYICT CCTCCTBCINCE HOC/C pPe-
LISHUY CHEAYILIEH 3813011,

3anaua 117. a) Haligure nocienosarenbaocTs, 0biaIammyo TeM cBoli-
CTBOM, Y9TO JIH A0O0OrD YUCAY 71 CYMMA 7 IEPBBIX “LIBHOB 3TOH OOCIe D0~
BATCIBHOCTH pasia 37 — 1. 6) BLisicHuTe, cyniecTsyeT JH Moc/e 10 BaTe T
HOCTH, CYMMA TIEPBHIX A LIEHOB KOTOPOH pasHa 57,

a) Pemenue 04eBAAHO, IOCKOJBKY, €CNH T, — ITO N~ wieH »Tod no-
CAJIOBATETRHOCTH, VB T 2 2, TO Iy = 37 — 1 — (3771 —1) = 2. 377 L.
Ocranocs 3aMeTUTE, 9TO NpyA 1 = 1, AelicTBHTeILEO, T1 =2 =3 — 1.

6) MoxeT MoKasaThcd, YTO TaKOH OocIeaoBaTenbHocTH Her. C oaHOM
CTOpOHBI, T, = 5% — 5%~ 1 = 4.5"~1. C gpyro#t cToponst, £; = 5, 4TO He
COINIACYETCA ¢ MONYYeHHOH (HhopMyIoH,
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Oapako HAKAKOIO HPOTHBOPEYAA B IPOBEHEHHOM PACCYKICHHH HET.
LapaltTe paccykaaTh akkypaTHee. WTak, yCThb T,,  4JIeHE HCKOMOE 110-
CREIOBATETRHOCTH, 8y = L1+ 22+ . . - +Ty. [0 yeaoraw 5, = 5. ParercTro
Ty = Sp, — Sp_1 uMeeT Mect1o npu seex 73z 2. Moaromy 2, = 4- 5771 upu
n 2 2. Ho z; = 8; = 5. M Huvero Her cTPaHHOCO B TOM, YTO 3HAYEHHE
Z) He onpezaeasierca obuent dopmynont (GYHKUME MOTYT GbITH B KYCOYHO
32, JAHHBIMH ).

Teneps upovesem paccyxaenue 8 obuwem sude. Halinem vocneapsa-
TEJIBHOCTE Iy, CYMMBI 13 IIEPBHIX HJIEHOB KOTODOH 3amaioTcs (opmysioi

sp, — a”. Torma mpu Bcex n 2 2 BepHa GOPMYJA Tp — a” —a™” ! =

=ag-a" 1 —a" ! =(a—1)a" !, rorma xax x1 = a. CaegoBaTesbHo,

a+{a—Da+{a—1a*+...+(a—1)a""! =a",
(fa-D+{@—la+{a—1)a*+...+{a—Da"t=a" -1,

OTKYNA H CASNYET, 110
(a-1){(1+a+a®+...+a" ") —a" -1, (3)

QopmMyna (3) asnderca 0606LIEHREM XOPOIIO H3BECTHHIX «(MOPMYJT COKPa-
IMEHHOTO YMHOMKCHIA S

(e—De+1)=a% -1 n (a—e*+a+1)=a® -1

B 6ynymem nam OyaeT nonezna apyras ¢opMa 3TOro paBeHCTBa, CIpaBel-
JMBag MPH AOINOTHATEIBHOM YCIOBHH a 7 1:

n
2 -1_a —1
1+e+a“+...+a" =a—]. (4)
Chenyromee moHATHES BOCXOAHT elle Kk nugdazopetiuam. IIamuyzonvrom
YUCALOM HABBIBAETCA KOMMYECTBO TOYEK, PACHOIOMEHHBIX HA CTOPOHAX BCEX
H300padKeHHBIX HA CACAYIOWEM PUCYHKE NATHYTCOAbHHKOB.
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Ilo onpeneneHm0 MEPBOE NATHYTOJbHOE UHCIo pasao 1. Bropoe naTu-
YIONbLHOE SHCJIO PABHO 5, TpeThe 12

3axaga 118, Haitaure dopMyay I n-ro MATHYTOIBHOTO 9HCIA.

Ana xpaTkocTH 0003HAMHM 7-e IISTHYIOIBHOE HHCIO 4Yepe3 pn. Pa3-
HOUTE §i, — Pp—1 ECTh THCAO TOUEK, PACTIONOMKEHHBIX Hi TPEX CTOPOHAX
HATHYI'OJIBHHEKA., Ha K&}K,}J‘Oﬁ M3 erd Cropoa J1exat 1o mnorotieK. nOCKOJlb-
Ky JIBE W3 HHX JMEXAT OHOBPDEMEHHO HAa JIBYX CTOROHAX, TO BCONG Ha Tpex
CTOPOHaX JeXHT 3n — 2 Toyek. Takum obpasaowm,

Pn=1+4+7+...+(3n-2).

Teneps MOCTyIHNM Tak e, KaK ¥ OpH BEBoAe GOPMYILI A8 CYMMBI [EP-
BEIX 7 9eTHHIX 4Hces. JobaBas mo 2 K KaXKI0My H3 YMCell B CYMME, OJIy-
UMM, YTO

3 1
pn+2n:3+6+...+3n:3(1+2+.._+n):_“(”2+ ) |
CACMOBATEIEHO,
Dn = 3"—(“2"' 1) — 9 — 3n® + :;n —4n _ n(3n2— 1) .

3aga4uy A JoMallHux 3agaxauil mo reme 16

1. Hadiaute GopMyny Aas CYMMRl 71 DepPBLIX HATYPAIBHBIX STHCEN, HMEK-
IIHX OCTATOK 2 NpH O6JECHHH Ha 3.
2. HafignTe dopMysTy A CYMMBI:
D S S 1 . &1.1142-9 tn-nh
a) T tgg ot m—— l),m) 1-1142-214 ...+ n-nl;

1 2 n
)EI'_‘_Q_I—.‘._I—W.

1 1 1
3. Haltoure dopmyny ana npouspedeHust (] - Z) (l - §) . (] — n_'-’)
4. a) Hafaure opMyay ansg cyMMbL

SN S I S S—
1+v2  VZ+v3 T a4+ varl

6) Joraxure, 9470 MOCAEAOBATENLHOCTD

&n

1 1 i
Tpn=1l+=—+=—=+...4+ —
" V2 3 N
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ABJIACTCHA HEOIDAHHYCHHOH,

5. a) Hadaure dopmyny obnero umeHa NocieTIOBATENLHEOCTH, CYMMBL 1t
1IePBLIX 4JIeHOB KOTOpOit ompeneisioTes Gopmydoft S, = n®. 6) Bupeaure
hOpMYITY IAF CYMMEI KBAADATOB 1t IEPBEIX HATYPANBHEIX YHACE.

6. Kak o6uaHo0, 0003HaYHM depes S, ¢yMMY NepBBIX N UIeHOB HEKOTOpOH
MoCIeAOBATCHLHOCTH. [1peaTooxuM, ITo mpu AbLIX 7t 1 K CIIPARSIITHBO
paseHeTBO Spp = SpSk. a.) TTpuBe,(UTE HECKONBKO MPHMEDOR TAKHUX [~
CJ]E,[[OBH.TB..‘II:HOCTEH. 6) ﬂox&mu're, o ety ara [Hocile  0BaTelbHdCTs He
COCTOHT H3 OJHHX H}’JIeﬁ, TO €8 l'IepBbE[ﬁ 1JIeH paBeH 1.

7. JokaxkHTe, 9YTo OAf J0OO0r0 HATYPAIBHOTO TIMCIE 10 H JTIOG0I0 HATY-
PAABHOTY TUCHA k ; 2 JUCIO ﬂk MOXKEeT 6]:]"1‘]) NReJCTABASHO KaK CYMMAa 7i
MoCIe A0BaTEeNEHEIX HEYEeTHRIX “HCE].

8. Hatinare ropMyny 4518 CYMME KBAAPATOB 12 ePRELIX ynces PuboHauyn.

Peinenna aomammuux sanad 1o reme 16

1. Yucno z,, AMeOIMee OCTATOK 2 TIpU AeNeHMA Ha 3, MOXeT DbITh
sammcano gopmyaoi x, = 3n— 1. Hano mafitn cymmy 2+ 5+...+(3n—1).
Torma

245+...+(Bn-1)=03-1-1)4+B-2-D+...4+(3n-1) =

- 2-.'— —
_3(1+2+.._+n)_n_3n(n ) _,_8+3n-2n_ nBn+l)

2 2 ' 2
THETRI: 1 _ = 11 _ 1 1=
2. Oreern: a) 1 n+l_n+1’6) (n+1}—1;8)1 (n+1)!.ﬂt);1

XOTBl K DEIICHUIO BCE Te Ke: 1) «MOCIuTaTh, JOrafaThed, AOKAZATE> NIH
2] «TMpABWIILHO MPEOBPA30BATREY. A TPABMILHEIE TTPEODPAIORAHWST BHITII-
JAT CoIeayommy odpasom:

1 1 1

ki1 E E+1’

k—1k+1
3. Tax kax 1 — klz = (F)c#’ TO JAHHOE MIPOH3IBEAECIHE MOMKHO
3AITHCATE B BHIg Apodu

1:2-.,.{n—1)-3-4-...-(n+1) _ n+1

kokl= (k1R .

nl-nl 2n
1
4. ) Tax kak ———— = vk + 1 — vk, To qauEag cymva pasHa
) VE4FVET T Y P

V2-1+vV3-vV2+. .  +vVn+l-vn=va+1-1
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- 1
6) Acuao, 9T0 T, > N T = /1, OTKYIa U cJaeAyeT Heor paHHYeHHOCTb
Tn

,[Ea.HHOﬁ [Noc1e108aTeIBHOCTH.

5.a) Tak kak S, = z1+&2+. ..+ 2n = Sno1+2n, 10 Tp = Sp—Sp—1 =
nf—(n—-1)* = 3n2-3n+1. lIpu3ToM z1 = 1, 4T cormacyercs ¢ HopMyIoi
5 =1

6) Honommm Qn = 12+ 2%+ ... + n? u pocoNB3yeMed paHee JOKA3aH-

1
HbIM paBeHcrBoM 14+ 24 ... +1n — -n(—n;_—)— Toraa
=8, =2 +x2— ... 42, =
=312+ 22+ + ) =31+ 2+, )+ A +1+.. . +1) =
3 1 2
:3Qn_ ﬂ—(ﬂ2+ )+n:3Qn_—3n2*n.
Towromy

3, n8n+1)  n2n®+3n+1)  nn+1)(2n+1)
Wo=n"+———= 3 = 3 '

OTKYAa U caeayeT dopMyna

6. a) Ecymt S,, = n, 10 cooTHOmMEeHHe BhInOIHAeTCH. MMeem x, = S, —
—Sn—1 =n—(n—1) = 1. CooTHOIIEHNE TAK:Ke BHIIOIHEHO, ecli Sy, = n2.
Kax MbI 3Ha€M, B 3TOM cny4dae o, = 2n — 1. BosMoxkno, 9T0 5, = n3. Kak
C/HYET U3 pelieHn L[pe,.'J,bl,H,}LU‘Bﬁ I A8, TR [HCEHSAOBATC/IBEHOCTh £y
saaaeTca GopMmynolt z, = 3n® — 3n + 1,

) Monoxwus k = 1, noay<amM, 970 s MobOT0 HATYPAJIBHOTO 72 BEPHO
paBeHcTBG Sy, = 9,51, TloCKOMBKY IO YCIOBHIO XOTA OB AMIA OJHOTO 7o
IHCIIO Sy OTAHYHO OT HyAA, TO 51 — &1 = 1,

7. PaccMOTpEM CYMMY MOCHAEOBATETLHEIX HEUETHBIX YHCEJ], HAYHHAS
¢ (m+1)-ro u 3akan4uBas (M- n)-M HEIETHRIM YHCJIOM. DTA cymia paBHA
w1 _n

(m +n)2 —m? = n% + 2mn. Taxum 06pa3oOM, €CIM BISTH M = —

TO CYMMA 3THX sncen byaet parna 1ot

k

=+ D+ @ -3+ + (0P - 1) = 0,

8. IMonowum Q, = FZ + FZ + ... + F2 u mocynTaeM nepebie U3 3THX
CYMM, COCTABHB CA€LyIOMYK> TAbAMLLy.



214 T'masa 2. [locaepopaTesibHOCTH

n [1]2]3]|4]|5 6 7
El1|1]2]3]|65 8 13
Qn |1 |2|6|15 |40 | 104 | 273

Tak kak 6=2-3,15=3-5,40 =58, 104 = 8 - 13, 1o po3uMKacT upeh-
nonokenAwne, 1m0 Qyn = Ff + Fi2 + ...+ F2 = F, F,,,1. Janee paccyx jaem
mo vHAYKIHH. [Tockonbky

Qnt1 =Cn + F3+1 =Fpfpp + Fn+1 Fov1(Fn + Foq1) = Foy1 Frga,

TG (POUPMYNE BEPHA P BCEX HATYPAJLHKIX Th

CamocrosiTenbHan pabora 11 (rema 16)

BapuanT 1

1. BouncanTe cymmy 7+ 14 4+ 21 4+ ... + 1001.
2. Hatmnre dopuayay ana cymmvs 1+ (n+ 1) + ...+ (20 — 1).
3. Haliiute mocaefioBATENLHOCT, CYMMa 72 TIEPBEIX YIeHOB KOTOPOE NPH

moboM HATYpalsHOM 1 paBHa n{2n + 1).

4. Broiuucsaure cymMy ﬁ + i + it

5. Beruucanre cymmy 210 429.3428.32 + | 4310,

BapmnanT 2
1. Buunenare cymmy 9+ 18 + 274+ ... + 1008,
2. Hatinure dopmyny ang cymmer (n+ 1) +(n+2) +... 4 2n.
3. Haiigure nocaefloBaTeHOCTD, CYMMa 72 TIEPBEIX YJIEHOB KOTOPOE NpH
MOBOM HATYPARIBHOM 7. PABHA n(Qn —1).

1 1 1

4. Briunciaute cyvMMy sET5s -t
5. Borancamre cymmy 37 +3% -4 4+ 37 £24...+4%

BapmnanT 3

1. Hattante BCe HaTypanbHBE N, IPH KOTOPHX CYMMA 1N TIE€PBBIX HATY-
PaNbHBIX YHCe], HMEIOIIMX OCTATOK 2 PR JeleHuM Ha 5, nenHuTcs Ha 6.
2. Haifaure ¢opMyny 18 cyMMBL 7t NepBhIX 9ucen PuboHAYYH ¢ HeverT-
HEIMH HOMEPAMU.

=

1 1 1

—_— . < o
T2t 7T TG GrrD 3
4. Hatinure chopMyay ans cyMmbel 1 +2-3+4 ...+ n - 391

3. Jokaxure HepaBeHCTBO +
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Bapnant 4

1. Haitqure Bee HATYDaAbHBIE N, IIPH KOTOPHIX CYMMA 71 IEDBBIX HATY-
PANBHBIX YHCET, AMEIOMUX OCTATOK 3 NpR JeJeHdH Ha 7, qenuTcd Ha 6.
2. Haitoare dopmyny aus cymmbl 1 nepepix gncesn $Pubonatun ¢ yeTHbIME
HOMEPAMH.

1 1 1 1
3. JokaxnTe HEpABEHCTBO 5E + ] +...+ Bn DGt D < g

4. Hatimute dbopmyny ana cyMmel 5+ 252 4+ ... +n . 57,

AdononHurenbHble YIPaXHEHUSA IO TeMe 16

11.1. ITa#taure hopMyIy A0 CYyMM:
a}1+2+...+2nm;6)n+2n+...+n% 8) 310 + 31 . 4+ 3%0

11.2, Boryucanre cymyer: a) 10+204..,.4+1000; 6) 11421 +..,41001.

11.3. Halyre cymmy BCeX: a) JBYSHA'THBIX "THCES; D) TPEX3HATHBIX
TUCe.

11.4. Hatpure dopmyity JWist CYMMBE ICPBLIX 72 YiCHOB [OCHICI0BA-

TETRHOCTH: &) Ty, = /1 — Vi — 15 6) o, = niz - (n; 12"

11.5. Hatinyte nocnenoBaTeILHOCTE, CYMMA TIEPBLIX 11 9/IeHOB KOTOPO#H
A8 1I060r0 IATYPAILIoro Yucta 7. papma: 1) 30; 2) n; 3) 2n?; 4) nd — n;
5} m 4 30; 6) n2(n + 1)2

11.6. HaltauTe cyMMY N TIEPBLIX YUCENA, KOTOPHIE: ) IMET 0CTATOK 1
npE AcICHAd Ha 3; 6) HMEIOT 0CTATOK 2 TP ACHCIHA 1a 4.

Tema 17. Ilporpeccun: apundmMeTndecKasi # IeOMeET-
pH4YecKas

[locnegoBaTenbHOCTE @, HA3BIBAECTCH apugmemuneckoli npozpeccueti ¢
pasnocmuio d, ecAH [OpPH BCEX HATYDAJAbHBIX 7 CIDABEIINBO PABEHCTBO
An+1 = Uy +d. JpYruMn ¢oBaMH, PasHOCTh ABYX e MOC/IeT0BATEIBHBIX
YIICHOD [IOCTOANIA B PABIA d, Qny] - Gp = d.

Ilocne 0BaTENbHOCTE HATYPAJBHEIX YHCEN 9BASeTCH apHdMeTUUeCKOoH
nporpecchelt ¢ pasrocTeio 1, NocAeI0BATEIBHOCTH HeYeTHHIX YHCen W 9eT-
HBEIX YHCRS1 ARIAIOTCA APH(MMETAYECKUMH ODOTPECCHAMH C PazHOCTBIO 2.
HCH{), TO MOCHAE/IORATENRHOUTEH KEANDTOR 1TOCAS/OBATETEHBIX HATY PAGTE-
HBIX "IACEJ He SBAseTcs apudmerureckofi nporpeccueit. JeficTBRTehHO,
pazsocTb (n4+1)2—n? = 2n+1 3aBACHT OT N, HOITOMY OCIEAOBATELHOCTD
T, = n? He ecTh apudveTHdeckan Mporpeccus. 3aMeTHM Ha GyAyIIee, ¥TO
CAMH 9TH PA3HOCTH 00pa3yIoT apudMETHIECKYO OPOTPECCHID,
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s onpemenenna apudmerHyeckoil NPOrpeccHH HETPYAHO HONYYHUTH
chopMyny ee obniero 4yeHa, TAK KAK

On = 0n-1+d = (@p—o+d)+d = ano+2d = ap_3+3d = ... = a1+(n—-1)d.

TaknM ofpasom, AoKa3aHa gopmyan obuzezo wiene apudmemunecroti npo-
gpeccu:
an, = a1+ d(n—1). {6)

Apvroe gemo, 9To 9acTo 6e3 31o# GOopMyJIn MOXKHD 0DOHTHCE.
3anaua 119. [Iyers z,, — apudmeruteckas nporpecend, a4, = 1 u a1 = 2.
Hattaure: 1) @195 2) az +ag; 3) az +ag: 4) a1 +az + ... + ajo-

Koreuno, u3 obmeit ¢popMynsl cneayer, 9to 2 = ajg = 1 + 9d, oTtkyaa
d= % , BHAYHT, MBI CMOXKeM HaHTH MPOM3BONBHEIN Y/leH JaHHOH nmporpec-
cai. OZHAKO Npolue IeicTBOBATL HHAYE.

1) Tak gax 19— 10 =10 -1, TO a19 — a10 = @10 — @1, OTKYa a9 = 3.
2) Tak kak a2 = a1 +d u ag = ayg — d, 70 az + ag = 3. 3) Ananornuno,
ag +ag = a1 + a1p = 3. 4) HUckomaa cymma passa 5 (a1 + a1g) = 15.

3amaua 120. HasecTHo, 4TO nocaeloBATENbHOCTH 0, B b, SBAAIOTCA
apudMETHIECKIMHU IIPOrPeCcCHAMU. BrigcHNTE, 00A3aHE J1A O6ITH apHpMe-
THYECKUMH NPOCPECCHUAMH [TOCNEROBATEIBHOCTH: a) &y, + by, 6) a, — 2b,,;
B) Qn - by

O603Ha9nM 9epe3 dy Pa3HOCTD IPOCPECCHH Gy, Yepe3 dy Pa3sHOCTL IpPo-
rpeccud by,. a) Tak Kax @y+1 + bpg1 —Gn — by, — Gl — QG + b1 — by —
d1 + du, TO TOCNENOBATEIBHOCTD Gn — by ABMSIETCS apUPMETHYECKOM]! TPO-
rpeccHeii.

§) AHAMOTUYHOE BHIMHUCACHME MOKA3IHIBAET, YTO MOCIEIOBATENLHOCTD
Gy — 2b, ABIACTCS ApMOMCTHICCKON POrpeccHei, PA3HOCTL KOTOPOH paB-
Ha i — 2ids.

B) Y2Xe OpHMep ¢ HOCTeJ0BATENLHOCTRIO Z, = N2 NOKA3HBAET, ITO
IPOM3BEACHHE APH(MMETHYECKAX TIporpecenil Moxker He ObIiTh apudMern-
YecKol mporpeccueil, Dosee Toro, HETPYAHO NMOKA3ATb, 9TO IPOA3BE/E-
HYE JBYX apH]dMeTHYeCKHX HmporpeccHit ecTh apmdmeruieckas nporpec-
CUA TOJbKO B TOM CJIy4ae, KOrda xoTd 66l 0fHA H3 AaHHBIX apupmMeTHye-
CKUX TPOTPecCUil ABJNSIETCA MOCTOSHHON IOC/E0BATEIBHOCTRO.

Sagaua 121. [TpeanoIoxuM, YTo [OCAEA0BATEILHOCTD A, ABJAeTCS apud-
MeTHvecKo# nporpeccueil. JokaxunTe, 4TO AN JI060T0 HATYPaAIbLHOTO YHC-
N4 71 CTpaBeJIHBL PABEHCTBA!

n(ar + an)

ajer+ap=02+an_31 =...;6)a1+az+...+a,= 3
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a) Tak kKak a2 = @1 +d H ap—1 = G, —d, T0 G4 + a4y, = an+ ;. Hanee
PACCYX06M SHAJIOTHYHBIM OOpazoM: @3 + 0n-2 = Gz +d+ an_1 — d =
=dag+ay |, BT A

6) Ilonoxkum 8 = ar +az + ... + a,. B crenyomyx 1Byx paBeHcTBax
IIOMAPHBIE CYMMBL CAAMAEMBIX, OOHO H3 KOTOPBIX CTOHT HAL ADYTHM, KaK
MBI TOABK) YTO AOKA3AJM, PABHLL APYT APYTY.

gt a+...+0p_1+an =85
Cn+ 1 +...+ta2+a; =8

TloaromMy, CJIMKIE UX, Mbl NOAY UM, 110 ey +a, ) = 28, OTKYAE W cheilyer
TpeOyesoe paBeHCTBO.

3anaya 122, MsrecTho, 9T0 nepehiit wieH apwdmeTHaeckoll nporpecerHn
paseH '—85. a ec J_LEHH’I‘HH\'H'LI,H’I‘HI:JI ‘WIEH HBJIHETEH e HEpBbiM HOAOM TR b-
HbIM WiIeHOM. HaifuTe Bce BO3MOKHBIE 3HAYEHNA PA3HOCTH ITOH NIporpec-
CHAN.

Ilyers gy — suagende -0 wiena apudmerngcckoii nporpecenu. Tlo

yoaoenio a) = —85, 218 < 0 1 ayg > 0. OboznariaM uepes d pa3nocTh 3Tol
nporpeccny. Tak xak a1 = —85+ 17d 1 a19 = —B5 + 184, 7o 17d £ 85, a
18d > 85, oTkyza moaydaeM, 410 4 € (?—2 ;5].

3azaua 123. Joxkaxkure, 9T0 HOCIEAOBATENBHOCTD &, ABIACTCH aphhmMe-
THYECKOH POrpecchell TOLAa ¥ TOJBKO TOTAA, KOTAA: a) 26, = Gn—1 +an+1
IpH BCeX n 2 2; 6) TOYKH MIOCKOCTH ¢ KOOPAMHATAMHE (7 G, ) JEXKAT HA
HEKOTOPOH pAMOiL.

a) YTRep:KAeHNHE 0UEBUIHO, MOCKOJIBKY JAHHOE PABEHCTBO MOXKHO Ie-
PEIMCATE B BUJAE Cntl — Gn = Onp — @p—1, 4 9TO O3HAYALT, YTO PASHOCTH
JIOOBIX IBYX HOCJIE IOBATEIbHEIX “WIEHOB [OCIEN0BATENBHOCTH DABHEL JADYT
APYTY.

6) Ecnu a,, — apudMeTudeckass nporpeccus, To a, = a1 +d(n — 1) =
= dn + a1 — d. llonoxus b = ay — d, noayunm, 4T0 TOUKA (N, 4, ) TexkaT
Ha npamoii ¥ = dx + b.

ObpartHo, ecnu ToukH (n, a, ) AexKaT Ha mpaMolt y — kx + b, 10 4y, =
=kn+b=Fk(n—-1)4+ b+ k, Takum 00pa3oM, MOC/IEIOBATEIBHOCTD Oy
AapaAerca apudMETHIECKON nporpeccueit ¢ pasHOCTDBIO k B TEPBHIM WICHOM
ay = b —+ k

PaBeHCTBO 20y, = Gy 1+0y_ 1 HA3BIBALTCH LAPIKMEPUCTIUNECK UM CEOT-
cMeorM APNPMETHICCKOH IIPOTrPECCHH.
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3agaua 124. Haiinpre saubopinee 3HaMeHHE PASHOCTH apadMeTHIECKOM
1 11

IpOrpeccay, weHaMu KoTopoft apagiored wieiaa: a) 2,14, 29; 6) Zrgags

B) 1,v2,+19.

Bocrnonbayemces: reM cBOBCTBOM, ITO PASHOCTD MEXKY MOObIMK *LIeHA-
MH apHPMETHICSCKON IPOTPECCHH KPATHE PA3HOCTH 3TOH HNPOrPEeCCHH.

a) B meproM cryyae 14 — 2 = 12 = kd u 29 — 14 = 15 = nd. Taxknm
obpasoM, kd = 12 1 nd = 15, rie uACHa & 1 N ABAAIOTCA HATYPAIbHEIMH.
Ilpn sTOM HeNb3A YTBEPKIATH, YTO OHH OO43aHEI OBITh JermTensamu 12 u
15, Tax KaK HHOTKYAa HE CJIeAyeT, YTO YHCAO d JoMHO BbITh BATYpaib-
IIIBLIM. %ﬂllaxf eM Goanme d, TeM Meiipmce & 9 n, 8 naoBopor. Tak kak

. 1% .

n_ 18 5
3HAaYEHMAMH ABAAIoTes & = 4 U n = 5. [Toaromy Hauboabllefl pazHOCTbIO

IIPOTPECCHH ABIACTCH Yncao d — 3.

11 _4 4,1 1_1_ E_24_38
5)) Iflmeemi—?—ﬁ—kdug 376 —nd,OTKy;_Lan— TR
IlosToMy HaMMeHbIINM 3HAYEHHEM IHCIA K fB1geTca k = 8, coiegoBaTesib-

4
B Apobb  HECOKDATAMA, TO HAUMEHBIINMH BOBMOXHBIME
1 1

1
HO, HauboNMbIell PAZHOCTHIO NPOrPecCH ABNfeTcH d = =5 .

42
B) Eeim 2 -1 = kd u +/19—1 = nd, 1o % = % , UTKYZA8 CIeLYET,

uto kv19 — nv/2 = k — n, vero GEITh He MoKeT. JIeHCTBHTENLHO, BO3BERS
ATO PABSHCTERO B KBAJPAT, MBI MO, TYYMM, YTO

19k + 2n — 2knv/38 = (k — n)?, mmm 2knv/38 = 19k + 2n — (k — n)2,

TTockoneKy yncaa k m n — HATYpadbHbIE, TO B JIEBOM MACTH ITOJTYHEHHOTQ
PABEHCTBA CTOHT HPPANHOBAILHOS YACAO, TOTAA KAK JHCIO B €ro IpaBoi
YACTH PAOMOHAALHO. TakmMm oBpa3oM, He CYmecTBYyeT apadmerHdecKoit
IpOrpeccnd, coAepxalnelt TaHAbBIe HHCTA.

[ocneqopaTeabHOCTD b,, HASBIBALTCH 2eoMEMPULECKOTi npoepeccuetd, ec-
JIY KOKALI ee noCMeAVIOmME Yien paser ee IpeAbIAVIIEMY WIEeHY, YMHO-
KCHIIOMY 08, HCKOTOPOC 9HCT0, HASLIBACMOC INAMEHATREACM 3TOH ITpOrpec-
CaH, T 8. e by = ghy, rie ¢ # 0, nupa seex n € N. Koneuso, rakomy
Ollpeje/leHHI0 YAOBRIETBOpsIeT I0CAeA0BATE ILHACTh, COCTOANAN B3 OUHUX
HyJ€l, KOTOPYI0 Mbl He OyIeM Ha3bIBATb [EOMETPHUECKOH IPOrpeccHe.
TlosTOMY B OHpeseneHHe reOMETPHYSCKOI MIPOrpeccuy HaO enle A00ABUTE
TpeGoBaHME, YTO KaXKALIH €€ WieH OTJHYEH 0T HyJld.

[Tpsmo m3 onpeaenenna caenyer obwada bopMyna gaA n-ro 4ieHa reo-
MeTPHYECKOH MPOrpecctn ¢ MePBhIM WICHOM b U 3HAMEHATENeM ¢

b'{l = blqﬂ_l' (7)
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3amaua 125, JoxkaKdTe, 9T0 NOCAEIOBATEIBHOCTD b, ABIACTCA TEOMET-
pHdeckoil nporpeccuelt TOrJa U TOABKO TOTAA. KOraa bpb, . = bfh_l H
b, # 0 npw Beex n € N.

AeficTBUTEeNBHO, TaK Kak b, # 0, TO paBeHCTBO bnby, 2 = bﬁﬂ MOYKHO

bnt2  bnsa
ITEPEITHCATD B BHUIe = . Takum obpazom,
bn-{-l bn
ba _bs _ _ batr
R T
bn+1
(060o3HauME ITO OTHOIDEHHE HEPE3 ¢, MBI M MOJIYUHM, YTO G- =4 an
n

JIOBOr0 HATYPAJIBHOTO HHCHa 7, T. €. b,41 = gby, & 3TO O3HAYAET, 4TO
SaHHAS TOCIESI0BATENLHOCTD ABAACTCA TEOMETPHIECKONA POTPeccHeii.

PapercTBo b2 = bpy1b,_1 HASBIBAETCA ZEPAXMEPUCTAUMECKUM CBOT-
CMB0M TEOMETPHYECKOH IIPOrPECcCHH.

3agaga 126. Hoxaxkure, IT0 ecau by, — (HeIOCTOAHHASA ) reOMETPHIECKA
TIPOTPECCHs, TO U MOCASAOBATENLHOCTD ¢ = bp — bp—1 IBAAETCA TeOMeT-
PHYECKOi IIpOrpecclei,

deficTBHTENIbHO, TaK KaK
Cr, — bﬂ - bﬂ—l - qbu—l - qbu—2 — -1,

TO ¢, — FEOMETPUYECKAs MPOT PECCUs, 3HAMEHATE L KOTOPO#i COBNAIAET €O
3HAMEHATEIeM AAHHON [IPOTPECCHH.

3amaua 127, [Iyctb @, # b, — reoMerpudeckue nporpeccui. Briscuure,
OﬁﬂBaTB.TIbHO JHA SABMAXTCA TeOMeTPUYeCKHMHA IIPpOTPRCCHAMH IOCNeJOoBa-
TEJIBHOCTH: a) Gy + bn; 6) ay - bn.

IIycTs ¢ — 3HaMeHATeNb TIEPBO#i U3 JAHHBIX MTPOrpeccHi, g — 3HaMe-

HaTes L BTOpoil n3 HuX. C dopManbHOll TOUKH 3peHUs, NPOIIE OTBETHTD

Gnnbnu a i bnu
= . = . TO OH3-
BB e b gi1dz. o

Re,TeHNe TAHHRIX TenMeTPHYeCKHX Porpeccuii ecTh reoMeTpHYecKas po-
TPeceHs, IHAMEHATEND KOTODPOH DABEH NPOH3BEASHKIC 3HAMeHATEeNeH ¥THX

nporpeccn.

C cymmoit cnoxncree. Hampumep, nycts a, = 2™ u b, = 3", «flcHos,
Qﬂ-i-l + 311-!—]

2n 4+ 3n
13 35
DABHO = . a MpU 1l = 2 — paBHO 5 C npyroif CTOpOHEL, €CIH ¢1 = ¢2, TO

2. porpoc nyukTa (6). Tak xak

YTO OTHOIIEHHE 3aBUCUT OT 1. eficTeutensHo, pa . = 1 OHO

Oni1+bni1 _ GGn 4+ qhn
@t b Gntb. D
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IIOYTOMY B 3TOM CJIY9aP CYMMa SBIACTCH FeOMETPHYECKOH nporpeccuell.

Bo3MoxKHO, MTO BREIMHCICHHE «B O0IEM BHAE» OyAeT C/AHMOIKOM CIIOM-
HEIM JTS1 YUANHXCA, TAK 9TO MOMKHO OTPDAHWYNTHCT TIPEACTARIETHLIMH
LHPpUMBPAMH. r.H\JIS"I {KMIHOTDHL LIPHBEJAEM DESYIALTIAT F101'0 BhIITMEJIEH . HHJIO
B TOM, 1TO PAaBEHCTBO

a1q1 +bige  a1gf + bk
a4+ b aiqy + b1z

npeobpasyeTcs K BUAY 2q192 = g7 +q3, umi (g, —go)? = 0. Taxun oBpasom,
CYMMA Me0MeTPHYCCKHX TIPOTPeccHi €CTH NeOMeTPHYECKAS TIPOT PeCCHs TO-
I'Ad 0 TOMBKD TON A, ROCE COBILAJIAKYT AHAMEHATENH HUXONHBIX llll{ll‘pH(!(fHﬁ

Hﬂl+bl -750.

3amaua 128. [1pouspciciie TPCTLETO H IECTOTO “LICIIOB COMCTDHYCCKON
nporpecenn pardn 2. Haltimme npomsrenere TEPREIX ROCKME 9TEHOR 3TOR
NPOrpPECCUH.

Tak kak by, = %3, a b; = bgq, TO boby = %"’ - bgg = bybs. AHanorudto,
bibg = baby = bzbg = bybs = 2, caejoBaTENBHO, 11JOHABEAEHHE BCEX FIHX
41eHoE paBHO 2% = 10,

Iloapoas uTor penreHAst 3TOM 3aJa8Mu, CTOMT OTMETHTh, YTO ecan by,
€CTh TeOMETPHYECKAd MIPOrPeCcCHs, TO A JOOBIX HATYPAJIbHEIX 4ucen Kk
H N1 2 2 cripaBeIiuBO PaBeHCTBO bib, = bit1bn—1.

3agada 129, CyMMma O€PBOTO H TPETBETC WICHOB I'eOMETPHYECKON npo-
rpeccrn pasHa 20, a cyMMa BTOporo u 4ereeproro paena 60. Hadaure
NepBLIf Y.1eH ITol IPOrpeccH .

o ycnosmio by + b1g° = 20, a big + b1g° = 60. Tlogenus Bropoe ypas-
HEHHE HA MepBoe, nomyunM, ute ¢ = J. lloacrasue ¢ = 3, HanpmMep, B
MEPBOE YPABHEHHE, TOAYYIHM, 9T0 by = 2,
3azmaga 130. Brrapcinre cyMMbL:
ay l+2+44+...+271;6) 1 +3+9+...+3"7".

a) Tak kak 1 +2=8, 1 +2+4="7,14 2+ 44 B = 15, 10 Herpy,(HO
Joragarteest, 110 1+ 2 +4+...+ 2771 =27 _ 1. A nanee paccy>KAaem 10
HHZYKOAHK: ec/M IIPH HEKOTOPOM T 9Ta (POPMyJIa BepHa, TO, YBEIHYMB 3TO
4uCcIo Ha 1, noay4armM, 94To

14+2444 .. 42" =1424+44 . ponlpon—on_ 1 pon —gntl _q

TakuM 0fpa3cM, oHa BepHa M AnS uucyia n + 1. ChnenoearensHo, JaHHAS
dopmMyna BepHA NPH BCEX HATYPASILHEIX fi,
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§) B sToM caydae JOrsaaThed 4o ABHON GOopMyasl caoxkaee. JdeficTBu-
TelIbHO, U3 paBeHeTB 1+3 =4, 14349 =13, 1+3+4+9+27 = 40 xax-To He
RUJTHA aDMAS DOPMYAL, YACTHRIMY CITYSIasIMA KOTOpo# siRIsoTes HalaeH-
noie pasencrea. Ho Moxno socuonezosareest dhopmynois (4) (em. ¢ 210),
U3 KOTOPOH TOMY1HM, TITO

an -1

1+3+...=3"1= 5

W3 aront xe dbopmynn caeayer u HOPMYNIA LA CYMMBI IIEPBbIX Y/IEHOB
reoMeTpHYecKoll mporpeccun. Ecau wucnaa by, bg, ... 00pasyoT reomeTpu-
YECKY K IPOrPECCHIO CO 3HAMEHATENEM ¢ £ 1, TO

b1 - bn bhi(l—g™
bi+bat+...+by= ll_q(]: 1(1_;). (3)

JleficTBUTENBHO, TOCKOIEKY by = b1g® 1,

TO
brtbat .o +by=bi+big+...+hg  =b(l+g+...+¢" 1) =

1—q" bi—big" '-q  bi—bug

B s P g

3anaua 131. Hadaure cymmy: a,) nepspix 10 9ICHOB recoMCTpPHYCCKOMR
uporpecenn, ecin by = 3 n by — bz = 36; 0} ksagparoe uepenix 10 wienos
regMeTpHYecKOH NMporpeccH, ecda by =3 n g = V2.

a) Tak kak by = 3, a bs — bs = bhi{g* — ¢%) = 3(¢* — ¢%) = 36, 10
q* — qfo— 12 = 0, mostomy ¢> = 4mq = 2. Ecomm g = 2, o Spo =

b —1
= % =3-1023 = 30689. Eenn ke g = —2, 1o 55 = —1023.

6) Tax kax b, — big" !, 1o b2 — big®" % _ b%(qz)n_l. Cneaoba-
TE.ILHO, KBaJAPATHl 4JIEHOB N€OMETPHYECKON NPOrpecCHH CaMH 00pasyloT
TeOMETPHYECKYIO TIporpeccu1o. B JanHOM clyyae NojlydaeM NPOrpeccHio ¢
NMEePBBIM WieHOM 9 H 3HaMeHaTeneM 2. 3madgnT, Sip = 9 - 1023 = 9207.

3agaum qiA JOMAITHUX 3aJaHWi mo Teme 17

1. TTyeTh MOCHE/OBATENBLHOCTH by H by, CRIBAHBL JPYT € JIPYTOM TTOCPEN-
CTBOM COOTHOIICHHS b, = c™, Tag ¢ — 3TO HEKOTOPOE MOJOKHTEIbHOS
yucno. JoKamKuTe, YTO MOCTeI0BATENBHOCTE On fBISeTcA apugMeTHde-
ckofi mporpeccueti TOTJa U TOABKO TOCJA, KGTAA MOCASAOBATENBHOCTD by
ABJIACTCHA FeOMETPHYECKON nporpeccneii.
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2. Hatigure cyMmMy neperuix 13 4wienos apudMernmdeckoli nporpeccun, eCim
HU3BECTHO, MTO CYMMA €8 YeTBepTOro, CeALMOTO B JJCATOr0 4JISHOB PARHA
MmecTH.

3. [lepsrilt © gecATBIM 9NEHB BO3PACTAMEN apudmMeTHIECKoii nporpec-
CHMH FABTISIOTCS HATYPANBHBIMU YUCIAMA. BRISICHHTE, BEPHO 1, YTO: &) CO-
TeIlt <neH; 6) AeBAHOCTHIN YeH 3Toft TPOrPecCHU TAKXKe ABIAIOTCA HATY-
PAILHBIMHA 9HCITAMH.

4. CyMMa mepBBIX JECATH 4/IEHOB apud)METHYECKON OpPOrPEcCHE DABHA
1000, a ee nepsoiit Yiaen pasen 1. Haftnure pasuocTs sTofi mporpeccun.

o. Haﬁ;m’re HﬂHﬁOJ’IBHTBE JHAMCHHE TIPOUAREICHAA BTOROTO A CENEMOrQ Wie-
HOB ApA(METHIECKON IPOrPECCHH, YETBePTHIA YJeH KOTOpo# paBeH 1.

6. Kax odbrano, Oyzem obo3Hadarh Hepes S, CYMMY 1 IepPBEIX TJIEHOB
apuchmernacekoil nporpecenn. Mapeerno, wro nepsmiét waen apudpmeruqe-
ckoll IpOTpeceHn pareH 78, a RTOpOIt ee uneH paser 70. Hanure nanbois-
mee BO3MOMKHOE ZHA'IEHHAE CYMMBL Sn.

7. Boiacaure, sengeTca i apiudMeTHYECKO! nporpecceil oc/e 10BaTe Ib-
HOCTb, CyMMa S, OEPBEIX N WIEHOB KOTOPON paBHa: a) on? + 3n;
6) 2rn? + 3n | 1.

8. [IycTe b, — reoMerpryeckan porpeccus, B KOTopor by = 1 u by = 2.
Hattoure: 1) big; 2) bas 3) bybg; 4) bibe ... b1

9. BuiAcunTe, MOTYT JIH 4ucIa 2, 3 n 17 6biTh wieHamn (He obszaTensHO
MOCIeJOBATENEHEIME ) HEKOTOPOH IeoMeTPHYecKoii TIpOrpeccHH.

10. Jokaxure, uto cenn gucaa a2, b2 u o obpasyior aprOMCTHICCKYIO
1

1 u 1
b+c'a+c a+b

HPOIPECCHID, TO H 'L4LC 1A 0bpasyior apudrmernaeckyio
TPOTPECCHRD.

11. Betupcaute cymmy 1002 — 992 +982 — 072 4+ 422 12,

Pelnenus QOMAIDHHUX 380849 OO Teme 17

1. Tax xak bni1 = i = pt=+17%  mp OCTOSHCTBO OTIIOMICITHST
¢ a ’
,n c T

bn+1

[PABHOCHJBHO LOGCTOMHOTHY DASHOUTH Gy — Gp.
1
2. Tak kak

a1 +a13 =as+ag =az+a1] =aq +aw = as + a9 = ag + ag = 2ay,

TO K3 paBeHCTBa 6 = a4 + av + 210 = Jay ciaeayer, 4To a7 = 2, IOITOMY

a1 -+ ar3 = 4, spaunT, Sy = ““’% .13 = 26.
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3. Ilyctrs d — 9TO Pa3sHOCTE IIPOTPECCHH d,. L8k Kak aig = a1 +9d n
MO YCJIOBAID YACAS @) U G)g  HATYPANbLHbIE (IPUYEeM BTOpOe  GOJNbINe
TMEPROTO), TQ STRISETCST HATYPATRHRM  aneio ¢ = 4. Tlockonnky ajgq =
= a1 + 99d = a1 + 1le, To oTBeT HA BOUPOC () — HONOKKTENBABIAT "LIBH
@100 TAKJKE SBJAETCH HATypadbHbIM gucioM. C Apyroff cTOpoHBL, TaK Kak
ago = a1 + 89d, To 3TOT unen He 06f3aH ObLITH HATYPAJILHBIM GHCIOM.
ITanpuMep, Tax OyaeT B cIydae NPOFPecCHN ¢ NEPBBIM YWIEHOM @1 = 1 M

pa3HOCTBIO d, paBroit & . TlosToMmy oTBET Ha Bompoc (6) — oTpHUATEALHBIH.
1 + aln

4, Ilo vcaoprio - 10 = 1000, ziaunT, aq = 199. U3 paBenerea
199 — 1 4 9d monygaem, aro d — 22,

5. Ilyers d — pa3sHOCTE apH(ppMETHYECKON NpOrpeccus g, Tak Kak
ar =a4—2d =1-2dua; = ag3+3d = 1 +3d, 10 aza; = (1 -2d)(14+3d) =
= 14+d—8d?. OcTanocs 3aMeTuTh, YTO Hai6o IbIIee SHAYEHNE 0Ny YeHHOTO

2; - €ro 3HAYeHRe IIpR d = % .

6. Tak Kak S, = Sp—1 + Gp. TO HEPABEHCTBO Sy, > Sy, CIIPABEJIHBO
TOrJa U TOJALKO TOTIA, Korda an > 0. [lockoabky a1 = 78 u ag = 70, 10
d= -8, CJIG,I[OB&TG.TI]:HO, a, =78 —8(n—1) =86 — 8n > 0, ecan 8n < 86,

Y4TQ HMeeT MecTo npa i < 10. l'IoaTomy HauOO bIIEH U3 CYMM S, ABIAETCS
wueno Syo. Tak Kak ayp = 86 — 80 = 6, 10 S0 = 2. 10 = 420,
7.8) Ecmun 2 2, To

KBaIpaTHOIO TPEX4/IeHa PaBHO

@n — Spn—8nc1 — 202 +3n —2(n—-1)2=3(n—1) — 4n+ 1.

Taxk kak @) =5, =56=4-141, 10 6, apudmMeTHdecKada TpOrpeccus ¢
TICPBLIM YICHOM @] = i ¥ pasnocTuio d = 4.

) B a1oM cnyuae, KaK M B Upe by neM, a4, = Sy — S, 1 =4n+1 upm
n z 2. CnegoBaTelbHO, ITOC/IEJOBATENIBHOCTE G, 643, « . . ABIAETCH apudMe-
THYECKON nporpeccued ¢ pasnocrblo d = 4. Oanako a1 = 6, a a2 = 9, Tak
ure ao — a1 — 3 7 d — 4. Takum obpa3oM, JaHHAA TIOCTEAOBATESILHOCTD
HE ABAAETCS apUPMETHIECKON nporpeccued. ‘

8. lax kak bg = b9, 10 ¢° = 2. 1) Umeem: )9 = big'® = (qrg)‘2 =4,
2) Aragornuno, by = big° = V2.

3) UneeM: bsbg = babg = b1h1o = 2. 4) Ilpoaonxkas paccyKaaTh aHa-
JIOTHYHBIM 00pa30oM, HOMYydHM, UTO

biby. . byg = b1byg - babg - babs - bgby - bsbe =2-2-2.2.2 =32,

9. [IpeanmonoxyM, 4YTO Takasd OPOTPeCcCHa CYIUIECTBYET. Toraa cylle-
CTBYeT WHCIO ¢ H TaKHe HATYPaJbHble WHCHa k K 7, aT0 3 = 2-¢° m
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17 = 2. ¢". 13 nepsoro paBeHCTBA caeayeT, 9710 ¢ > 1. Tak Kak g8 = g
uqgt = 1—27, 10 n > k. Boseena ofe wacTh paBercTBa A1s ¢F B cTemenb

3
7, NOAYYHM, 4TO §™F = (

no nk _ 1Tk
5) , AlANOrAYIn, ¢ = (?) , CACAOBATEILIIO,

3yn 17k _
(5) = (?) , 38a4nT, 37 = 17%.27 7%, [Tosnyuennoe paBeHCTBO HEBOIMOK-
HO, TaK KaK B ero JIeBOH YaCTH CTOMT HEYeTHOE YMCJIO, TOrJAa Kak YUCaO B
€ro MpaBoii YacTH ABACTCH YETHDBIM.

10. Urax, HAJ0 JOKA34Th, YTO
1,1 2
a—-b b+tec a+c’

a? + 2ac + ¢® + 2ab + 2bc = 2ab + 2ac + 2b° + 2be,

am  (atc)(a~2b+c) = 2{(atb)(b+c), mmm

Y10 BEPHO, TAK Kak 0o yerosmio a2 + ¢ = 2h2.
11. Tax xax (2k)% — (2k — 1)2 — 4k — 1, To HCKOMas CyMMa paBHa

cyMme
3+ 199

7 50 = 5050.

34+74+...4+199 =

Tema 18. «Tekcrosbie» 3a4a4y HA LPOrPECCHM.

Iopapnsiomee HOIBUMECTBO TAK EA3BIBAEMBIX <3334 Ha IIPOTPECCHL >
ABJAIOTCA TCKCTOBLIMH» B TOM CMBICJIE, YTO 718 X PEIICHHA HAA0 IPOCTO
TIEPEBECTH YCIAOBHUE HAHHON 3a74a4M U3 CI0BeCHOM (hopMBI B (POPMYALHYIO,
BOCMO/B30BABIINACH OJHUM U3 OlIpeneneHuit apudMeTHIecKoH i (1nu) reo-
MeTpr4eckofi mporpeccan. CofCTBeHHO roBOps, TAKHMH ABJIAIOTCS HOYUTH
BCE 30,1991, B KOTODPHIX HAET Pedb O [IPOIPECCHAX, YTO ACHO BUIHO H3 pa3-
bopa 3a7a9 npcaniaymcit TeMel. [IpaBegeM eime 1Ba THITHYITLIX OPHMCPA,
3anaua 132. Haligpre maTHIecATRIH 4IeH ApHhMeTHUICCKON TTIPOTPeCCHH,
ecnu Be ARyaTeil aned pagen 30, a e rpaai@aTmit aned paen 20

[Iyern @ mepouiit ancu sTolt nporpeccnn, a d — cc pasnoctn. B e
Jay Qopuynbl 0bwerc 'wieHa apudiMernieckoll UPOUPECCHY MBL LOJY ' IUM
cACTEMY

a+ 194 = 30,
a+ 294 = 20,
orkyaa d = —1 u ¢ = 40. TTeTomy NETHABCHTHRIM SIEHOM 3TOH TPOTDECCHN

Oyner ‘mcno 49 4+ 49 - (—1) = 0.

Kole4uHo, paccyKAATh MOIKHO OpPOIIE, B TAKOS PACCYXKAEHNE yIallnM-
CA 00S3ATEIBHO HAJO MTOKA3aTh. Tak Kak ¢, —agx = d(n—&), TO agp—agp =
= 10d = '“10, & agp — dyy = 30d = -30. HOSTOMy ano = 30-30=0,
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3agaua 133. Halimire mecToi v JeBATHIH WWIEHB BO3PACTAIOMIEL reoMeT-
PHYecKOH MPOTrpeccHH, ec;IM HX CyMMa paBHa 16, a Mpou3BeAeHUe BTOPOro
H TPUHAIIATONO YAeHOR 3T nporpeceny pasra 60.

B cuny obme#i popMyiIsl 418 4IEHOE TEOMETPHYLCKON IIPOrPeccHn crpa-
BEUIMBB PABEHCTBA
aq® + aq® = 16,
ag - ag'? = 60.

Teneps MOKHO 3aMETHTb, 9TO a¢° - 4" = g - 2g'?, a €M % 0 ¥ — ITO
mecToll 1 JeBATHIM WAEHB DACCMATPHBAEMOMN IpOTrpeccHy, TO

u— v = 16,
uy = 60,

oTKyaa t = 6 u v = 10 B cumy TOro, 9T0 JaHHAA NPOTPECCHA — BO3pacTa-
OIIAA.
3agaua 134. BusacHuTe, ¢YNIECTBYET JIH apRdMeTHYecKAd OPOTPECCH,

CYMMA TICPBOrO K TPETLErO Wiciia KoTopoil paBna 5, cymwva TiepBoro u
HATOM) “LIEHOB PABHA 8, H CYMMa BCEX WIEeHOB ATO NPGERECCHW PDARBHAL

a) 63; 6) 4.

[Iycre @ — nepBeifl unen nporpeccuy, a d — ITO €€ PA3HOCTb. Tak KaK
Zfi+xa=a4+a+2d=2a+2d=95,ax1+zr;=2a0+4d =8, Tod—
a =1. a) Hanee,

2a — 1)d

2 3 T4 — 683,

oTKyaa 3nZ + n — 252 = 0. Tlo ycioBHIO 4MCAO 7 JOMAKHO GbITL HATY-
PaJbHBIM, I0ITOMY BMECTO TOTO, YTO0b! PEIUATH LMOMYyIeHHOE KBAJIpPaTHOE
YPaBHEHHe, Npolle nonoOpaTh ere KopeHb, KOTOphil paeedH 9. KoredHo,
JHCKPHMHHAHT 3TOro ypabHeHHs pakeH 3025, 4To ecTh KBajipaT dHCa 39.

B ciysae (6) Mu npuaeM K ypasHerHiO 3n° + n — 256 = 0, KoTopoe
HE AMeeT HATYPAIBHBIX PEIIeHH, N03TOMY HCKOMOI POTPEcCCHH He CyIe-
CTBYET.

3agaua 135. OTHomeHUe CYMMEI [EPBRIX TPEX WIEHOE BO3PacTaoliel
apHpMETHIECKOH IPOTPECCHH K CYMME €€ MOCMEIYIOUHX CEMU WIEHOB PaB-

7
HO R Haﬁ,u;um Pa3HOCTE NPOrpecCHn, eI A3BECTHO, YTO ¥ Hee AMEIOTCH

7
AB& COCCAMHX LICHA, NPOHIBEICHAE KOTOPEIX PABHO — .
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[Iyers @ - 3T0 nepsrIii WiIeH nporpeccu, d — ee pasHocTs. CyMva nep-

BRIX TPeX e€ 4/eHOB paBHa 3 - ata+dd _ 3(a + d}, cyMMa mocneayIomMx
CceMH paBHa T- w = T(a+6d). B cuny nepsoro yciIoBus nMeeM
3atd) 7 _
Tat6d) I Aamd 8a = —AT7d.

B cuity BTOpOro yCa0BHs HANETCA TaAKOe HATYDAJIBHOE YUCA0 k, MTO

(a+kd)(a+(k+1)d) = -3, nmd®(k - &) (k- L) = -1,

49 57 _ 7T T
ClIEIOBATETRHO, = < k < &, nostomy k = 7. 3HaunT, i d* = 7 OTKya2
cacayeT, 9to d = 4,

A Temepr farafite paccMOTpEM O0Jlee HOTEPECHYVIO 3a/1ATTY.

3azaga 136. Haiiaure Bee apmdpmMeTH4ecKHe IIPOrPeccHd oy, 00131310
mHe TeM CBOHCTBOM, YTO Gy + Gk — Qnyk HPH BCEX HATYPAJIBHBIX 11 # K.

Hrax, no yenosuio 3azaan
a+dn—-1+a+dk—1)=a+dn+k—1),

OTKYJa cleayeT, uTo & — d. TakuM 00pa3oM, yKa3aHHEIM CBOMCTBOM obia-
JAOT Te B TOJABKO Té aprudMeTHHECKHe TPOTPECCHH, ¥ KOTOPBIX Pa3sHOCTD
MPOTPECCHH PABHA HX NEPBOMY UJjeHY.

KcrarTn, nocse 1oro xak 3agatda pemeHa, moJe3HO €€ mepedopMyapo-
BaTh. lIpeinoxuTe yIaIDUMCA PEMIHTEH CIEAVIOOIYIO 3a0a4Y.

3agaua 137. Haftnure Bee mociIe oBATONLHOCTH I,. 00NaIalomEe Tem
CBOHCTBOM, 4TO Ty + T = Tpig OPH JIOOLIX 1TATYDANLILIX 70 W K.

Haesa cocTont B TOM, 9TO YKa3aHHOS COOTHOMISHHNE BJCYET 34 coHoli TO,
YTO JaHHASA [OCIENOBATENEHOCTL ABNAETCH APUIMETHUECKON TpOrpeccn-
eft. JledcTBUTENBHO, O YCJIOBHIO Xppy1 — Ly = X1, 3BAYHT, I,, — apHdMe-
THUECKasA NPOrpeccHus, PA3HOCTh KOTOPOH paBHA €€ NEPBOMY HJeHY.

3anaua 138. Hokakure, UTO BO BCAKOM apHdMETHISCKON IPOrPecchd o,
PaBEIICTBO Gy, + @k = Qm + Gf HMCCT MECTO TOTIS H TOJLKO TOCHA, KOTAL
n+k=m4 L

CobcTBeHHO roBOps, YTBEPIKISHUE 34,184 OUEBHUTHO, TAK KaK Gp +a; =
= 261 +d(n+k—2) n oy +a; = 201 +d(m+£-2). Oaaako chopMynHpoOBaATS
3302y OBLTO OOIE3HO.
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3anaua 139. Kak ofisrduo, 9epes S, 6yoem 0603Ha9aTE CyMMY IIEPBBIX 7
4eHOR apudmerueckolt mporpeccnd. [lycTs n 1 m  paznuHyEble HATY-
panrAnie guena. Hafiwre Sy ., ecnw nspectro, aro S, = Sp,.

[Iyers a — neppbiél wien oporpecenn, d — ee pa3sHoCThb. 1o yenoBHio
2a + d{n — ])n _ 2a+d(im-1)

5 m. lIpeobpasya 3To

S, = 8,,, 009TOMY
PABEIICTBO, TOAYYHM

2an + d(n® — n) — 2am + d(m* — m), nm
2a(n —m) +d{n —m)n+m) —d{n —m) =0,
orkyza (n —m)(2a + din+m —1)) = 0.
Tax kak n # m, 10 2a +d(n +m — 1) = 0, nostomy, Sp4m = 0.

Ira 3048 KMEET K APYIOe PEINCHHE, KOTOPOE HMEET CMEIC/ HOKA3ATD.
[Iycts pns onpegesnendoctd 7t > m. o ycrosmio

(@m+1 + an)(n — m)
5 .

0=25,-5n =Cm+t T Aui2+ ...+ ap =

B cmny yTBepxJeHHMS NpeblAyliel 381341 @1 + Gmiyn = Cm—1 + @y = 0,
3HAMUT, Spim = 0.

[Tocneansas w3 NpUBOAMMBIX 33439 MHTEPECHA TEM, YTO CHAYAMA HEIo-
HATHO — TPH HE€M JK€ 308Ch HPOrPECCHULL.

3azaua 140. B 6 uacos yTpa YacoBaa CTpeAKa NMOKA3BIBAET Ha Luhpy 6
wugepbi1aTa, & MUHYTHaA — Ha apcno 12. Ha «mpaBuALHBIX» YacaX HEBO3-
MOXKH& CHTYAalldsd, B KO’I‘OpOﬁ OHH MEHAITCA MeCTaMH, T. €. KOrla JacoBasd
YKa3nIBaeT Ha 12, a MuHyTHaa  Ha 6. Onpenenure, CKOIbBKO CYIICCTBYET
MOMCIITOBR BPCMCIIH OT (} gacoB 11049H Fil] 12 gacor AllA, B KOTOPIIX, TIOMCIIAR
MECTiMH MHHY THYH) U '*[H.U()B‘Y}() CTpEdKA, MB CHOBA [OJLYY M Ol EIREH-
HBIH MOMEHT BpeMeHH.

3a IyIcnoc TOMOMKCIIKMC CTPCiOK OvICM NPRIMMATE HX BCPTUKAJNLIIOT
HoOAOKEHHE (KOL',L[,& OHM YKA3LIBAKYL' HA 12) a yroJ grciMTbiBalb 110 Ha-
TIpaRIEAHAI0 WX ARMKeHHT. MUAYTHAA cTpenka ApmxkeTcAa R 12 pas GricT
pee gacoBoit. [loaToMy, ec/i DOIGKEHBE YACOBOH CTPEIKH ONPEIenaeTes
YISIOM @, TG TNOJOXKEHHE MHHYTHON ¢Tpenkn — yrioM 3 = 12a. [lomenas
MeCTaMH CTPeAKH, TIONYUYHM, YTO ITOJOXKEHHEe YaCOBOH CTpenky onpefne-
AfeTcs yrnoM 3, ¢IeLoBATENbHO, NOMOMKEHHE MAHYTHOM JOKHC OODeIe-

asithed yroom 123, Tloaromy 1209 = 1440 = o+ 360°k, oTtkyna a = 3—1‘2—3’6 .
TTockonbxy o € [0;360°), o k = 0,1,...,142. TakxuM 06pa3oM, BCETC HMe-

eTcsa 143 TAKHEX MOMEHTA BPEMEHH.
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3agauyy oA goMalnHuxX 3agauuil mo reme 18

1. Ilepsoiit wnen apudMernueckoii noporpeccun a,, pasen 1. Haiaure 3na-
HeHKHe Pa3HOCTH ITOIt OporpecCHd, Ipd KOTOPOM ABJIACTCA HAUMEHbIIHM
YHUCTO @183 + auas.

2. Tpu pasznuuueX yncaa @, b ¥ ¢, HanboabNiee M3 KOTOPHIX paBHO 4,
B YKA3aHHOM OOPAIKE 00Pa3yOT reoMeTpHUIecKylo nporpeccmo. Haitapure
3TY OPOTPECCUI0, €CJIH M3BECTHO, YTO MOCTE HEKOTOpOH MEPECTAHOBKH e
YWIEHOB H3 HEE [IOAYYAETCA apudMETHICCKAS TPOIPECCHS.

3. Hoxaxnre, "ITo ecnu AAHMHLL CTOPOH MPAMOYTOJALHOTO TPEeyTOIBHMKA
00pa3yT apadMeTHIECKYI0 MPOrpeccuio, TO OH HOJ0DEH TPEYTOJbHAKY
€O cTOpoHaMHd 3, 4 u 5 (T. . «ETHIETCKOMY» TPEYTOJBHHAKY ).

4. PaceMOTpHM TPEYTOABHHK, JAAHHRL CTODOH KOTOPOTG 00pa3yoT AeyOhl-
BAIOLY K TEOMETPRATIECKY IO Iporpeceniy. Halinure 3naieHnas, KOTOPEIE IpH-
HHMa£T 3HaMeHaTe b 3TOH NPOrpeccH .

5. Kax obuigno, yepe3 S, 6yaeM 0603HaYATH CYMMY [I8pPBLIX 78 YJIEHOB
apudMeTRICCKON TIporpeccud. [lyeTh 1 0 M — PasIWYHLIC HATYPAJILITLIC
uncta. Haljwre Spym, €K U3BECTHO, 410 5, =™ U S, = n.

6. Tom Cotiep xpacrn 3abop mmuoi 105 MeTpop, nIpEdeM AeHbL 38 IHEM
KOJMIHMYECTBO METPOB BHIKPAIMEHHOTO HM 38 IeHb 3a60pa YMEHLIIAIOCh HA.
OJTHY W TY K€ BeJIMUMHAY. 34 CROIBKO AHeH OLLn NoKpamied 3a60p, ecim 3a
HEPBbIE TPU igHs ToM Hoxpacus 36 Merpos 3abopa, a 33 NOCNSAHNE TPH
AHA — ToNnsKo 27 meTpoB?

7. a) Jokaxure, 4TO eciaM MOCAEIOBATETLHOCTE @y SBASETCA ApHMeTU-
HCeCKOK TTporpeccHei, TC Gn 3 — 30,2 ~ 3Gn 11 — G = () ODH BeCcX NaTy-
pﬂ...l'lebiX TL. 6) HOJI}"!H’I‘B AHAJOUH ' THOS COOYLHIHITEHME I\-lE)K,’.I.}" NATEHY 110+
CIIEIOBATETLHBIMA YJIEHAMH TIPOU3EOABHON apA(MeTAIECKOH TPOTPECCHH.

8. Hatiaure opon3pedense nepeblX 10 976HOBR reoMeTpHYeCKod nporpec-
CHH, CCJ/IH H3BCCTHO, ¥T0 HX cyMMa papia 20, a cyMMa oDpaTHLIX HM THCCT
pasan 10,

9. Haiiimre ssBHYIO hopMyny 0DIIEro WieHa MOCNEA0BATEIBHOCTH, 33 aH-
HOHt COOTHOIMEHUAMH Ty = 20, +1, 7; = 1.

10. BriacHuTe, MOMET JIH Cpeal 4eHOB GecKOHsYHOMN apudmeTHUeCcKOR
nporpeccuy ObITh: a) TOABKO OJHO Le0e 4MEI0; 6) TOALKO IBa LEIHIX
YHICIIA.

11. PaccmoTpum apadMeTHYIeCKHEe TIPOTPDECCAH, BCE “LISHB KOTODHIX fB-
ASIOTCS BATYPAJIbHBIME 4McmaMi. a) [IpuBeanTe npuMep MpOTPECCHM, B
KOTODOH HH OJWH 4i€H HE #BAETCA KBAJIPATOM HATYPAIBHOTO WHC/A.
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6} HokaxxmTe, 4TO eci B TAxON NMPOIPECCHU €CTh WIEH, ABIANMANCH
KBAJIPATOM HATYPAIBHOIO MHCIA, TO 3T8 OPOCPECCH COOEPHHT DecKOHeY-
HO MHOTO TAKHX YHCET.

12. a) Hatinure cymMy mepebix 40 uneHoB aprppMeTHYIeCKON APOrpeccHH,
ecnu M3BeCTHO, 910 S15 — 30 m Sos — 93. 6) B crampaprapix obosnade-
HUAX OIS CYMMBL IEPBBIX WICHOB apH(PMETHIECKOHA IPOTPECCHH HalapuTe
BRIDEIKEHNE A5 PazHOCTH &), — Sy depes Sp4k-

Pemenns goMalnHnX 3agadv 1o TeMe 18

1. O6ozHaumM uepes d PAsHOCTL Oporpeccud. Tak kak a; = 1 +d u
az = 1+ 2d, T0 ajas + azas = 2d? + 5d + 2. IoavueHHBI KBaIpaTHBIHY

]
TPCXTIICH OPHHAMACT HalMCHBIICC 3HMaYCITHC IIDH d=" 1 .

2. Tlo yenowuio b = ag u ¢ = ag?, roe g # 1. [Ipeanonoxum BHadane,
910 b ABIAETCH TAKXKE BTOPBIM YISHOM apudMETHIECKOH nporpeccuH. To-
ras ¢ + ¢ = 2b, wmm a + ag® = 2aq. Toraa (g — 1) = 0, 970 HEBO3IMONKHO
no yeaorvo. TTyers Teneps BTOpRIM unieHow apudwmeThueckoll nporpec-
cud sBasiered eno o, Torua 26 = b+ ¢, e u,qr“" 4+ ag — 20 = 0, nunu
¢ +q¢—2=0. Tax kak ¢ # 1, To ocTaeTea caydalt g = —2. Takum ob-
Pa30M, TeoMeTpHUYSCKasd NPOrpeccud uMeeT BUI @, —2¢,4a. Ecan a > 0, To
HamOObLINUM CPelH THX 4Kcen ABadercd 4a, 0o ycrnosuio da = 4, oTKyAa
a =1. Ecmm a < 0, To Torma —2a = 4, Tak uto @ = —2. Chenopateis-
HO, MBL NOJIYYaeM ABE reoMeTpHdecKkre nporpeccun: 1, —2,4 w —2,4, —8.
Hakomen, nycTs BTOPBIM Ul€HOM apHPMETHYECKON MPOTPECCHE ABIALTCA
yueao ¢. B 9ToM crydse MBI DONyHHM ypabHeHue g2 —q — 1 = 0, Tax

1 a a
qT0 § = 3 Cpenu qucen a, — 57 HAaHOONLIIEM MOXKET OLITL &, & TOTHA
a
a =4, aan —3 OTKYda ¢ = —8. 3B&HHT, MBI DOJIYUHM €lle JEe reoMeTpi-

qecKme nporpeccrn: 4, —2,1 n —8,4, -2,

3. U3 ypasmennms o® + (¢ + d)* — (¢ + 24)? momyqum, aro ¢ — 3d,
MOSTOMY JJIMHEBl CTOPOH 3TOro Tpeyroibhuka pasusl 3d, 4d i 5d. Coemo-
BaTE/IBHO, OH MOIO6EH TPEYTONBHHUKY €O cTopoHaMH 3, 4 B 5.

4. ITycts a € b € ¢ — fanEBle 9ucna, opoyueM b = ag B ¢ = ag?.
TpeyronbHHK ¢ AJHHaAMH CTOPOH @, b H ¢ CYINECTBYET TOTJA H TOJLKO

TOrAa, Korga ¢ + b > ¢, uiam q2 —q—1<0.3ga4nur, 1 < g< HT"@
5. Mo yenosuo 2an +d(n® —n) = 2m u 2am + d(m? —m) = 2n. Baas
Pa3’HOCTH YTHX PABEHCIB, MOY4MM, uTo 2a + d{n +m — 1} — -2, orkyza

CNEAYET, MTC Syt — —N — M.
6. [IycTh Ha mokpacky 3abopa y Toma yuuno n arett. Obosnadrm depes
0) KOJHYECTBO METPOB 3a00pa, NOKpAmeHsoro oy B A-# nenb. [lo yecaosuro
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IOCIEJOBATENBHOCTD d ABAAeTe aprudMeTiecKoi mporpeccueii. Tak xak
a1 tap=0a2 +80n_1 =023+ ap_2, TO

a1 +az)=01+a2+ a3+ ap_a+ ap_ +a, =36+ 27 = 63,
: i) 21ln

OTKYIa @1 + tn = 21. Tak xak 1056 =S, = 3 (a1 + an) = 5 Ton= 10.

7. a) B cruay ocnoBHOTO CBOHCTBA aPHPMETHISCKON IPOTPECCHR Gyt 2 —
20,41+, =0n ap3 —2a,42 + ap+1 = 0. BeiuTa B3 BTOPOro paBeHCTBA
TePBOe, MBI U OOIYYUM TpebyeMoe pPaBeHCTRO.

§) PaccyxIeHne aHATOTIYHO OpeabaAyeMy. Tak KaK 0o JOKa3aHHOMY
B NPeABLIYIIEM IYHKTE Gp 4 — 30n i3+ 30n12 —8pyy =0 H Gpyz —38py2-t
+30n+1 — p =0, TO Qpya — d0py3 +O0p40 — danp +a, =00

B. ITo yenosu

{b1+b2+...+bm=20, {bl(l+q+...+q9):20,
HJH

1 1 1 1 1 1
—_—F =+ ...+ — =10, —{14+-=-4...+ =) =10.
b|+bz+ +510 ) 1(+9+ qg)

[Topeaup nepnoc ypanncnuc 3Tol CECTCMDE 118 BTODOC, TIOIYIHM PABCTICTBO
B2q® = 2. Ocranoes aamernts, 1o Bg® = byy? - b1g® = bghg, nosromy, kax
U B 3aJlatie 8 U3 Ope LIy NIere JUMAIHEero 3aAanus, b1bs ... by = 32.

9, Oreer: z, = 2" — 1. Ilpusesem oaHO M3 BOSMOMKHBIX pelleHKH.
[Tpubapue no 1 K 0OelM YACTAM PABEHCTBA Tpy1 — 2&p + 1, TOMYIUM, YTO
Tns1 +1 — 2(xn + 1), IlosTOMY

Ep +1—= 20Xy + 1) — 2% (oo + 1) — ... — 2 My + 1) — 27,

OTKYJA ¥ CleAyeT HCKOMOES PaBeHCTBO.

10. a) Hanpumep, Taknm cBoficTBoM 06JaIa€T MpPOrpeccHd ¢ obuIUM
4IeHoOM an, = V2(n — 1),

6) Ecan a,, 1 ay — mensie 1ucaa, TO pa3sHOCTH ITOM NPOTPECCHE ABIFET-
¢S PALMOHANBHBIM YHCJIOM, IIO9TOMY B Heit OyIeT CoAepRATheA HECKOHEYHO
MHOT'O 4JIEHOB, ABJRIOMHXCH LEJIBIMI THCIAMA.

11. a) Paccyorpum nporpeccnio 2, 6, 10 . . . IockoAbKy Kamanit ¢ el
€CTb YeTHOE UHCJIO, He ASNSHIeecT Ha 4, TO OH He €CTh KBAAPAT HATYPAIb-
HOTO TUCTTA.

6) Mpeamonokum, aro a, = k2. Myers d — paznocers nporpecenn. o
yeaopnio d — HaTypanbHoe uncno. Tak kak (k +d)? = k2 +2kd + d% =
=k* + d(2k + d), 10 Gpiokya = (k + d)

12. a) MoykHo HalTH DEpBBIX YA€A H PASHOCTH JAAHHON DOTPECCHE.
5L g 43
~125 125
Za Sgp = 252, Konewrno, ropasio npome cHavajia PemnaTe OyHKT (5).

Tucna NONYy4JIaTCH He OUYeHk ¢«KDACHBBIMHS, X1 — OTKY~
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) IlpoBeseM BBIMACAEHHEE «B BE CTPOUKH». JI4 onpeqeieAHOCTH npes-
TMIOAMXKUM, 9T0 1 > k. Torma

Sn =5k = Gpst oot ay = ZELI (n ) =

_ @ tongk, o n—k
o 2 (n k)"—n+k

S-n+k .

r Sn - S k Sﬂ-l—f\:
BT0 PABEHCTRO MONCHO 3AITICATE B BUIE: ok S ni k- [TosTOoMY OTBET
MyHKTa (a) 330a498 DONyYaeTcs Tak: Sy = % 63 = 252. ITUM paBeHCTBOM

MOXHO BOCIIOJIB3OBATHCH H M1 pelleHHA 3a0at M 5.

CamoctostennHaa pabora 12 (tembr 17 u 18)

BapuanT 1
1. Hastupre coanmoil wiey apaddmMeraqeckoi HPorpeccuu, Ceam Cy MMa, 1pe-
THETO U QIUHHAIIATOTO eg UleHOB pakHa 20.
2. Tperwii =1en reoMeTpurieckoi nporpeccan paged 4. Hafiaure nponase-
JEHHE NEPBBIX IIATH 4JIEeHOB 9TOH NPOrpPeccHH.
3. Halnure cyMMy nepBBIX NeCATH YNEHOB nporpeccun by, = 5. 27,
4. [lepBsiit unen reomerpuyeckofi mporpeccun moaoxurtesdeH. Haitaure
3HAYEHHEe 3HAMEHATE/]d 3TOH NpOrpeccHH, [IPY KOTOPOM CYMMAa €€ NePBbIX
TpeX YN€HOB MPHHEMAET HaMMeHbIlee 3Ha4YeHHe,
5. BeraBrre Mex gy guciaami 1 u 8: a) <CTLIPC YHCRa TaK, STOOLI [WICCTL
THX 9ucen abpazopanyd ApuQMEeTHIECKYI0 nporpecenio; ) osms aueen
TaK, wrods ceMb 9TUX HCe 0DPA30BANIN IEOMETPUBCKY K0 LIPOUDECCKHID.

Bapuant 2

1. Hatizure mectoit unen apudMeTnyecKol Oporpeccun, €CNu cyMMa Tpe-
THETO U JEBATOIO €€ “LIeH0B paBHa 30.

2. YeTBepTHIH 4i€H reoMeTpHYECKOl! nporpeccun paseH 2. Haliaure npo-
H3BeIeHUE TIePBBIX CEMU UJIEHOB 3TOl Nporpeccui.

3. HalAnuTe cyMMy DepBBIX JEBATH WIEHOB Iporpeccud b, = 3. 271,

4. Teprwiit aned reomeTpuseckait mporpecenn otpanarened. Hafimmre sna-
HEHME 3HAMEHATENN ITON HPOUPRCCHM, U]PU KOTODOM Cy MMA €€ LIEPBHhIX TPeX
9NIeHOE TPHHMMaeT Hanboablllee 3HAYEHHE.

5. BetaBbTe Mexay umcnaMd 1 u 9 a) mecTs uwcen Tax, YTOGBI BOCEMb
ITHX 4uces obpaszoBany apudMeTHUECKYI0 Iporpeccuio; 6) ndaTe wmcen
TAK, YTOORI ceMb 3TUX UMCeT 00PA30BANH T€OMETPHIECKYIO HPOrPECCHIO.
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Bapuant 3

1. Haitaure cyMMy NEpPBBIX OOUHHAINATH WISHOB apHdpMeTHYeCKo# Npo-
TPECCHHA @,,, €CJIH U3BECTHO, ITO 43 + a4 + ag + a9 — 16.

2. [IaTuift unen apudmeTndeckoit nporpeccun paren 2. Haitgute passocTsb
IIPOTPECCAN, PH KOTOPOH CyMMa NONAPHBIX PON3BeIeHuil ee YeTBEPTOre,
CeJIbMOTO M BOCBMOTO 4JIEHOB NMPHHUMAET HalUMEHEBIIee SHAUCHUE.

3. Tpernii unen reomerpuueckofl mporpeccurr pasern 9, a mecrolt 4ieH
paper 243. HattiuTe cyMMY €€ NepBHIX IMIECTH HEHOB.

4. BrigacHuTe, MOKET JTH CYMMA NEPBHIX 1 WICHOB I'eOMeTpHYecKol mpo-
FPECEHM NpM TOBOM HATYPAJTLHOM 7 OhiTh paBHo#: a) 3" —1; 6) 2~+L —1.
5. Haliwre Hanbobly o M3 CYMM HEPBBIX T4 "LIEHOB apuMeTuecKkoi
TIPOTPECCHAH, €CJIH NEPBHI ee wieH papeH 64, a Bropoi pabeH 58.

BapwnanT 4

1. HaliqyTe cyMMYy OEPBRIX AEBATH Y. IeHOB apudpmeTHdecKON Nporpeccun
Gy, €CJIH H3BECTHO, 9TO a3 + a4 + ag + ag = 12,

2. YerBepToii wien apudmerndeckolt nporpeceun paser 3. Halinure pas-
UOCLL POUPCCCUH, HPA KOTOPOR CyMMa LOLSBPULIX LPOU3BCICHAN e 1pe-
THErO, MeCTOro W CeThMOre *LIeHOB TIPAHIMAET HAHMEHBITIEE IHATIEHHES.
3. Yereprwii uien reoverpurieckoif nporpeccun paeed 2. Hafianre opo-
U3BeAeHHE MEPBRLIX CEMH 4J€HOB 3TOH IIPOTrPecCcHH.

4. BriacauTe, MOXKET JA CYMMA IEPBBIX 7t WICHOB €OMETPHHUECKON Ipo-
rpeccHn mpH JI060M HATYPAJBHOM 1 ObITh paBHoOl: a) 2% + 1; 6) 37+l — 3.
5. Hailanre HamMeRbIIYI0 M3 CYMM NEPBLIX 11 <JIEHOB apudMeTHyecKod
TIPOTPECCHU, €CIIH NEePBBI ee 4neH paBeH —35, a BTOpoii paBen —31.

AdonorHUuTennLHMe YyIparKHeHds no Temam 17 v 18

Baony panee 4eped g, 0003HAMEHBI QeHbE APADMETHYECKOH Lporpec-
cuH, d — PA3HOCTh TIPOTPECCHH, Yeped &, — “UTeHB TeOMeTPHUECKON Ipo-
IPECCHH, ¢ — 3HAMEHATE b TIPOTPECCHH, a 1epe3 S, — CyMMBI OepBEIX 2
11eHOB apadMETHIECKONR (MM TeOMETPHYECKOH) IPOrPeCcCHH.

12.1. Haiiaure: 1) ajg, ecnmi a5 = 3@ a7 = 5; 2) arg, ecam as+a7 = 10
Hay =2;3) Sy, ccmi a, =3n 15 4) Sg, cou a3 | ay = 5; 5) S)a, ccim
ag +as + ng +ay; = 10; 68) d, ecnu gy = 7w Sy = 25.

12.2. Haitpure: 1) byg, ecou bz = 0,2 u b7 = 5; 2) by - b, ecom
b5 'b]o = 10; 3) Sg, eCcin bn = 4'3‘1; 4) bl 'bz'.. .'bll-blg, eCIH bg'bu = 2;
5) ¢, ecnm by + b3 = 10 m by + by = 20.

12.3. Hattiure Haunbonbiiee 3Ea4eHUe TPOM3BEACHUA Q4 & (g, ECTIA H3-
BECTHO, YUTO dp = 3.
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12.4. Joxaxxute, 9T0 4HCAL @, b @ ¢ 00pA3YIOT TeOMETPHYECKYIO IIPO-
TPECCHIO TOTAR U TOMBKO TOrAR, Koraa {a —b+c)(a+b+c) = a® +b? + 2

12.5. CymMa Tpex gucesn, obpazyiomux APU(MMETHHECKYIO NPOrpec-
cuio, pasia 12, a) JTokakuTe, Um0 OJ[HO M3 3THX wacen pasio 4. 6) Haliaure
HAUOO.bLIEE 3HAMEHUE LIPOUIBEASHUS ITUX LHCEL

12.6. Ha#inure Bee apudMeTHiecKie MPOTPECCHH, cpeatee apudMeTy-
JeCKoe MePBLIX 71 9IEHOB KOTODBIX PABHO 72,

12.7. Iga moaoKuTEApHEIX SHCTA SBIFIOTCA OEPBHIM H TPEThUM HJIe-
HAMH HEKOTOPOIH apHMMETHYECKOH MPOrPecCHH M NIEPBbIM H TPETHHM HJie-
HaMH HEKOTOPOM reoMeTpuyeckolt nporpeccun. Buischute, y kakolt us stux
Iporpeccnii CyMMa IePBBIX TpexX WIEHOB 0oibIne.

12.8. Haitgare pasHocts aprudMeTAYECKON NPOrpeccHH, B KOTOPOH
a1 -as =64 " ay + ag = 16.

12.9. BusacHuTe, sBnseTcs /1 apudMeTHYECKON nporpeccieli nocne-
JOBATE/IBHOCTD, 4JIEHBl KOTOPOH PABHEL 8) OTHOIIEHHK) COOTBETCTEY IOIIEX
WICHOB 4BY X APU@EMOTHYCCK X (P01 PECCk; 6) MOLYJLIC YWICLICHS 1EKO 10D
APHPMETHTECKOH NPOrPeCCHA.

12.10. BrsicanTe, MoryT o gucaa: a) 2, 3, 4; 6) V2,3, Vi — 6urth
YneHAMH (He 0GS3aTeNbHO TIOCAENOBATENPHBIMA) HEKOTOPOH reoMeTpute-
CKOH IIPOTPECCHH.

12.11. JdokaxuTe, 4TO eclik YHCAa Y, &, 2z — & obpasylorT reomer-
PHYECKYIO NPOrPECCHIO, TO YHCAA T2, Yz, Ty 06pa3yoT apudMeTHYeCKYIO
TIPOTPECCHIO.

12.12. Haiinure apHy©0 DOPMYIYy NOCIEIOBATEIBHOCTH, 38 JaHHYI) CO-
OTHOINEHHAMH Tpt = 2T — 1 B T = 4.

Tema 19*. CpaBHenne apudMerndecknx nporpeccuii
H PeCMeTPHYECKHUX NPOorpeccui

Bagaua 141. a) JdokaxTte, 7ITO TPH PA3IHYIHEIX TUGIA HE MOTYT OBITE
MOCTE/IOBATENBHLIMH “I€HAME ApMpMETHHeCKeH NPOCpeccHd U B TO XKe
BpeMs ObITh MOCAEI0BATEIBHBIMA WIEHAMH M€OMETPHIECKON IPOTPEeCCHH.
6) ITycTh MOMOKKTENBHBIE YACHAS ¢, b H ¢ 0OPAa3YIOT BOSPACTAIIILYIO I'eo-
MeTpHYECKYIO TIporpeccuio, Jokaxure, utoc—b > b—a.

n) JlelieTRirrennio, eciv 2b = a+ ¢ w b = ac, To dac = 42 = {a +¢)?,
orkysa (6 — )2 =0, ne.a=c=bh.

6) Yreepacienmre nyHkTa {G) DpOCTO YTOTHSET YTBE[PKACHHE IyHK-
ta (6). IIponenaem mpeobpa3oBaHMs, AHAJOTHYHLIE YK€ MPOBEJEHHBIM.
HepasencTso ¢ — & > b — @ paBHOCHNBHO HepaBeHCTBY 2b < @ + ¢, mn
46 < a® + 2ac + ¢, uau (a - ¢)? > 0.
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3anaua 142, PaccMOTPHM YeTHIDE CTAHIAPTHBIX CPeIHIX ABYX Da3.Tad-

2ab
HEIX TIONONRHTEIBHEBIX YHCET a U bf cpegpee rapMOHHYECKOS H =

a
cpeatee reoMeTpuieckoe G = vab, cpespee apudmerndeckoe A = 3

a’ + be
2
TPH W3 HUX 0fpaszosaTh: 4) apudivernieckyo nporpecciio; 0) renmerpu-

TeCKYIO POTPeccHIo.

H CPCALICE KBAAPRTHILOC ) = . Buisicuwre, MOry T jg HeKOTOPLIC

CobereeHno roeopd, 3neck 8 PA3HBLIX 38,71aY.

HAenserca nu AIl: | H,G,A | HG,@ | HAQ | G AQ
HApanercs an 'L | HLG,A| HG,Q | HAQ | G AQ

Tockomsky G = vHA < /HQ, 1o wncna H,G, A 06pa3yior reomeT-

PHUMEeCKYI0 IPOrPeccHio, Toraa Kak sucaa H, G, () ee ve o6pazywt. Tak kak

G =+vVHA< H+4 < H2} Q, 1o wncna H, (7, A tak e, KAK W ynucAa

H, G, Q, apucpmMeTrueckyio nporpeccuio He 00pasyroT. Jamnee, nockoasky

. G+QP_ G+Q _ H+Q
A=\—5 >3 >3

to wacna G, A, @ n H, A, () apudmerrveckyo nporpeccuic He 06pa3yIoT.
M3 aToro ke paBeHCTRA CiIeflyeT, HTO

2, A2
Ao (wQ GG > VG

nozromy ‘mciaa G, A, Q u H, A, Q ne obpasyrr ¥ 1'eOMETPHIIECKOR 1IPO-
rpecenn. Takum obpazoM, namibL QIUH OTBET W3 BOCHBMHM — YTBEDIHTEIIb-
HBI#H.

3agaua 143. [yers GecKoOHEYHAS IOCISAOBATEILHOCTD (y, SBIHETCS HEO-
CTOALNOH APHMDMOTHICCKON NPOrpeccAcH, COCTOMLCH N3 NDJIOMKHTCALIIAX
TACETT, 4 HOCISI0BATENLHOCTD by, ABIAETCH TEOMETPH IECKOH MPOTPECCHEHA.
okaxmre, 9T0 ecnn a; = by ¥ as = by, T0 ay < b, OpH Becex n = 3.

Iycrs d — pasnocTe apudMeTHYLCKON IIPOrPeCCHA, ¢ — 3HAMEHATEND
TEOMETPUUECKOR Mporpeccan. HCHO, IT0 M3 DOJMKHTENBHOCTH SHCET (g
caeayer, wro 4 > 0. [To yenoenwo d = a2 —a; = by — by = a1{g—1), orxyna,
B 9acTHOCTH, ¢ > 1. CieaoBaTennHo, HEPABeHCTRO d, < b, PABHOCHA/IBHO
HepaBeHCTBY a; +(n—1)d < a1¢% t, wmm 1+{n—1){g—1) < ¢"~1, xoTopoe
ecTb HepasercTso Beprymin (e, ¢, 199).
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3anaua 144. Halizure ycaoBre Ha 3HAMEHATETH BO3PACTAIILEH reoMeT-
pHYeCKOE MpPOrpeccHH, NpH KOTOPOM UIeHE 3TOH MpOrpeccud ABAAIT-
A TaK¥e HEKOTOPBIMH (T—l(—! Oﬁﬂ.’ja'[‘(:‘,.."thU I'I(_}[!J'IB)'I‘OHE!.T(:‘.IIBHBIRTH) YNEeHOGMH
HeKOTopoi apudmernaeckodl nporpeceny. PAceMOTprTE OTIEABHO CIY 9aH,
KOI'Ia TeOMETPUYECKas IPOTPEcCHdA SBJSETCH: a) KOHeIHOH; 6) HeckoHew-
Ho.

Hanpumep, ecotm ¢ = 2 u by = 1, T0 WieHaMM 3TOH INeoMeTpUYecKOH
TIPOTPECCHH ABNAIOTCA CTEeHH YHCAA 2, NexAalllfie B NOCNAeA0BATe ILHOCTH
BOCX IATYPANBILIX YHCCH, gBngioniciica apudMeraydcckoll mporpeccuci.
B(]JTHE TOND, BCEERAd, KOrjan SHAMOHATETh l”(ﬂ)M(—!’[‘pH'—IB(!KDﬁ NPArpeccrH d8-
JIETCH HATYPASIbHBIM 'IAC/IOM, 'LJIEHB] TAKOH MeoMeTPHYIECKOH 1IPOrpeccun
ABAAKTCA H 9I€HAMH HEKOTODOH apHdMETHICCKOR NPOrPecCHH,

PaccMoTpaM reomMeTpHyecKyio NPOTPEeCcCHIC K3 1 1ICHOB, 3HAMEHATENb
KOTOpOH papen g¢:

b, by, bg®, ..., bg"" .
llpennosiosxuM, 9TC BCC 3TA YACTA ARJILITCH WICIAME HCKOTOpOR aprd-
MeTmueckod nporpecenu. Toroa

bg=>b+kid, bg® =bg + kad, ..., bg" "1 =bg""?% - k,, _1d,
rne ky,ke,--., kp_1  HATYPAABLHHEE HHCTA. TakuM oHpasoM,
b(q_l) = k1da bQ(g—l) = k'ﬁ!ds bq2(q_1) = dea seey bqﬂ_:z(q_l) = kn—lda

1 1

=k ,amu k; = kgt rme 1 = 2,3,...,n — 1. U3 paBeHcTea

ko = kigq cne,agyeﬁ, N0 MCHO ¢ — paluoHasibroe. [IPeinosommuM, 1o OHo
He ABJAETCA HATYPAIbHLIM, g = g, rae v = 2. U3 dopmynst k,—1 =
ki1g"? cnenyer, uTo ki HOJDKHO AeIRTRCS Ha 7772 npd mo0boM n 2 2, 1UTo
HeBO3MOIKHO,

Takum oOpas3oM, ec/ii 3HAMeHATeNb KOHEYHOH FeOMeTPHIeCKON Ipo-
TPECCHH ABAACTCA PAIAOHATIREHBIM YHCIOM, TO HalimeTrca aprudpMeTHISCKas
IIPOTPeCcCns, WICHOM KOTODOH ABIASTCA KaXKAbIH M3 UJICHOB JaHHOH reo-
MEeTPHYeCKo#l niporpeccus. C Jpyroii CTOPOHBI, €CJIA MBI PACCMOTPHM Oec-
KOHEYHYIO TeOMeTPHYECKYIO IPOTPECCHIO, TO ee YWiIeHH OyayT TaKKe 4ne-
HAMH HeKOTOpoii aprdyMe THIeCcKOH IPOrPeccry TOJIBKO B TOM Ciyyae, ecii
3HAMEHATEIE MeOMETPUYECKOH [TPOrPecCHl 8CTh HATYPAJIBHOS MHCAD.

OTKyAa q' ™

3amaua 145. [IpeanosnoxuM, uro ¢ > 1. TokaxknTe, UYTO 10C/AEA0BATE b~

"1
HOCTD Up = QT — BOBPACTAOIIAA.
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[Ipeobpasyem HEPABEHCTBO Uy, < Upq1 CISAVIOMIAM OGPaAsOM:

qﬂ_l qﬂll_l
n < n+1 ’
" —1<ng*(g—1), ¢ '+g" 1 +.. . +1<ng"

(n+1)¢" —n—1<ng"! —n,

Tlocnennee HepaBeHCTBO BepHO, TaK KaK U3 HEPABEHCTEBaA ¢ > 1 clenyer,
uto ¢" > ¢F npu Beex £ =0,1,...,n — 1.

3anaua 146. [Iycrs @, — apudmerHieckasn nporpeccus, b, — BO3PaCTAID-
mas reoMeTpryeckas nporpeccas. [Ipeanosoxn™, 910 ¢4 = b1 # ax = bi.
Jokaxure, 4T0 TOrAa: a) @, > b, mpun — 2. 3,...,k-1;6) a,, < b, npu
BCex n > k.

Crenywoimii pucyHOK ABJIAETCH WIMOCTpanueli K 3Toll 3a1a%e.

4

3 -
2 o

l | .’,ﬁrff

Camo peleHde 3a7a4d He CIAIMKOM CIOXKHO, HO KOe-4TO TPHAETCA MOA-
cauTaTh. Jlna kpaTkoets nonoxuM o = ¢ = by Tak kax o, = a6+ (n— 1}

_ n—I1 — k=1 _ a’(qk_l — l) .

abp,=0¢"" ", 00+ (k—1)d=0a¢"" ', otkyma d = T . [Toatomy
o a(qk—l _ 1) qn—l —1 qk—l —1

bp—a, = agq™ 1—a:—(n—l)T = a(n—1) — - )

Ocranock BOCOOJB30BATECHA YTBEKIeHHEM 3atadn 145,



Pemenus 3aJa49 CAaMOCTOATEIbHEIX pabot

CamMocroarenbHas paGora 1

Bapuanr 1

1. 1) IIpu ¢ = 0, TouHee (NOCKONMBKY (DYHKIWA OIpenesieHa Ha OTpe3Ke
[—3;3]) mpm 2 € [0;3], dyHKINA DPUHHMSET BCe 3HAYEHHA U3 OTpPe3Ka
(—2;2]. 2) l'oprzonTancuas npsamMas y = 1 nepecexaeT gaHubl rpaduk B
JBYX TOUKaX. ADciucca npapofi ©3 HUX paBHa 2, abcriacca NeBoii paBHa %,
YTO BEITEKAET B3 PACCMOTDEHHA TONOBHEIX TPeyroibHUKOB. 3) Pemennem

AGHHOTO HEDABEHCTBA ABIAETCH 00'beIMHEHHAE OTPe3Ka [—3; :lz ] a1 rouxa 3.
4) Orpet: f(x) =3 — .
2. O6beM ypeudHTCA B 27 pas.
1 1 z2~1 2
3. a) Umeem f(g) = (F +1)z = = f(z). 6) Hockoaeky f(g) =

_ x4 ) 2?44 2?41 244 =
= =5, TO Mbl OOJIy9a¢M yPaBHCHHE —5— = ———, HIH T =

=212 492 OTKy/la T = +/73.

4.2)Takxak f(z+ D) =(x+1)? —4(z+1)=22 -2z -3,a f(z) +1=
=122 4z 11,7102z =4, oTkyma x = 2. 6) ke f(z) = 4, T0 T = 2,
nosromy f(3x —22) = —4, ecan 3z — 22 = 2, wim 2 — 3 + 2 =0, orkyna
z=1;2

BapmnanT 2

1. 1) Bee srauenus u3 npoMexyrtka [—3;3). 2) z = 2;3. 3) [-5;1] U {5}.

4) flxg) =x - 5.

2. ObbeM ymeHslATCH B 8 pas.

3. a) f[%) = (:%2 -z = 1;:1: = —f(z); 6) z = £v2.
KommMmenrapuii. IIpu pemenup mocieHero ypaBHeHUs MOKHO OBLIO

3aMEHHTDb BBIYHC/IEHHsA paccysfenneM. JanHas QYHKINA BO3PaCcTaeT Ha

KaxI0M 13 IpoMexxyTkoB (—oc; 0} i (0; +oc). Tak Kak 3HAKH wmeen % U

2 2
& COBITAJANT, TO W3 TOro, 9T0 f (E) = f(x), caesyer, ato S = Onnako
noAoSHEE PAcCyK/ACHNS HOABATCA ¥ HAC HECKONBKO TIO3XKE.
d.a)xr=4;6)xz =13

Bapuanr 3

1. Ecim a, b v ¢ — 310 gymaHs! pefep NpsiMOYToJIBHOrO NapasLiefIennnesia, To
€ro MOJIHAs TOBEPXHOCTE 51 parHa 2(ab + bc + ac). Ecau anuny kaxoro
u3 pebep yBeauuuTe B 3 pasa, TO HONYYHM OADAIIENICNHIEX, [KIOLIAAD
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HOJHOM MOBEPXHOCTH KoToporo pasHa Sz = 2(%9ab + 9de + 9ac) = 98,.
Takuv 0dpazoM, LIOIWAIE YReIUYANace B 9 paa.

2. 1) Oannv n3 peurenudt ypasaenua f(x) = f(1), asaserca = 1. Bro-
poe pelleHHe, KOHEYHO, TOXKE MOXHO HalTH 6e3 BLIMHCICHHN, NOAL3YACH
CBONCTBaMH rpachuka KBajapaTuqHOW byHkiMu. OJHAKO NOKA TPHAETCH
nocuuTaTh. IlonygaeM ypaseenne 4 — 22 = 3, oTkyaa ¢ = £1. Ocratocs
38METHTH, 4To 00a HaliTeHEbIX KOpHSA nexar B oTpeske [—1;4]. 2) f(x) €0,
eciu 2 — 4 2 0wz € [-1;4], orkyza cienyer, uro x € [2;4]. 3) Oynk-
ISl IPHITAMAET cioc nanbonnnice 3nagcnde 4 npa ¢ = (. Hamvienoinmm ce
3natnenmem (Ha saHHOM orpeske) unennercn f(4) = —12. Tloaromy sanuax
dbyHKIMA NPUHAMAET Bee 3HAYEHMAS W3 oTpe3ka |—12;4).

Konreuno, oTBeT caefyeT U U3 H300paXeHHOTO Ha PHCYHKe rpaduka
JaxHoi dyHKOUN.

12

4) Pemcnuc 3T0T0 MyHKTa ByACT CYMICCTRCINIO NPOIIEC, CCTH MBI BOCIIO -
ayemest rpadukom dyrinpn. TIpavas i = o MepecekaeT ero B ONHOM TOUKe
npu @ € [—12;3) U {4}.

1

3. a) Mmeem f(%) = —1:—#1 = 3:33-:1- - = f(x). 6) B cuny pesynbrata mymk-
r

, OTKyzAa f(x) = +1 [ToaToMy

Ta (a) nomyunM ypaeHenue 4f(x) = 5

1
f(z)
22 4+ 1 = +2z, 3uauwT, x = +1.

4. a) Ioncrasee ¥ — 2 B JaHHOE COOTHOMIeHHe, MoayymM, uyto f(1) — 2.
6) 3amucas (nas yJobcTBa) maHHOE cooTHomeHMue B Bune f(2a —3) =au

z+3
MOJOXKUB 20 — 3 = X, TIONYYMM, YTO ¢ =

;43 2
f($)=$2 .

, OTKYIa U CAeayeT, uTo
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Bapuanr 4

1. Tlnomaae noaHoH MOBEPXHOCTA YMEHBIINTICA B 4 pa3a.
2. 1) x = £2.2) x € [—4; —3|. 3) MHOXkecTBOM 3HAMEHMI ABIAETCH OTPE3OK

[—9;7]-4) a € (=5;7] U{-9}.

3.6)x= 112\/;
4.2) f(8)=2.6) f(z) = 132

3

CamocToarenbHas pabora 2

BapnaaT 1

1. a) Hanpumep, npu o — 0 u b — —3 nomyqaeM, uto a® +2e¢ — 0 < 3 —
— b? + 2b. 6) [Ipomssezer PasiIOMCHHAE HA MHOMKHTEIH:

a? 42 -6 —2b=(a+bla—-b)+2a—b)=(a+b+2){a—b)>0,

TMOCKONLKY @ > b g+ b > —2. Mowno pacey#cprs waaue. Tpabaree no
1 K oBeHM acTAM JAHHOTO HEPABEHCTEA, IOy YHM HepapeHeTso (a-+1)% >
> (b + 1)%, koTopoe BBINOMHEHO B cHay TOro, uTo @ + 1 > b+ 1 > 0.

2. TTockoubky gadBast (HGVHKLAS BO3PACTAET Hi LPOMENY TKE [% ; —|—oo) u
TaK KaK % > % :%> %,mf(%) >f(%).

3. Tak xak pyuxims f(z} = /27 + 1+ z Bospacraer Ha Beelt croel! ofia-

CTH OTNIpefielieHHs]  IIPOMEKYTEE [—%;
3HAYEHUSX T BBINOJIHEHO HepabeHeTro f(x) 2 f(1) = 3+ L.
4. a) IIpome Bcero npeoGpasoBaTk BeIpaxeHne s ZaaHON GyHKINK Cle-

+00), TO IIPH BCEX HATYDANBHBIX

Jymmum obpazom: f(z) = iig =1-—3. CrepoBarensio, ganHas
dQyurups sozpacraer na upomexyrke [(; +oc). 6) U3 pasescrsa z+2_,

r—+3

Ja—2 . Uz yenosust x 2 0 momyswm, <110 % La<1 Ta-

—4a

CASyeT, 9T0 L =
: _ . . 2
KM 00pA30M, (DYHKLMS UPHHAMAEST BCE 3HEIEHHY M3 LPOMEXKYTKA [5 ;1).
Bapmnanrt 2
2. [Tockonbky aannas bynkuua yObiBaeT Ha IpoMeAcyTke {—00; %} H TaK
1 11 2 1 11
I(aK§<§<g, 0f(§)>f(ﬁ .
3. Oyuxmusa f(z) = 4z — 2 + 3x BozpacTaeT Ha Beceyl 0GIACTH onpe/e-
JIEHUS, TOSTOMY TIPA BCEX HATYPAJIbHBIX 3HAUEHASX I BEPHO HEPABEHCTEO

f@)=vViz-2+3z> f(1) = V2 +3.
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4. 6} OyHKUHA NPHHAMAST BCE SHAYCHHA M3 npoMexyTka (1;3].

Bapnant 3

1. a) Cum. papuant 1. 6) B ety ¢BONCTE 9UCIIOBEIX HEPABEHCTB, €CIH & > b,
ta a° > 6% u 2a > 2b, a notomy a® — 2a > b + 2b.

2. Oynxuma f(x) = r+/2x — 1 Bo3pacTaeT Ha cBoell OOIACTH ONPEIeNeHNA
KaK MPOK3BeNeHHe ABYX BO3PACTAIOUIMX ¥ HEOTPHIATEIbHEIX (hyHKIMH.
Tlostomy fle) 2 f(l)=12 % npa 1060M HATYPAIBHOM 3HAYEHHH T.

3. llyeTh = @ y nenele uieina, cyMma KoTopbix pasHa 10. Torza mx oTHOWIE-

v_10-z _ 13_—0 — 1. Masuas pyHKOUS

HUe 3a0aeTcs dopmyiol f{x) =
yBBIBaET HA KAOK,IOM K3 IIPOMEIKYTKOB (—o0; 1) 1 tU; +20). Ecou 2 — nenoe
oTpUnAaTensHOE waeao, o —1 > f(x) 2 f(-1}) = —11. Ecow £ — vary-
paaeroe mcno, o —1 < f(z) € f(1) = 9. Cregosaresbro, Hanboabmee

3HaY€HHE OTHOIIECHUA 3THUX Yices] paBHO Y, 2 HauMeHbOIee papao —11,

4. a) [Ipr a = 1 nonyuaem dopmyny f(z) = %3 =1- ﬁ, LO3TOMY
ZaunHas ¢pynkung yObiBaeT Ha npoMmexyTke (—2; +00). 6) Tak kak f{r) =
_or43 _artlat3 -2, 320, a1a dyHKIUA yObBACT Ha
oz +2 z+2 - z+2° YHKOHA Y

3
(—2; +o<) TOrAA ¥ TONBKO TOTAA, Kora 3—2a > 0, T. e. ecn g € (—o0; 5 ).

BapmnanT 4
3.a)7.6) -9.
4.6)ac€ (:—2; s +oc).

CamMmocTosTesbHasA padbota 3

BapnanT 1

_8-8 _
L. a) Umeem k = o—= =

6} Ha mpamoit AB nexwur Ttouka D{13; —4), zaaaur, rouka C(13; —3) ne-
KHUT BBl 3TOH NPAMOM.
2. a) Januaga pyukmus 3a18eTest HopMyTaME

-2, y—8= —-2(x—7), orkyaa y = 22 — 2z.

47+ 3,ecnu r 2 —1,
flx) =
-3 - 2x,ecor x < —1.

Ee rpadmx m3obpaken Ha CIeAyIOLEM PECYHKE.
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Ilo rpadhHKy BHOHO, YTO MHOMKECTBOM SHAYEHHH 3TOH (DYHKIME SBISETCA
NPOMEXYTOK [—1; +00).
3. a) Ha caenyiomeym pucynke nzobpaxen rpaduk nausol OyHKINN,

OHa Bo3pacTaeT Ha KaXKJIOM H3 OpoMeskyTKoB [—3; —1] i [1; +00), yObiBaeT
Ha KaxkKIOM H3 mpoMexyTKoB (—oo; —3| u |—1;1]. 6) Jannoe ypasHeHuE
HMeeT IBa pemenud npu @ € {0} U (4; +o00).

4. a) Jannas ¢$yHkuua BodpacTaeT Ha npoMexyTtke [0; 4], mosTomMy MHO-
AKECTBOM €€ 3HaueHUN Ha HeM sBJsiercs orpesok [f1(0); fi(4)] — [-5;1].
6) Tak xak 0 < 9—|r+1| £ 9, To MHOXKeCTBOM 3HaqeHM nanoil GbyHKIR
siBAsieTcst oTpesok [0; 6],

BapmnanT 2

1. a) y = 13 — 2. 6) Touka C jexuT Hke npaMoit AB.
2. a) Jannaa pyuknous 3ajaerca bopMyaaMu

dr — 3. eemi 2 2 1,
flz) =
3—2x,ecom x < 1.

Ee rpadmx m3obpaken Ha CIeAyIOLEM PECYHKE.
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Tlo rpaduxy BHIHO, YTO MHOKECTBOM 3Ha4YeHKHH 3ToH GYHKUMN ABISETCA
IPOMEXKYTOK [1; +00).
3. a) Ha cnenyromey pucyHKe n3obpakes rpacduk gaHeOH yHKIUME.

OHa BO3pacTaeT Ha KadKIOM M3 LpoMexyTkos [—1; 1] u [3; +oc), y6uisa-
eT Ha KaXIoM M3 npovmexyTkos {—o0; —1 u [1;3]. 6) Jauroe ypapaenue
umeeT ABa pewerus opu a € {0} U (4; +00).

4. a) |-6;0]; 6) [0;2].

Bapuanr 3
x+ 3

1. a) ¥pasHeHue npavolt AB: y = . 6) Ha sT0if mpaMoit JeKaT TOUKH

K(15;9) n L(19;11). Cacapsarcanio, obe Touka C ¥ D aesKat make 3Toi
TPSIMOH, NOSTOMY OHH [HMCTIOJUBKEHK O OJTHY CTOPOHY 0T Hee.
2. a) Cm. sapunanr 1. 6) Iockonsky

at+3x+3 = -1,
jlmy=gletders
(a-3Nx—-3, < -1,

TO MHGKECTBOM 3HAYICHAH AaHAol (QyHKIMH He DYAeT BCA “IMCIOBAS [IpS-
Mada TOrAa H TOJIBKO TOrIda, KOrjga aTa ¢)yHKHHH He ABAAETCH CTPOrG MO-
HoTOHHON Ha R, T. e. Korma (a — 3)(a¢ + 3) € 0, 4To mMeeT MecTo npu
a e [-3;3).
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3. Jannasa GyHKOHME BO3PACTALT HA KAXKAOM H3 MPOMeXyTKoB [—1;0) n
(0;1). Scku3 ee rpacuka H30GPaSKEH HA PHCYHKE.

3

-1

-3

Tloaromy ypasHerre umeer 0aHo pewedde upy a € {—co; —1) U {1;400) 1
HMEET JBa pemenud upu a € [—1;1].

4. a) Keagparuunas ¢pyskuus y = 8 — 2r — 22 JocTHraeT cBoero Hau-
OGonpmero suageHns ¥ = 9 npu & = —1. Takam obpazoM, MHEKECTBO
3HaYeHnit pyHkumEr fi — 370 orpesok [0;6]. 6) [Ipu z € [0; 9] 3uageHuaMu
t — /z aBaa0Tca Bee wnucia orpe3ka (0; 3|, Tax kak kBagpaTnusas byHK-
mia ¥ = 2t — £ BospacraeT Ha orpeske [0; 1] u ybriBaer Ha [1;3], To ee
Hanbonblee 3HaueHne pasHo 1, a HaumMeHblilee 3Ha4YeHue paBHO —3. TakuM
06pasoM, MHOXKECTBO 3HaveHml Janaol GYHKUIHY ecTb OTpesoK [—3; 1],

Bapnanr 4

1. a) YpaseeHne manHoii mpamoii: y = 2x — 3. 6) Touka C nexxur Bl
npamvot AB, Torga xak Touka DD HmbKe 3Toft mpsamoft. TakuM obpasoM,
STH TOYKA JCKAT 10 DASHLIC CTOPOITLI OT Tipamoit AB.

2. a) Cum. sapuant 2. 6) Otser: @ € (—o0; —3) U (3; +20).

3. Jannasa GyHKOHME BO3PACTACT HA KAXAOM H3 NMPOMEXYTKOB [—2;0) n
(0; 2). Scku3 ee rpacduka H30GpakeH HA PHCYHKE.
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IlosTomy ypaBHEHHe HMEET OOHO pemenne npa ¢ € (—oo; —1) U (1;4x0) 1
JBA peleHus npu a € [—1;1].
4.a) [0:1]; 6) [-7;9).

CamocrogTenbHas pabora 4

Bapnasar 1

1. a) h(z) = —0!

vr+3+1
dr+4
AseTCest MPOMEXKYTOK [—3; +00); plx) = \/ +3= \/ obnacTL

, OOITACTRIO OTINEIIEHNA JTAHHOH (DYHKITIH AR

z+1"’

onpenesennsa — o0 beIUHEHNE (—oc, -3 ] U (—1, +00}. 6) OyHkuna h yOu-
BacT 114 Beed cpocll obIacTH ONpeIeICHA.

2. Oyvaxkuua f yObiBaeT Ha IpoMexXyTKe (—oc; 1], Bo3pacTaeT Ha mpome-
KYTKe [1;+20).

3. Tlockombky dyukmua f(z) = vbx — 1 + 23 BospacTaer Ha cBoeit obia-
CTH CUOPEeNIeHAA, TO JAHHOE YPABHEHHE NMEET He BoJiee OHOI0 pPelleH .
Ocranoch 3sMeTNTE, 9To f(2) = 11, 1o3TOMY OTBeT: & = 2.

4. a} [IpeoSpa3zyem Boipaxenue

1
2 |1

zt—zf 41 : 1 ’
fo) =" g =2+ g = 14

Myern f =22+ 1 2 1. Torga f(z) =t —|— = =121, npuarom f(0) =1
u sHagenne f(r) moxer GbITh CKOMBL yTU,.r_I,Ho Gomemum. CrenoepaTeILHO,
MHOXKECTBOM 3HaMeHull JaHRol QYHKINY ABALETCA NPOMEXYTOK [1; +03).
0) TTockonbky byukuua g{t) = £+ % — 1 Bozpacraer Ha [1; +00), To dbyHK-
mua f yGeiBaer Ha npoMexyTke (—oo; 0] ¥ BospacTaeT Ha [0; +x).

Bapnanr 2

—22—3

a) Orersl: hix) = > 13

npu & € 2;+00); ¢(z) HpH

1
VZ—2+2
T E [—2; —% ] 6) Oyukuna h ybrmacr 1a peeli ec o6a2CTH OIPCACICIHA.
2. QyHKIMA h BO3PACTAET Ha NPOMEXYTKe (—o0; —2| B yObiBaeT Ha mpo-
MEIKYTKE [—2; +00).
3.z=3.

4. a) MHoxkecTRO 3HaueHnit: [1; +00). 6) DyHkuma f yOriBaeT Ha mpoMe-
#yTKe {—0o0; 0] 1 Bo3pactaer Ha [0; +oc).
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Bapuanr 3

1. a}) g(r) = 4—{(z+2) V2 —x; rpadhHK Ha NEBOM PUCYHKE.
6) h(z) = /4 — (22 +32) = \/4 3z — x2; rpapuKoM HBISETCH LOJY-
OKPYKHOOTE, HIODPAMKEHHAS HA TIPAROM PHCYHKE.

i T yOBIBAET HA KasKIOM M3 MPOMEXYTKOB (—o00: 1)
d (1; +00). PemiuB HepapeHCTBO $+1
Caenorarentho, Ha ipovexkyTKax (—oo; 1) w [2; + o) dyrkmms g senseres
yGbiBatometi, a Ha npomexyTre (1;2] — Bospacraomefi (Kak KoMnosunus
OBYX yOBIBAIOIHHX (b} HKIHHA ).

3. Tlonosxkus t = — 2x, NoAy9HM ypasienne t° -+ f + 1 = 247, ann
£ 4t = 246. Hmt}(nmﬂ{} NeBasg TACTE FTOTO YPABHEHHS OODEEIAET BO3-
pactaouyie Ha R $yekIpro, 1o 310 ypaBHeHMe MMeeT He GoJiee OIHOTO
peirenusi. Tak kak 11pu t — 3 [oJydaeMm BepHOe paBeHCTBo, To £t — 3

HABAASTCA 2JHHCTBEHHEIM DellleHHeM 3ITOrQ ypaeHEHHH. Pemmp YpaBHEHHS

2. Gyuxums hz) =

< 1, moayyuM, yto z < lumm z = 2.

% — 22 — 3 = 0, monyuum otser: = —1; 3.
4, Cnoco6 1. Ilockonpky xf T = 1+ ﬁ, TO YpaBHeHH€e NMpeobpa3yeTcd
9:-}- ] = - 1. Beipaxenue B JIEBOH HaCIH ITOTO YPaB-

HeHus onpefendeT (PYHKOMIO, YORBAIIYI HA Kad(I0M U3 MPOMEXYTKOB
(—o0; —1), (—1;1) 1 (1; +00). Usobpa3ue sckus rpacduxa sroit pyHKLMK
(PHCYHOK),
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HOJYYHM, 9TO AAHHOE YPABHEHHE HMEET eIMHCTBEHHOE pelieHue IpH @ = 1,
a IIpH BCeX QCTANBHBIX 3HEHCHHAX 4 YDABHEHHAC HMECT BA PelIieHAA.

Criocob 2. Jlamwroe yparnenne npeobpasyeres k ypassennio (¢ — 1)z —
254+ (1 —a) = 0. amerum, 110 o z = 1, v 2 = —1 HE HBANKOTCH €10 pe-
IIeHHsIMH, a NOTOMY 3TO YpaBHeHHe paBHOCHAbHO HexogHomy. [pua =1
OHO MMeeT eIuHCTBenHoe pewenne x = 0. [IpH Bcex ApYrux 3HadeHHsaX o
MBI TIOJy4aeM KBaJpATHOE YPaBHCHHE C IIOJIOKHTEIbHBIM JUCKDAMHHAH-
TOM, CN€JA0BATENBHO, OHO MMEET JBa DEIIeHHs.

Bapuant 4

1. g{x)=+v5—zn hiz) = v4+ 3z — 2% ; rpaduru — Ha PUCYHKAX.

-1 2 4
2. Jlannas dbyRKOpMs BOSPACTACT HA KAMIOM W3 OPOMENCYTKOB (-2} m

[2 +50), yOLIBaCT 4 POMEKYTKe (2; %J

3. Oreer: = —-3; 1.

4. OTBeT: 0JHO pelleHKe IPH ¢ = —1, HPH OCTANBHBIX 3HAYCHHAX ¢ YPAB-
HEHHE MMEET Ba DeIleHHs.

Camocrosresibaast pabora 5

Bapnanr 1

1. a) Tak kak f(3) = 5, 10 g(5) = 3.6) Ecaiu 2z + 1 = 5, o z = 2,
noaromy g(h) = 2. 8) Ecam /3r +1 =5, 10 z = &, snasaur, g(5) = 8.

2, Oymkuna g1 (r) = z* — 2z ofipaTnva Ha poMexkyTke (—00; 1], byHKnus
g2(x) = a — 2z obparama Ha mpomexkyTke (1;+0o0) (oxa obparnma n Ha
Beed uncnosol npsamoit). Pyuxuua f(z) Gyner obpaTaMolt, ecan MHOMNE-
cTBa 3HaveHull pyHkuuit g;(x) u go(r) He UMeloT obmmx Touek. Muoxe-
CTBOM 3HAMEHMIl NEPBOM U3 HAX ABIHETCA NPOMEXYTOK [—1;40c), MHO-
>KECTBOM 3HAYEHHN BTOPOH GYBKIMH ABIA€TCA TIPOMEKYTOK (—0o0;a — 2).
DTU MEOXECTBA 3HAYMEHNY He HepecekaloTed, ecnu ¢ — 2 £ —1. OTcloga u
CNEAYCT OTRCT: AaHuad hyuKims obparuMa, coid a < 1.

3. a) Myere fi(x) = 2f(r). BEcam fL{(B) = a, o f(h) = %, TAK YTO
b = g(% ). Caemosateasho, ¢bynkunelt, obparsoft dyukoum 2f(z), ss-
ngeTcs byuxkmua g, (x) = g(% ) 6) Ecnu 2 — f(b) = a, To f(b) = 2 — q,
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nostomy b = ¢g(2 — a). 3naunt, dyukoueii, obparsoit dynkunn 2 — f(z),
saBnAeres PyHRoUR g2(r) = g(2 — ).

4. Fom 6 + 302 +3b=a, 0 (b+ 1P =a+ 1,8+ 1 = a +1. loaro-
My vk, obpariaa gamrod yukoe f, sagactea dopumyaoit g{z) =
=s/x+1-1.

Bapuaur 2

L. a)g(3) =5 6) g(3)=1;8) g(3) = 2.
2.02 -1

3. a) g(2x); 6) g{z + 2).

4. g{x) — Y -1+ 1.

Bapmnant 3

1. a) MuoxkecTBOM 3HadeHUlt PyHKIHY f| 9BIZETCT MPOMEXYTOK [0; +o¢),
A TIOTOMY 3T0 MIOKCCTBO CCThL 06JACTL onpeaeneind GpyIKIHK 7y, 0DpaT-
voit panuoil dyukuuu fi. Bean f1(b) = 1 -2b = a, 10 b = l—za .

2
Crnenosarensno, ¢(z) = IT'T", opu 3ToM & 2 0. 6) Pyuruna folxr) =
— 22 + 4z — 1 ofpaTuma Ba TpoMexyTke (—oc; —2]. Ecau b +4b— 1 — q,
T0, 0 ¢opMyJIe KOpHel KBajJpaTHOro ypasHeHus, b = —2 £ va+ 5. Ogp-
HAKO IOCKOJIBKY MHOKECTBOM 3Ha4deHui DyHKUHH go, oOpaTHoll GyHKIpK
f2, moMKeH GHITE TPOMEXKYTOR (—00; —2], To go(z) = =2 — VT + 5.

2. Qyukums fzr) 3a7aeTca paBeHCTBAMY

2 - 2 ]
o) = (24+a)r—ampuz 21
(2-a)r+ampux <l

Dta dyakumsa 6yaer obpaTMoll, eclid OHA MOHOTOHHA HA BCEH HYHCJIO-
BOI OPEMOH, T. €. €CJH OHA ABIAETCH JAHUO0 BO3PACTAIOMEH HA KaXIOM H3
npoMexyTKOB {—co; 1} 1 [1; +oc), aubo yGeiBalomel Ha KaxKIOM H3 HHX.
Taxuv 06pa3oM, OOMTKHO BHIIONHATbCA HepaseHcTBo (2 + a)(2 — a) > 0,
amm a® < 4, oTkyaa @ € (—2;2).

3. a) Ecun 2bbj23 =a, 10 2b+ 3 = ab - 20, orkyna b = 2:;'—23 . Takum
obpasomM, pyHxuus f{x) saBasercs obpaTHot camolt cebe. 6) Haltaem ¢op-
myaty sas byrkmmm g(x), obparaol dyukmun f(x). Fean ayy_! cb =, TO
ay + b= xy+ cx, otkyma y = _::: — 4 , CIIEIXOBATENLHO, g(T) = _f_zb .

TakuM 06pa3zoM, PaBEeHCTBO f = g UMEET MeCTO TOrZAa W TOJBKO TOL/R,
KOTHd @ = —C.
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4. feno, 4To ecnu U3 IUCEN T ¥ Tp 008, ABAAIOTCA DALUMOHAIBHEIMH, JHO0
088  HppANHMOHANBHBIMHU, TO f(x)) # f(x2). Ilpeanono:xeaM Tenepb, 9TO
] — PAITHOHATTRHOE THCITO, Tz — WPPAITHOAATEROE 9uenn, a f{z1) = f{xa).
Ho rorna iy \/5 = Xz , OTKYAA CAENyer, 91 vy = 221, IO HEBOIMKHO.

V2

CaepopaTenbHo, JaHHAS GYHKLIEA 06paTHMA.

BapmanT 4
La)gp(z) —1-2%6) golx) —1- v2 -1,
2.0 € (—o0; —2) U (25 +0).
3. a) Oynkuueit, obpaTHoll f ABIgeTCA caMa »Ta GyHKUMA; 6) ¢ = —¢.
4. Jla, asnserca.

CamocrosTenpHasn pabora 6

BapmnanT 1
1. a) CyvmMa aByx moAysedl MoXKeT GLITh HelloJKMTENLHON, TOJNLKO EC/IH
oba 13 HEX paBHBI HyJ110. II09TOMY JaHHOE HepaBeHCTBO 33/1aeT OAHY TOYKY
M(1;-2).6) Takkaxk 2 +z -y -y = T —-yoa+y)+ (& —y) =
— (& —y)(x + y+ 1), To faBHOE ypaBHEHHE 335aeT OObELRHEHAE IPAMbIX
y=zuy=—1—x (1eBRIfi PHCVHOK).

2,

2. a) JlaHHOe HepaBeHCTBO 3aJaeT poMf ¢ BepIIMHAMH B To9kax (+4;0) 1
(0;-£2) (mpaBrit pHEYROK), & TOTOMY ero mioma ks pasaa, 16, 6) Tockoas-
Ky MHEKeCTB0O, 383 (AaHH0E HAHHBIM HEDABEHC1THBOM, €CTbh PEIY/BTAL 11apaJl-
JeJIbHOTO TIePeHOca. MHOKECTBa, 33,JaHHOTC HEDBBEHCTBOM MNpeABIAYIIEro
MYHKTa, TO €70 OAONIaLh TakxKke paBHa 16.

3. a) PaccMoTpuM crieayomyo nenodky npecbpasoBanmnii:

VIS vz B /-3 33—z 3 V3-|z+2.

3neck gepe3s T; mbl 0003HauaeM nNpeobpasoBalpe, OPH NOMOIOH KOTOPOIo
u3 rpadpuka GHYHKUMH, 38 JaHHON JeBoii hopMy.I0it, moayaaeTca rpaduk
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dyskuun, 3aasEB0l npasol dopmynoit. IIpeobpasosanne 17 ecth cuM-
MeTpHA OTHOCHTENLHO OCH OpAMHAT, TipeofpazoBanne 7h  mApALIeIb-
HEI meperoc Ha 3 e JHHMIE BOPaBo RAOTL oc aborpee. Tlpeobpasoranme
T3 32KJ0M881CH B TOM, TG U3 LPeAbiAylEro 1paduka o1Hpacesasres
€ro 4acTh, JeXaillasd JIeBee OCH OPDIHHAT, H K YACTH, JieXKaniel npaBee ocH
OpAMHAT, JobabasteTcd ee obpa3 NP CHMMETPHH OTHOCHTE/IbHO FTOH OCH.
IIpeobpazosanme Ty ecTh DApAJIESBHBI! NEPEHOC HA 2 €MHHAIBI BIEBO
BJOJE OCH abCIuce.
6) OrBer Ha PHCYHKe.

2

5 -4 -3 -2 -1 1

4. a) Tak kax f(z) = V22 +1++/(—2)2+1, 10

2 o=@ z2 111/ 2)21t1=f(x).

Takmm obpasoM, npaMaa £ = 1 ABAACTCA OCLID CHMMCTPHH Ipadnxa 3ToR
dbyuripn. 6) Tonwkum f(r,y) = 22% — oy + 29 Tak kax f(r,y) =
Fly,x) = f(—y,—x), TO MHOXeCTBO, 3aJAHHOE JAHHEIM HEDPABEHCTBOM,
CHMMETPHYHO OTHOCHTEIBHO NPAMBIX j = & U Y = —I,

BapnanT 2

1. a) Touxa M{—2;3). 6) O6bequHeANe IPAMEIX Y = £ B Y = 2 — x (JIeBLIR
PHCYHOK ).

2. a) MEoxecTBO ecTh poM6 (mpaBeifit pucysok) muomami 4. 6) Orser: 4.
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3. a} B ofo3nadennax 13 pemieHHs 3804l 3 BADHAHTS 1 HAIO M3MEHHTH
TONBLKO OpeodpasoBannd 15 1 Ty B nanHOoM cay4dae 15 eCTh Napa1ienbHbIl
neperac Ha. 2 eIRANITH BAPRBO BAOJR oK abeiwee, a Ty — napaganennanif
HEPEHOC Ha 3 €UMBHLBL BUPABO BAMWIL TOH xe ocu. 6) Oreer aa pucynke.

4. a) Orser: npamag r = —2. 6) Orser: OpsAMBle Y =T 0 § = — T,
BapwnanT 3

1. a) Tak kak z° — 2z — y* + 2% = (z — ¥*)(x + y* — 2), To mcKOMOE
MHOXECTBC ©CThb OU/beJMHEHHE «Jexammx Ha 6oky» mapabon z — y° M
z — 2 —y? (neswilt pucynox).

6) Uz gamsoro ypaerenms cneqyer, 4To r + Y > 0. IIpe stom ycaosmm
MOJAYYaeM, 4TO z% — y2 =%+ Yy nmm y2 -2 =zx+ y. llostomy x +y =0
nm z — y — =1, OTBer Ha NPaBoOM PHCYHKE,

2. a) JlanHoe HepaBeHCTBO mpeobpasyerca K Buxy (r — 1) + (y —2)% < 5,
TOSTOMY OHO 33,Ta€T KPYr ¢ LeHTpoMm B Touke P(1;2) u paauycom V5.
llosToMy mekoMmad momanb pasHa 5. 6) llepBoe HepaBeHCTBO IJaHHOM
CUCTEMBL 38086T KPYT ¢ HEHTPOM B Touke P{1:2) B paguycoM V8. annas
CHCTEMA 33J36T KOMLIO, MPAIHANEH KOTOPOra aBISTCH KONICHTPHYCCKHAR
OKPYZHOUTH ¢ DRJIAYCAMIA \/E | \/ﬁ TTnougaae kovisla pasda 8w —hx = 3.
3. a) PacemoTprm crienyroniyio nenouky npeobpazoBanuil:

VIS V=18 Vjz|-18
Ty _

Viz+2 -1 Vet 18 2-jzr+2 —1.
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3amecyr yepes T, Mbl obo3HAGaEM OPeodPA3OBAHHE, IIDH AOMOIIH KOTOPO-
ro u3 rpaduka QYHKUIUN, 3a7aHH0d TeBoit hopMmynolt, nonyuaeTes rpa-
dwk hyrxnpn, saasdol npasoll opyynoli. T) ecTh mapaigensHul ne-
peHoc Ha 1 equuuily Bapaso Baosab ocd abeuuce. Ipeobpasosanue Th 3a-
KJIIOYA8TCH B TOM, 9T0 K rpaduky ¥ = vz — 1 Mbl q0GaBaseM MHOXKe-
CTBO, CHMMETDPHIHOe ITOMY IPpadUKY OTHOCHTEAbHO OCH opanHaT. T; ecThb
APAJUIE/BHBI EPEHOC HA 2 e MHMIBI BJEBO BIOJMb OCH abeiwmce, Ty —
CAMMETDHS OTHOCHTENERHO OCH abcrpce, a Ty — mapainefibHBIA NepeHOC
Ha 2 efMHHIB! BBeDX BAOJAL OCKH opuuHat. s roro wrobbl nomy4uTh
3 rpadura y = 2 — +/|z + 2| — 1 MHOXKeCTBO, 3aNAHHOE yDABHEHHEM
lyl] = 2 — |z +2|—1, Haap K wacTH aToro rpadMka, Aexamed BLIme
ocH abcumce, a0GaBHTL ee obpa3 mpH OCEBOH CHMMETPHH OTHOCHTEILHO
aroi ocu. ©) OTBeT Ha PUCYHKE.

4. a)} YTBepXKIeHHE 381a40 CJAEAYeT M3 TOI'O, YTO JIeBas 9acTh JAHHOIO
HEPABEHCTBY He M3VEHAeTCd, 8CoTd MbL 3aMeraeM napy [, y) napo#t (y, )
mabo napoit (—y, —z). 6) WaohpaszuM sHavalle YacTh MHOMXKECTRA, JeXa-
YK B VIJie, 330aHHOM HepaBeHeTBamu £+ y 2 O u x — y 2 0. Tax xak
TIPH 3THX YCJIOBAAX MEI [TONYYAEM HEPABEHCTEO I £ 1, TO 3Ta 4YacTh ABJA-
eTCST TPEYTONBHUKOM, H300paKeHHBIM HA JIEBOM DHCYHKE.

2

2

B cnny yeranosneHHON B NEpBOM MYHKTE CHMMETPH'IHOCTH MHOYKECTBA
OTHOCHTEJIBHO NPAMBIX ¥ — T H ¥ — —Z, CAMO ITO MHOKECTBO ABJIALTCA
KBaJpaToM, N300paskeHHHM HA NMPABOM DHCYHKE.
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Bapnant 4
1. OTeeTsl: K nYHKTY {a) HA N€BOM PHCYHKE; K IIYHKTY (0) — Ha npaBom.

2. Oreetr: &) 57; 6) w.
3. 6) Oreer Ha pucyHke.

1
—}2-’11' ey <@

4, 6} Oreer Ha pucyHke.

-2 2

. S

Camocrosrenvaas pabora 7

BapmnanT 1
1. Ecam V22 +x = \/:7:2 +na, o x = a. OaHako RafjieHHOe IHATEHAES
nepeMenHofl ABIAETCA pellleHHeM YPAaBHEHHs, TOJBKO eCH a*+a > 0
Tostomy, eccir a € (—1;0), TO ypaBHeHHEe DEIICHHH HE HMEOT, eCJIH 2kKe
a € (—oo; —1] U [0; +o¢), TO ypaBHEHHE MMEET OO PelleHNE.
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2. Ecm @ = 0, 1o vpaBHeHne nMeT gBa pemenna ¥ = 2. Ilpu a # 0
OyreM paccykaaTh reoMerpudecku. I'paduk y = /4 — 2¢ apaserca no-
AYOKPYXHOCTRIO, ypaRreHne y = a(z — 1) 3818eT MpaMyn, NpOXo/ Iy
nepes rouky A(1;0) (pucynox).

Kexxnas 13 Takux NpsMbIX OepeceKaeT oKPY:KHOCTh B ABYX TOUKAX, OLHA
H3 KOTOPEIX JIC:KHT BLIOIC O0cH abCHHce, A APYres JeKHT IEXKe 3Tol ocH.
TlosTomy mpH Beex a # ) ypaBIICIHC UMCET SIEHCTBCIICE PCILICITHE.
Orser: a =0.

3. Ha cienyoniem prcyHke H300paskeHO MHOMKECTBO, 3aJ4HHOS HEPABEH-
cTBOM § = V2 — |z

Toukoli srore MuokecTsa, Gumkalmel K HANALY KOOPAMHAT, HBIHE1ICH

(L1 1,1
V2’ V2

(WA TAKOM >Xe PACCTOSHWH HAXO,ATCA W TOYKA (—— ;— ))
V22
CaeIoBaTeNbAO, HAMMEHBIINM 3HAYCHHEM CYMMBI T2 + 32 apageTca 1.
4. Hepasenctro [z]| + |y| € 1 3agaeT kBaapaT, H300pazkeHHBIN Ha CJIEIYIO-
meM pucyHke. fcHo, aTo ¢ > 0. Torga ypasHeAne OaHHOH CACTEMEBL 32IA€T
OKDYKHOCTB ¢ LEHTpOM B Touke F(2;0). lanHas cucTeMa MMEET KOHEY-
HOE HEHVIEBOE YHCIO pellleHUtt, 6CIH OKPYIKHOCTD MEPECEeKAeT KBA,IPAT He
0 AYre, 8 B KOHCYHOM YHCJIC TOYCK. B 3TOM ciIydac oKpyKIIOCTb J0JDK-
Ha TIPOXOJATE VePe3 TOYKY KBaJIDATA, MBAAIMYIcs Tab0 Gmmkafimel K
torike P, nubo camolt ganexot or Hee. Takumu sinstorcs Toukn A(1; 0)
n B(—1;0). 3aaunr, pagayc okpyxkuocTy paser 1 nnu 3. [Tosromy orser:
a— 1;9.
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Bapuanr 2
1. OtBeT: ypaBHeHue He HMeeT pewreHali npu @ € (0;2); ecim a € (—oo; 0)U
[2: 400), TO ypaBHEHHe HMBET OAHG PelleHue.
2. Oreer: npH ¢ = 0.
3. Oreer: 1 (puCyHOK).

4. OTeer: a = 4; 16.

BapuanT 3
1. Vpapuenne y = /4 — 2 3a18€T BEPXHIOKD NONYOKPYXKHOCTL PAIAY-
COM 2, a8 YPABHEHHUS BUAQ § = @ — &  OpAMHE, NapalIeabHble IpaMoit
y = —x. CHCTCMA HE UMCCT DEIICIHN, COITH TI0IYOKPYKIOCTD HC NCPCeeKa-
enres O l[pHL‘I(}ﬁ. C.'IHJL()HH’['HJII—:H(}, 214 IPHMAaN NI HAL ﬁhl‘l‘h JHHSTHLTOAKEHR
nubo HiKe Opsamoli y = —2 — z, aubo BbIE KACATENLHON K STOH Doay-
OKPY2KHOCTH (PHCYHOK).
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Tak KaK >Ta KACATeIbHAS NEPICHIHKY/IADHA IPAMOM ¢ = £, TO OHA IPO-
XomuT gepe3 To4Ky (v2;v/2), otkyna a = 2v/2. Oteer: @ € (—00; —2) U
(2v/2; +00).

2. IlepermameM JaHnoOe vpaBHeHue B BUIe v4 — x? = a(z — 2)+2. Ypaere-
Hue ¥ = a(z — 2) + 2 3a08eT NpAMYIO, OPOXOLAMYIO Yepes Touky FP(2;2).
Takas MpAMAad TCPCCCUCT MOIYOKPYKIOCTL ¥ = /4 — T2 B ABYX TOUYKaX,
BCHH TOUKA [Tepece e HHA #rod III)SIM(_)ﬁ C OUBH) HfKTILH{!(T JIEZKHAT JeBee TOYIKH
B{—2;0) (mmm copnanaer ¢ Hell, cM. PACYHOK ).

2 1 1 2

Hostomy oreer: a € {0; % .

3. [lone3Ho IPABECTA HECKONBKO pelneHull 3Tol 3p0auH, ONHAKO MBI OIPa-
HUSAMCS OFTHHM W3 HAX. J|aHHOEB YPaRHEHWE HMEeT DEIeHHE TOT/E. 0 TOTh-
KO TOUA, KOUJA UEI0 b sisasieres ogquum ws snanenndl dyakuun f(z) =
2|z| + |& — a|. MHoKecTBOM 3HaYeHMH 3TON (YHKIMM HABJSETCH ITPOME-
AKYTOK [c; +00), Tde ¢ — 3To BauMeHblee u3 3Hauernfl f{0) u f(a) sToit
¢yuxmpn. Tax kak f(0) = |a|, a f{a) = 2|a|, To ¢ = min{|a|,2|a|} = |a|.
TlosToMy ypaBHeH#e HMeeT DEIIEHKe TOTAa M TONBKO TOraa, Korga b 2 |a.

4, TlockoabKy 3aMeHa i Ha —Y HE MEHAET CHCTEMY, TO BMECTE ¢ pele-
HUeM {Zg,yg) PelieHreM JAHHON CHCTEMbI SIBJASETCA napa (o, —yo). Cie-
JOBaTEIbHO, eIUHCTBEHHREIM PEIIeHUEM 3TOH CHCTeMEl JA0T#HA OBITH ma-
pa (zg,0). Ilogcrasus y = 0, Doxy<mM, 9TO 2 =2uzx=—a, OTKYAR
a = +/2 . O1HaK0 HHOTKYIa He ClefyeT, YTO NPH BCEX HalTeHHbIX 3HAYe-
HUAX @ cucTeMa AelCTBUTEILHO UMEET eAHHCTBeHHoe pelledize. [loacTaBub
a = /2, noIy4nm, uro BMecre ¢ pernenreM (—v/2,0) cucTeMa HMeeT eme
JBa pemennst: (0, :I:\/E) Ecnu o = —v/2, 10 ¢ ogaol ctopodn, ¢ € V2,
a ¢ apyroft — Haobopot, 2 V2, noaromy nmapa (v/2,0) seaserca exan-
CTBEHHLIM DellleHVeM AaHHOH cucTeMbl. Takum obpazoM, oTBeT: @ = —v/2.
TeoMeTpuyeckas MHTEPOPETAIMS CHCTEMBI M MOAYYEHHOTO OTBETA — HA
PHCYHEKE Ha CACAYVIOWIEH CTpaHuLg,
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e

BapwanT 4
1. Oteer: 0 € (—00; —3) U (3y/2; +00). 2. OTrer: a € [—% ;0.
3. Oreer: mpu a 2 |b]. 4. OTeer: 2 = V3.

HOCJIGAOB&TEJUJHUCTH

CamacrosaTensHast pabora 8

Bapwanr 1

30 1 30!
1.8) T30 = { } = { } 5 Yan = {T} = 0. 6) Muoxecrso sHaqeHult
11 3,
HEpBOﬁ I'[UCJIE,I[OB&TEIIBHO("T}I ‘{ Z 5 Z }, MHOMKECTED 3HAMICHHT BTOpOﬁ

IIoCJe noBaTeNILHOCTH: {0 4 2}

Tpt1 =N 13 =T+ 1HT) =35 Yoy = V0 2=\/y§ 12 =
=VyZ+luy =2,

3.a)z, —x1+6(n—1) —6n—-4.6) x,, — 3+ (—-1)™.

4. a) HanbonnimuM w4neHOM NOCTENOBATENLHOCTH #ABISETCH 1 = 5, a
HaMMEHbLIETO WieHa He cyiecTsyeT. 6) Haumenbmum unenom sasisercs
219 = —100, a Hanbonemero aneHs ve cymecTryer. B) Hanmenpmum die-
HOM ABIAETCA 2, = 2, HAUGOJBIIEro He CYIIECTBYeT. 3aMeTHM, YTO Mo-
RE/IEHAE JMAHHON TIOCNEIOBATENLHOCTH 3aBHCHT OT €€ HAYAJNLAOTO 49JIeHa,
HOFTOMY HEOOXOAMMO IPOBBCTH PACCYKAEHHE. TaK KaK &y — Ty = £ —1,
TG 00 MHIYKIMH JOKA3bIBAETCH, YT 8CIH £y > 1, TO MOCIEAOBATEMbHOCTD
ABJIAETCH BO3PACTAIOMIEH.

g

BapmanTr 2

1. a) uwz = {%} = {%} = %; Yo = {3%1} = 0. 6) MuwkerTBO 3HaYE-

Huit nepsofi nocrenosatensHocTH: {0, 1 , 1381531 }; muOM)ecTBO
8748728747817

3HAYCHHH BTOPOIl NIOCACHOBATEILHOCTH: {0, % , % ,% }
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2.z, =2, 4202 =3 Yn = VUEHluy =1,

3.a)z, =8n—-6.6)z,=4+2-(-1)"

4. a) HaubonpmwumM <91eHOM NOCISAOBATENbHOCTH aBiseTcd 1 = 6, a
HAMMEHBILETO WieHa He cymecrByeT. 6) Hambonbmum qneHoM sBIseTcs
T15 = 225, a HauMeHbIIEro YjleHa He cymlecTsyeT. B) HauMmenbmum wme-
HOM ABIACTCA 1 = 1, HAaMBOABLIENO He CYIIECTBYET.

Bapuwant 3

1. a) Tak xak %2 < 1, T0 zp, < 3. Pemas HepaBeHCTRO Xy 22 1, TIOAY MM,
_3n_

uTQ 7 2z 1, 9To RepHO. G

2 pro. 6) = nt2
JPYTHUX NeNbIX SHAYEHU :a'ra OCIEI0BATEIBHOCTD IPUEAMATE HE MOYKET.
B) Jl0Goe nppalioHallbHOE YHCIIO, HAlIPUMep, V2.
2. a)m, =2-6 ;G):{:n=T.
3. CocrapuM TabJHIy HECKOABKHX IIEPBBHIX 3HAYEHHI “WIEHOB JaHHOH mo-
CNIeA0BATEILHOCTH

=1mnpun =1, =2nopnn=4 a

n 1

ol oo | o
e | 7Y | b

Z, | 2

3
4
3
n+l

lI

BosnukaeT npenoaoKeHue, 4TO X,

_ 1 _45__n _n+t2
Tnt1 =2 T 2 n-1 n+l1’

4. a) Tak kax x,, > n, 70 HanboNbWEro WieHA He CYIIECTBYeT. Tak Kak

. HoxaxkeM ero mo HHIYKIHANA!

9TD 1 Tl)eﬁOBEUIO('B

4
7+ o =2 2/n- n = 4 = 24, TO HAHMEHBIIHM “JACHOM JAHHON MOCIeno-
BaTeIbHOCTH siBdeTcA ee BTopoflt unen. 6) Tak kak # = —1, a x, > 0
IpH BCeX 7i 2 2, To r) — namveHplMl unen. Tak kak ¢,y < x, OpH Beex
1 .

nz2 1oL = 53— Hanbonsmui wieH. B) Ecma 21 = ¢, To 22 = 2¢—1, 23 =
= 4¢—3, 4 = 8¢—7. BosHEKaeT npeanonoxenue, uto ,, = 2° {c—1)+1.
Ilo HHAYKUME: Zpy) = 20, — 1 =2R(c— 1} +2 -1 = 2%(c— 1) + 1. Ilo-
3TOMY IpPH ¢ = 1 IoCcaegOBATETBHOCTE MOCTOAHHA. BEenmn ¢ > 1, To Ty — ee
HauMeRbIUH 4neH, w HUBDOIBIIETO HE CYUIECTBYeT; ecana ¢ < 1, To &
ll}llrlﬁ(_'l.'ib]_l_llrlﬁ YJI1CH, 8 HAHMCULITNE!'G He C_)a’ILL{_‘.C’l‘ByC'l‘.

BapmnanT 4
1.6)z1=1,23 =2, 29 = 3; )\/—
2. a.):rn—f“ 2,6) z, = 3+ (=1)".

8. 2 = = -
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4. a) HanMeHbpmuy 4ieHOM gBideTCd &3 = B, HanboapLiero He CyILECTBY-

1
eT. 0) HanMenpmnm unenom apiaserca 1) = ~3 HanOOMBIINM — Xy = 1.
B) Tak Kak z, = (c+1)2% ! — 1, rae z; = ¢, To npu ¢ = —1 noc.Iea0-
BATEIbHOCTh IMOCTOAHHA, OPH ¢ > —1 €6 HAMMEHDBIIMM YJICHOM HABJISCTCH
1 = ¢, a HarGOJBINETO WIEHA He CYIIECTBYET, TPH ¢ <. —1 ee HanHOAbIIHM

YI1eHOM ABIAeTCd X)) = ¢, 4 HAHMCHBIOIEro 4JeHa HE CYOIeCTBYET.

CamocTosTesnHas padbora 9

Bapwanr 1

1
2
takske pacteT. MoxHO BeI0 TpogenaTrs U popMaibHOE NpecbpazoBaHUE;

1
1. a) Tak kak z,, = (1 - m), TO ¢ YBEJHICHUEM 1 3HAYEHHE Ty

n+1 n 1

T +3 I+l (2n+1)(20+3) > 0.

Ly —Tnp-1

6) Tlockoabky 45° < 72° < 90°, To @ = tg72° > 1. IlosToMy nocneaoBa-
TEJIBHOCTh &, = a” — BO3pacTalollasd.
2. Her, uesepno. Ilpumep: x, = n — 2.
3. a) Hepasenetso (n + 1)2 — 2a{n + 1) > n? — 2an umeeT MeCTO TOLIa K
TOJBKO TOrJA, Korda 2n+1 > 2a npuBcex n € N, . e. npu a < % . TakeMm

3y - . 1-2a
oHpasOM, OTBET: a € ([], = ) } ockoobky @, = 24 e

,Tonpna>é

2
JAHHAS NOCTeJOBATEIbHOCTL  BoapacTaloniad. OTBeT: a € (% ;—I-OO)-
4. a) Ha, uepuopuueckas; nepuos, pasen 5. 6) Dra HoCneA0BATENLHOCTE
siBJBTeTes yOuiBaolel, a IOTOMY OHA HenepHoAu‘ecKas. B) Ja, nepuoau-
YeCKas; nepuos paseH 7.

BapwnanTt 2
1

1.a)z, =2+ s
a=1g36° € (0;1}, T0 &, = a® ybuiBaeT.
2. Her, ueBepno; npiMep: x, = n — 4.
3.a)ac (0;3). 6) ac (0;2).
4. a) Ilepuoguaeckas, nepuon pased Y. 6) Henepuogudgeckas. B) Iepuo-
JMUIECKAH, HEPHMOIL PABeH D,

a NoToMy , vbuiBact ¢ poctoMm n. 6) Tak kak

BapmnanT 3

1
n(n+1)

TEIBHOCTE — BoapacTapmadn. 6) He sBasgercs MOHOTOHHOHN, IOCKOMBKY

1. a) Tak K&K Tp41 — Tn = > 0, TO DaHHAd OOCHEIOBA-
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7 l
T1 =Tg = 4, a ¥ = 3 B) ITOCKONBKY Tpil —Zpn = Z2 —Zn+2 > 0
BHe 3aBUCHMOCTH OT 3HAYEHWS Zp, TO 3TA MOCJIEA0BATEIBHOCTE BO3pACTa-

€T IPH JM060M HA9AIbHOM YJIEHE £1.

2. a)a > % (cM. 3a7a4y 36 mapuanTa 1). 6) HepaBeHeTBO 254 > 2j
PaBHOCIJIBHO HEPaBEHCTBY 312 + 3n + 1 > @, KOTOpoe BepHO A BeeX
HATYPAJILHBIX 1 NpH a < 7. TakuM obpazoM, oteet: a € (0; 7).

3. a) Tak kxak (n + 5} —n? = 10n + 25, To "mena (n + 5)2 u n? umeror
OAMHAKOBBIE OCTATKH NpH JAeieHnd Ha 5. Takum 06pa3om, mocaeaoBaTe b~
HOCTH TIEPHOAMYHA U Tepro,] paBeH 5. 6) [TocMOTpUM Ha 3HAYEHHS NEPBHIX

YJIeHOB 3TOH NOCIIeI0BaTeNLHOCTH:

n |1]2]3]4
T | 1|0 | 4] 4

Bojlee Toro, TIpu BceX n 32 3 OCTATOK OT jefieHna n’

Ha n + 2 pameH
4 B enay Tokaeersa 12 = (n — 2)(n + 2) + 4. Takuv obpasoM, JanHast
HOCHIe OB e bHOUTh HEIIEPUOIH IECKAH.

4. $lcho, uto 1 # 3. flcnHo, uTo TOTHA M I, # 3 npH Beex n. JaHHas

83— 3z
TIOCNEAOBATENbHOCTL NOCTOAHHA, €C/IU 3—3:" — &y, OTKYAA I,, — 2 AMH
- AR
x, —4. Ecm xy £ 2,34, 10
1 1
x =3+—-=3+— =1,
n+2 Tot: — 3 . 1 - mn
I

B srom ClIydaeL IIOCACAOBATCILIIOCTE IICPHOOWYICCKAA H CC IICPHO paBill 2.

Bapwanr 4
1
9_ =
1t + 1}
HOCTH — BospacTaimasn. 0) He sasereca MOHOTORHON, NOCKOARKY ) = T,

To=6b5, 823 = 7,% . B) IIOCKOABKY Tyt — Tp = m% —x, +1 > 0 BHe 38-

DHCHMOCTH OT 3LAYCIHA Ty, TO ITA II0CJCIOBATCILIIOCTE BO3PACTACT DK
JIHJGUM HA'AJIEBHOM “LHEHE .

2.a) o€ (0:2).6)ac (0;7).

3. 8) [Ha, nepuoamuna; nepaoa pasen 7. 6} Her, ucnepuoamuna; ona no-
CTOHHHA, HA'ITMHAA & HOMEDA 7

4. /lanBas OOCNEAOBATENLHCCTL HMOCTOAHHA Hpu r; = 1;3. Ecmm ke
21 # 1;2;3, TO MOCE AOBATEIBHOCTD IEPHOJUYECKAdA ¢ IEPHOIOM 2,

1. a) Tak KaK Tpy1 — Zn = > 0, To AaHHAA NOCAEI0BATE B
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CamocrTosTenbHas pabora 10

BapmuanT 1

1. JTanwas MocaeOBATENRHOCTE ARJSIETCA BO3PACTAIOMER, TIUITOMY OHA
orpaduieds cauay. C apyroil croponsl, £ 2 n — 1 upu seex n 2 10,
3HAYHT, 9Ta MOCIeI0BATENBHOCTh HE QrpaHHYEHA CBEPXY.

2. a) Tak kak T, = an, T0 9Ta [OCIEJOBATENHbHOCTh HE OTPaHHYEHA.
6) Ecom n = 2'%% 1o 3, = 2%, rme K — npoussosbHOE HarypasbHOS
YHCIIO, & IOTOMY IIOCHIEAOBATEIbHOCTE OTPAHHYeHHON He asiaeTcd. B) Oue-
BEAHO, 4TO () < ,, < 4, 3HAYMUT, NOCIEI0BATENBHOCTE OrPpAHMYeHA.

3. KoEe4Ho, eCH NOCNEA0OBATETEHOCTE I, HE OTPAHIYEHA, TO H MOCIEI0BA-
TEILHOCTS Y, He oI'patuyeHa. (IHAKO, €CAH Ty = N, TO 2, — INOCTOSHHAAMH,
a [OTOMY — OrPAHHYEHHAA NOCTE 0BATEIbHOCTE.

1
4. HcHo, ¥uTO JaHAAS DOCAEIOBATE;IBHOCTE BOSPACTAET, a NOTOMY T = -3

1 ]
SIRNSAETCH B¢ HAMMEHBITAM wienam. Tlockonkky o, = 3 1— mri) ™
7

1 1
Tn < 2—,, OJHaKO 3HAYECHHUEC T, MOXKET BBITH CKOJIb YTOIHO BIN3KUM K § .

1.1
IlosTOMy OTBeT: OTpe3ok [—3 i3 }

Bapuanr 2
1. /lapAad 0ocneJ0BRATENBHOCTE ABIAeTeA YORIBAIOIIEH, IG3TOMY OHA OFpa-
mugcoa csepxy. Iockombky T, < 20—n, TO OHa TG ABAICTCH OTPAITHHCIHION
CHHIY.
2. ﬂ) HAcuo, 1o 1 {?ﬁ < 13, HovroMy JAHHAS OCIE0BATEIBHOC b
ABJIAeTCH orpasudeHHoi. §) JJaHHas 00C/TeI0BATENLHOCTE OTPaHHIeHHOM
He sBAfeTcd. B) JaHHAA OOCIEIOBATENLHOCTH JAHMHeRHA, I, = CR, IIe
¢ > (0. O4eBHaHO, YTO OH& HE OrpaHHYEHA.,
3. KoneuHO, N0C1810BATENBHOCTD ¥, He 00a3aHa OBITH OrPAHMYEHHOMN, IS
Yero JOCTATOYHO B3STbh B KAYECTBE I, NOCTOAHHYIO H QTAUYHYI) OT HYJId
HOCIIE AOBATEMLHOCTE. TaK Kak |2,| € |T5|, TO U3 OrPAHHYEHHOCTH JAHHON
IOCIeIORATENIEHOCTH CIeAYeT OrDAHHYEHHOCTh MOCTSIOBATEABHOCTH 2y, .
4. laHEas 00Cnel0BaTeNBHOCTE YOBIBAET, IPH STOM €e 3HAYEHHS MOTYT

OLITE CKONE VIODHO DIH3KU K % OTeeT: [% ;2].

BapwanT 3

1. Tak kak x;, = —1, & BCe OCTAJMILHLIE YAEHEL 9TOH MOCAEI0BATEILHOCTH
2
T
TIOMIOKHTEBHE, TC OHa orpaludeHa cHusy. llockonbky x, = 5w
\ , —
10 n
> 5o =3 OpH N 2 2, TO 9Ta HOC/IEIOBATEIBHOCTL HE OrPaHUYIEHA CBEPXY.
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2. Hert, #esepuno. HampuMep, noaoKHM T, = 1N, €CAH GYUCI0 71 HEYETHO,
HIy, — ; , 8CJIH 12 9eTHO. P aCCMOTPUM [MOCTOAHHYIO ITOCTe IOBATENBHOCTE
Yo — 1. TOI",I.I&. Zyy = N I[IPH 9E€THOM 7, MOITOMY IIOCJISIOBATENIEHOCTE &, HE
orpaHHueHa.

3. Buiuucony 3HaYeHMA IIePBBLY YICHOB JAHHOM [OCIEIOBATENbHOCTH:

1‘1:%:.‘1,'2:%,1'3 \/— Taxxw3>2ﬁ,mx1<xg.0npyroﬁ

CTOPOHbBI, TAK KAK 5y/2 > 4\/._ , TO Eg > 3. JTOKAKEM, 9TO Ty 1 > £y UPH
vn—1 n

Btex n = 3. Boseens B xBagpaT o0e 9a¢TH HEPABSHCTBA :}__ T > n{z .

W3BABMBIIHCE OT 3gaMeHaTenel, PaCKpbIB CKODKM W npRBeIA l]O,IIOGHb]e
YIeHBl, MOMYYHM HepapeHcrBo n{n — 1) > 4, KOTOpOe BEPHO [pU BCEX
\ x
n 2 3. Koneuno, moxuo 0o pacemorpers dyakuuio f(x) = 713
z
H JOKA38Th, 9TO Ha NPOMEXYTKE [v/2;+00) oHa ABaserca yObiBaiomeit.
CrempoBaTeNbHO, Bee WIEHE JAHHON NOCHeJ0OBATENLIOCTH NEXKAT B OTPe3Ke

2 I
[0; % } OcTanock 3aMeTUTh, 910 Ty, < v TIO3TOMY 3HAYEHUS T,, MOTYT
2
6b]Tb CKOJIb ¥TOJHO MaAJIBIMH. BH&‘IHT, OTPEe30K [U; %] H eCThk OTPE30K
HaMMeHbIIeR A IHHBL, COAePKALUMA BCe WIeHH 3To# MocAeA0BaTeTLHOCTH.

4. [IpuBegem aBa BapuaHTa paccyieHud. B cumy pekyppertrol dopmy-
JIBL ANE Tppy1, KOKIHE cnegyiomult 4ieH nociefoBATENbROCTH 9RIAeTCH
CpesIHIM ApHMeTHeCKHM A 1 W ee TpeAsyIyINero 4ieHa, a noToMy Bee
e "LISHbB] JIEXAT B QTPe3Ke ¢ KOHUAMY B 1 HZ. A MOKHO HAIHMCATD HBHY H)
GopMyIy A 3HAYEHMHR I, L1A 9€r0 JOCTATOTHO 3allHCATh PEKYPPeHT-

1 I —

HO€ COOTHOMICHHE B BHIE Lyl — 1 = 3 (zn—1), Torna xn — 1 = gn=T
nosToMy |z, — 1| € |z — 1]

BapuanT 4

2
1.z, 217 = —3 , IPH 3TOM Zn 2 N IPH 1. 22 3, OTKYIA H CIASNYeT, 9TO
3TA, MOCJEJOBATEIBHOCTE e OPPAHHYEHE CREPXY.
1
2. MocaenoBaTeNbHOCTL Iy = —— BOBPACTAET M OTPAHMYEHA CBEDXY, OII-
HAKO OCACIUBATEIbHOCTD IJn = —N HE OrPaHH9IeHA CHH3Y.
1

3. OTper: [0; \75 }

1
4. Tak kak py41 +1 = 3 (xp + 1), 70 Tpy1 +1 = gu (z1 + 1), 3HauwnT,
JaHHAA MOCISIOBATENEHOCTD O DAHHYICHA.
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CamocrTonTenbHas pabora 11

BapnanT 1

1. Uveem, 7T+ 14+ ... +1000 = 7(1 +2+...+143) = T7-
=7.72.143 = 72072.
2. Hmeem,

143141
=2 =

n+(n+1)+...+(2n-1)=(1+2+.. . +(2n-1))-(1+2+...+(n-1)) =
_(2n—-1) nn-1) n(EBrn-1)
- 2 2 T 2 '

3. lycrk 2y +23+. . .42 = Sy = n{2n+1). Torma s, = 3,aecomn > 1, To
Tp = Sp—Sp_1 = n{2n+1)—(n—-1)(2n—1) = 2n24+n—2n24+3n—-1 = 4n—1.
IIpu n = 1 dopmyna Takxke BepHa.

_ —1_14_1 A 1.1 1
4.51c1~10,qmz—§-ﬁ—13(1 14).11&Ha.n<imqﬂo,4_7—3 (4 zhu
TaK jajee 70 PABCHCTBA 5o o = 3 (% — ﬁ) B peayabTaTe DOIyYaeMm
cymMmy

1 1 1 1 1 1\_1 ¢ 1\_1 30 _10
(g5t tm-a) =30 -a)=5 5=

5. Bocnonbsyemca paseHeTBOM I™ —y" = (x—y)(z? L+ 2y+.. +y* L)
JOMHOXHE A8HHYIO cyMMy Ha 3—2 = 1, monyynM, 4To ona pasus 311 —211,

Bapnaur 2
1. Oter: 9- 56 -113 = 56952,

2. OrpeT: nBn+1)
3. OTeet: x,, = dn — 3.

4, Paccyxkzas Tak Ke, KAK B IPEIHIAYILEM BAPHAHTE, HOTYYHAM YHCAO

l.(l_l)—l.ﬁ—ﬁ
3 2 32/ 3 32 32
5. Oter: 410 — 310,

Bapuanr 3

1. Tpebyercs onpenenuTs Bee 7y, UPH KOTOPHX cymMMa 2+ 7T+ ...+ (5n—3)
gemarcea Ha 6. [IpeobpasyeM 3Ty cCyMMy CleayIOHIUM oOpasoM:

_Ennd 1) g swion

B(1+2=...4+n)—3n 5 5

TakuM obpa3oM, claeAyeT HalTH Bee N, IPH KOTOpPbIX uucao n{fn — 1)
zesmresa Ha 12, CoctaBum Talauuy OCTATKOB IPH JeJIEHHAH Ha 12,
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n (mod 12) 0112|3456 7
n(Gn—1) (mod 12) [0 ] 4|6 |6]4[0][6]10

@
w

10 | 11
10| 6

=
=

U3 KOTOpOil H moay«uM oTset: n = (; 5;8;9 (mod 12).
2. Jita HaryIAHOCTA COCTABHM TaOmHIy, B KOTOpOH sanumem uucaa Du-
GOHATYIM ¢ HEYETHEIMA HOMEDPAMH, & CTPOKON HIDKE - - HX CYMMEL Sy,.

n |3 (a7 [9 |1l | 13
o |12 51334 & | 233
Sn | 1|3|8]21 |55 144 | 377

B mumxnelt ctpoke pacnonaraiTesa ducia PuboHAYYU ¢ 9ETHEIMH HOMe-
paME, TEKHM O0DPAZ0OM, BOIHHUKSET rnpearonomkesue, aro Fy + Fz 4+ ..+
F,, 1 = Fpp. Jokaxem c1o 10 My KU,

4Pt 4B = B+ Fs+. 4 Fopo14+Fong1 = Fop+Fong1 = Fonga,

"o u ’l‘pﬂﬁllﬁﬂ.‘l()(:b.
3. [IpecbpasoBas AaHEYK CYMMY K BHIY:

1 1.1 1 1 1\ 1 1
§(1_Z+Z_?+"'+3n—2_3n+1)_3 WD)

1
MBIl H 1H{UTYIAEeM, ST OHA MEHEIIE, "M ‘g N
4. Pa3obbeM JaHHY CYMMY Ha 7t CYMM CJEAYEOIIUM oDpa3oM:

1+34...+3*!
+3+...4+371

431

IIpocyMMHPOBAB CTaHAAPTHHIM 006Pa30M KaKAYI0 U3 HHX, TOAYHHM CYMMY

3" -1, 3" -3 3n 3! g5.3" 1 =1y
s+ttt 5 == —5(1+3+...+3 )=
a3 8t -1 (213" +1
2 4 ' 4 '

BapnanT 4

1. Cymma 3+ 10... + (Tn — 4) = WT_”

n{Tn — 1) nemurca na 12. CocTaBue TabIHIY OCTATKOB, MOJYYHM, HTO
n=0;3;4;7 (mod 12).

JeNTATCHE Ha 6, €CHIH 9HcHo
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2. Cnpapeanuso paBeHCTIBO F» + Fy + ... + Fon = Fonqq — 1.

1 71 1 1
3. Januasn cynfmla paBHa 3 (§ - m) <g-
} Eittign — 1 5
4. OTeeT: ( nlﬁ )+ .

CamocTonTesibHag pabora 12

BapnanT 1

1. Tax xak 20 = 2a7 = a3 + @11, TO a7 = 10.

2. Tak rak b:j = 4, TO blbzb;jb.;bf, = bg = 210 = 1024.

3. Ilo dpopmyne uckoman cymma pasaa 5211 — 2) = 10 - 1023 = 10230.

4. Cymma by (1 + g + ¢?) 6yaer nanMenbmeit, ecoa g = —% .

5.a) Tak kak @) =1 uag =8 T0d = % = % [loaTomMy uckomoit
12 19

apmdmMeTHueckoll mporpeccrefi ABNSETCA MOCAEAOBATENEHOCTh 1, — =

250,353,8 6) Tak xak 8 = by = ¢®- 1, T0 ¢ = £v/2. TlosTOoMY ecTb nBe

IEOMETPHMHECKHE LPOrPEcenn, 4 nvenmy: 1, £v/2, 2, £2/2, 4, +4/2 8.

BapuanTr 2

_Gatag
1.65—72 = 15.
2. bibz...by = b} = 128
3. Tax kax by =3 u g =2, T0 S5 = 3(2° — 1) =3-511 = 1533.
1
4. OtBer: ¢ = -3~
5.3,)TaKK&Kd—$ 10 oTBer; 1, % ﬁ,3—1,E,ﬁi—;,%,g.ﬁ)(}ru&'r:,uﬁe

reoMeTpudeckue nmporpeccnn: 1, £v3, v9, £3,3v/3, £3v9,9.

BapmnanT 3
mtaen -

1. Tax kak a3 + a4 + ag + a10 — dag, T0 gg — 4, a 511 = 7

= 1lag = 44.

2. O6o3Ha4KMM Pa3HOCTD NPOrpeccHH 4epe3 x. Toraa asay + asas + a7ag =
=(2—-x2}(2+2x)+ (2 — )2 + 32) + (2 + 22)(2 + 3z) = 22 + 16z + 12,
HO3TOMY 3TO 3HAMEHHE MUHEMAJIBHO 1P £ = —8.

3. Tax kax bg = b33, To ® = 27, oTkya2a ¢ =3 U b = % = 1. [TosTomy

b1+bz+...+be_%- 8 _ 364.

4. a) [To ycnosmwo b = 2. Ecnu ¢ — 3HaMeHaTeNnb OpOrpeccHH, TO CYyMMa
2(g" - 1)
q

——» UTO PaBHO 3" —1 mpm g = 3. OTseT:

€ MEPBBIX 71 YLIEHOR PABHA
Ja, MOXKET.
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) [lo yenosmio by = 3, by + by = 7, otkyna by = 4. Hanee, by +bp+ b3 =
= 15, 3Ha4uT, by = &, ogRAKO YHCIA 3, 4, 8 reOMETPHUECKOH TPOrPecCHE He
0fpasyoT.

MoxHo paceysaars unane. Tlo yeaosuw by, = (2071 — 1} — (27 —1) =
= 2" nipd 1 > 1, IOATOMY 3TA [OCIEI0BATENbHOCTE GVIeT reoMeT PHIeCKOH
nporpeccnedt, ecau b; = 2, 4TO TPOTHBOPEYNT YCJAOBHIO.

5. Ilo ycnosnio a1 = 64, as = 58, a noromy d = —6. Tak xax a, =

=64 —6{(n—1)="T70—6n, T0o @, > 0 npu n < 11, mosroMy HauGoJNBIIEH

Oyier cyMMa UepPBbIX OAMEHAINATH WIEHOB 3TOH LpOrpecchl, paBHas
64+ 4

Sn=~—2—-11=34-11=374.

BapmanT 4
1. Tak kak 4as = 12, 10 05 = 3, a cyMmMa Sy = Hag = 27.
2. Ecin ¥ — pa3HOCTh [IPOTrPecCHy, TO BEIPAXKCHHE

asas+azartasn; = 3—ac{34+22)+ B -o)(3+3x) + {3+ 22)(3+3x) =

=& + 24c + 27
ABMACTCH MUHHUMAJBHEM Tipu :r = —12.
3. Tak kak ¢* = g—: =16, To g = +2. Beau ¢ = 2, To by = 2, gosroMmy
bytb ) ..., =21414...11286=254. Ecomg= 2,Toby= 2m
b1+b2—|—+b7=—2—|—4+—128=—?=—86

4. Oreersl: 2} Het; 6) aa.
5. ockoaeky d =4, 10 6, = =35 +4n—-1)=4n -39 < 0 mpun € 9.

‘352‘3 9=—19-9=—171.

TlosTomy Haumenbmed byaer cyMma Sg =



OTBeTHI K AOIMMOJTHUTEJIBHBIM YIIpaXXHEHUAM

IIo Teme 1
L3.1) £ = <1 fle) = 2=2.2) f(1) = =1 f(2) =2-2 3) 1) = -
Fl@) =% - 1.4) J1) = 0; fz) = 55— 5) 1) = 1 7a) = =
3 5

6) F)=0; f(z) =22 - 1.7) f(1) = —2 fa)=2-5=222 8) f(1)
'?;:__11 opu = # 1. 1.2, f(] + x) +g(1 —z)=1.
1.3.a) f(z+1) =2x—1, f(1—x) = —2¢—1, DoTOMY OOJIYIAEM YPABHEHHE
20 — 1= —-2x — 1, oteyna = = 0. 6) B sToM cayyae momywHM ypaBHEHHe
24T+ b5=a—Tr+ A, otxyaa x = 0. B) B gannoM ciydae ypaprcHEe
2 = (—x)? cupaneypmso pn veex x € R.

3
1

=g | —

e onpeaeiaeno; f{x) =

14. a) 1) z = 51 2) MHOXKecTBO 3HeYeHHE — mpoMexyTox [—3;5];
ee =30 ec[-L3.06))z=1;2)[-22;3) ac -21) U {2}
Yac@Iu{llp))z=0,12) [1:8]:3)ac {7} U (48]}

4} a € {% }u(2;3]. 1.5. 1) Hanprmaep, f(x) = z; 918 xe GyHKuas yaoste-
TBEOpsIET ¥ cooTROILeRAM (2) u (6). 3) Ha,upm.{ep f(z) = (z—1)2 4) Ha-
npuvep, f(z) = x—1.5) Hanpumep, f(z) = z?. Kosmmenmapuii. Konedso,
cooTHOLIeHe {5) ecTh onpelenesye YeTHOW GyHKIwN, (6) — onpeneneHue
HedeTHOH dbyHrunH, cooTHOmenn: (3) 1 (4) aBAsioTCE UX 06OGIUeHAAMH.
1.6. c-g 17, 1) (~00;0) U{1}. 2) {3 }. 3) @ € (—00;~2) U [ +o0).
4} a = &1.

ITo TemaMm 2 1 3

2.1. Jannas pyHKOHUA yYOBIBAET Ha IIPOMEXYTKe (—oo; %] M BO3PACTAET

Ha. I'I[]OME'}KYTKB [; ;+oc). Tak kak: a) = 1 < V2 < V3,70 f(V2) < F(V/3).
83 87 &8 ata)

6) < gg ¢ 3HAUHT, — g2 > — oo, TIOSTOMY f(——) < f(—@).

2.2. CDyIIK]mﬂ flx)= 103z? — 3z BoapACTACT HA IPOMCIKYTKC [‘Zﬁ_b ; —I—DO).

a) Tlastomy, ecnn @ > b > 1, 1o f(a) > f(b). 6) Her, sesepro. Ecim

a= % nb= 236 o fla) = f(b). 2.3. 1) Bcu f(z) = zu g(z) = —2z, TO
dyskiust h(r) = —r yOmsaer. 2) B JIeACTBRTEILHOCTH, MOYKHO B3SITE NH)-
Oy napy dyHKORE — BOAPACTAKIY O A YOBBAIOOY IO, HX PA3HOCTE BCETAR
6yner poapactaromelt dyukupeit. 3) Hanpumep, Moxuo B3aTh f(z) = 222
u g(zx) = 27%. 4) Hanpuwmep, vMoxkHo B38Th f(r) = —272¢ u g(z) = 2°2.
Kommenmaputi. [lokasareaparie byHKIMH IOKA He H3Y9IAIHCH, 3aLaHHE
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MOJCHO YHPOCTHTB, TOBODA O (PYHKIHAX, 38TAHHBIX HA HEKOTOPOM IPOME-
KyTke. 2.4. Ecmu x, < 2, To mo yeaosuio f{r,) < f(ra). [lockonbky
ATH 3HAREHUST HEOTPRIATENbHN, To f2(x1) < f%(xr3), 9To B o3Hamaer, 9TO
dyurkuns g(r) = f(z?) — sospacraomps. 2.5. Haumenbuinm sisisieres
npouaeenenye 1 - 100 = 100, sauboabmum — 50- 51 = 2550. 2.6. [Io yciao-

Bu &y = 8, rme x,y > 0. [Mostomy  + ¥y = :c-}-% > 28 = 4v2, m
DABEHCTBO BEPHO HPH £ = y = /8. HauGobIero 31a4eHns HET, CyMMa
:H—% > r MOKeT OBITH CKOMb yroaHo Goasmott. 2.7. 1) Ovuknus f, voul-
saer ua upomexcyrke (0o 3] B sospacract na upomexyrke [ 3; | x).
2} yrknps f; Bo3pacTacT Ha Beel croel 0fTACTY ONpE/TENTEHA T — NTPOME-

WYTKE [é H +oo). 3) @yHKu;ust [s y6uiBaeT Ha Beelt cpoeit 0dIaCTH onpe,Ie-

JIEHHS — TIPOMEXKYTKE ( ] 4) [Mpeobpasyem Boipakenne aas PyHK-
,w—1_1_¢+zs_l 3
i % Td = 3 el 2(:”_2). TakaM o6HpazoM, 3Ta

GbyEKIEA BO3pACTALT HA KaJ'K,.ELOM H3 IPOMEXYTKOB {—00; —2) u (—2; +oc).
5) Tak wak fz(z) = —1—

, TO 9Ta (DYHKUHA BO3PACTAET HA KaXKIOM

H3 TPOMEXKYTKOB (—00,5) H (a +oo}. 6) Tak kax fg{x) = 1+ TO

3

2 )
aTa Gynxupd yOLIBACT A KAMKIOM K3 TIPOMCKYTKOB {—00; 2) (2, +oc).
7) Moekonsky fr(x) = fs(22), To Mo TEOPEME O MOHOTOHHOCTM CCIOMK-
Holi» (JYHKIMH JaHHaA GYHKOAA y6BaeT Ha npoMexyTkax [0;v/2) u
(v/2; +0oc), BospacTaeT Ha npomexyTKax (—o0; —v'2 ) u (—v/2;0]. 8) 06
JacThI0 onpejenenns dyukoun fg aengerca orpesok [1;5. Dra dymK-
IIHA BO3pacTaeT Ha oTpeske [1; 3], yOniBaeT Ha oTpeske [3;5]. 2.8. [Iycts
-2« x <2 <2 Torma

Flxa) — flz) =122 — 23 — 122 + 25 = 12(x0 — 1) — (23 — 2) =

= {xo — 21 ){12 — rf — TTg — :E%)

Tak Kak x3—z1 > 0, 2% €4, 7107 <4uas €4,1012—2% — 110, — 23 > 0,
nostomy f{xs) > f(x1), OTKYIa H cheAveT, YTO Ha JaHHOM OTPe3Ke ITA
dysruHd — Bo3pacTaomad. 2.9, Hanpusep, Takas «crpanaads byHKIHA:

) 1, ecnn 9KCAO T PAIHOHAJILHO,
m o
0, ecd 9UCAO I HPPALACHAIBHO.
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ITo Temam 4 1 B

3.1. a) Her, He nexaT, TaK Kax % £ % . 6) Ma, ne>xar Ha npaMott y = x+ 1.
3.2. 1) lpu ¢ = 1 nexar na upsmo y =z + 1. 2) Mpu ¢ = —1 aexar na

mpaMolt y =z + 1. 3) Illpn a = -g— Texat Ha npamolt y = 2r — 3. 4) [lpn

@ = —% Jexar Ha npamoit y = 2 — 3z. 3.3. 1) KpagpaTHoe ypaBHeHne
HMeeT JBa PeLIeHH:A, €C/IH €0 AMCKPHMHUHAHT NOJ0MKHIENEH; B JaHHOM
caydae — OPH @ > —% . 2) ¥Ypaeuenne [x — 1| = a — 1 umeeT ABa peLIeHn,
ecnia—12>0,1. e apua > 1. 3) Illpu a > 0. 4) [onesro uzobpasuts
rpaduk y — |z — z — 1| u nonyuurs oreer: @ € {0} U (i— ; +00). 5) Taxnx
3HAYEHHH He CYNIECTBYET, YTO OYeBMIHO u3 rpadmxa y = |z — 2] — |z|.
6) Illpu o > 1. 3.4. 1) —%;+-:>o). 2) [0;4+oc). 3) [0; 400). 4) YUncno a
BXOZUT B MHOMECTBO 3Had9eHuHi! GyHKIHE f4, €CHH MMEST DEINeHHE YDAB-

z+1
_: = @, HIH ax?
T

w1 4 da > 0. Oreer: [—% ;+0c). 8.5. TTo yenommio E(f) = [-1;2].
1) E(g) = [-1;2]. 2) E(g) = [-2;1]. 3) E{g) = [-1;2]. 4) E(g) = [-5:1].
5) E(g) = |0;4]. 6) Mucdopmarin HeAOCTATOUHO, TAK KAK HEM3BECTHO MHO-

HeHHEe —x —1 = 0, 970 nMeeT MecTo, ecqu ¢ = 0

KeCTBO 3Havenui yuxuau f npu z 2 0. 7) E(g) = (—oc; —1]U [% ; +00).
3.6. 1) E(f) = [-20:4+%9). 2) E(fa) = [0:+00). 3) E(fs) = R\ {1}
4) E(f1) = (—ooi—5 ] U(1; +o0). 5) E(f5) = [0;2].

I1o Temam 68

4.1. a) Tak kag z° — 4 — 48 = (z — )(z? + 47 + 12), To T = 4.
0) Tak kaxk dyuxiups f(r) = 2% 4+ o BopacTasT, TO JAHHOS yPABHEHUE
umeer He Oosee ogHoro kopH#. fcHo, yro f(10) = 1034, mosTomy x = 10.
B) B sToM cmywae xopenp «me nozobparby. CMbICa 3aJaHHS COCTOAT B
TOM, YTOOE HafTH OPUOIHMKEHHOS 3HAYCHUE KODHA AAHHOTO YPaBHEHM:
xr = 10, TaKk Kak 3Ta QYHKIMA <BO3PACTAET oueHb OmicTpo». Hampumep,
F{9) = 521. OtBer ¢ 5 BepHEIMH 3HAKAMK LOCIE 3andT0i: * = 9, 98586.
4.2.a)x=7.6) r=33. B) £ € (—o0; —3] U [3; +00). 4.3. a) x = —4;1.
6} z = 1. 4.4. 1) Ha, asagerca. 2) Ha, asnaerca. 3) Her, ne asadercs.
4} Ha, spaaerca. 5) Her, e aBi1gered, NOCKONBLKY, HanpuMmep, ¢;(0) =
= g5(3) = g5(—3) 4.5. 1) Ecom f(xx) 2 0 npy Beex z € R mubo f(z) < 0
npr Bcex £ € R. 2) Ecom f(z) > 1 opu Beex ¢ € R imbo f(z) < 1
npu Beex x € R. 3) ®yuknus gs3(x) Bceraa Hyaer rospactaomed. 1) Ecan
F{z) = 1 mpa scex x € R mubo fiz) < 1 npu Beex x € R. 4.6. a) Pyrknusa
g1 BO3DACTAET Ha OPOMEXy TKe (—oo; 1, yObiBaeT Ha mpoMexyTKe [1; +o¢).
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6} QyHKIHA gy BOIPACTAET HA KAXKIOM H3 OPOMEXYTKOB (—oc; —2] m [0; 2],
yObIBaET Ha KAMKJIOM A3 MpoMexXyTKoB [—2;0] u [2; —00). B) DyHKIMA g3
RaspacTaeT wa npoMexkyTie (15 5], yBRIBAST Ha KAXKOM U3 MPOMEXYTKOR

(—oo;1) 1 [B:+00). 4.7, a) g(z) = L 6) g(x) = 33;; L

4.8. a) YaofHee BCETO CHEMATh 3AMEHY t = & — % . Dynakuns

g =(-3)(t-3)t+3)0+3) = (P-DE@-7) =" -3+

HMEET TO 3K CAMOe MHOMKECTBO 3HaYeHAl, ¥To 1 dyuxkima f(x), A iMeHHO
— mpoMEXYTOK [—1; +00). 6) TIpu @ < —1 ypaBlneime e UMEeT peiicimi;
mpua=—-luag>

PaBHEHME HMeeT ABA PEIleHNs; IPH @ = 'PaBHE-

16 ¥ ) 16 Y
HHE UMEeT TPU PelleHds; upu o € (—1; E) ypaBHeHde dmMeeT 4 pelieHHMs,

4.9. Oreet: (5; +00), Tak kak f{g(x)) > f(z) <— 9(@) <z < = >65.

4.10. Oyukuua f(x) = ;Il yOBIBAET HA KaXKJIOM H3 MPOMEXYTKOB
(—o0;—1) m {—1;+00). 1) MumkecTso snagennii hyuxkrom fi corRmaza-
eT ¢ MEHOKECTBOM anaiennil (pynkinun f Ha upomexyrke [(; —o00) — npo-

mexxyTkoM (2;3]. Oyakuua fi(z) soapactaer Ha npomexytke (—oo; 0| 1
yObIBaET Ha rpoMexyTke [0; +00). 2) MuoxkecTsoM 3tadernl Gyukuun fo
ABASeTcA IpoMexyToK [0; +oc). DTa dyHKIns yORBaeT Ha IPOMEXNYTKAX
(—rx: —-] n (—1;400), BO3PACTAST HA IPOMEKYTKE [—g'—l) Ha crne-
AYIOMWKX PHCYHKAX H300paxkeHb! rpaduxy 3THX (byﬂmmﬁ — f1 (cneBa)
f2 (copasa).

f

3) MBoxecTBo 3Hadenntl pyEknEn fi: (—o0; —3|L{2; +oc). Dra dpynknusa
ybuiBaeT 11a npomexkyTxax [0;1) i (1; +oc), BO3pacTacT HA NPOMEXKY TKAX
(—o00; —=1) u {—1;0]. 4} Muoxecreom snanenuit Gyaxuuu f sBasnercs 11])0-

MeKyTOK [0; +00). Dta dyiuknusd yOLIBACT HA HPOMCIKYTKaX ( 00; ——] U

(1; +oc), BOBpacTaeT Ha IPOMEXYTKE [—%; 1). Ha creayrouux prcyHKax
m3obpaskens! rpadukn sTix byHkumit — fi (caeBa) n fy (cnpasa).
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0:

-10

4.11. 1) ®ynxkuna f; yduBacT na cpocit ofmacTe onpegencnud — Ipo-
mescyrke ((;4]. 2) Oyakims fa BOIPACTACT HA KANGIOM U3 HPOMEXKY TKOB
(—o0; —2) n [1;+). Ha cregyommx prcyHkax msobpaxens Cpaduke
srux bynkuuit — fi (ciesa) n fr (cnpasa).

8

(%) 5
A

D12 3 4 -5 0 5

3) ®ynkuna f3 BozpacraeT Ha cBoeft 06aCTH ONpeeNeHns — NPOMeKYTKe
[0; +00). 4) Pysruma f4 yObIBaeT Ha KaXKJOM U3 npomexyTkos [0;1) u
(1; 400). Ha cieayoimmx prucyHkax uzo0paxkessl rpadhuru sTux QyHKIuM
— fu (cneBa) u fy (crpasa).

1 , . , .
o , - : 2 4 6 8
1 2 4 6 8 -1
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ITo Teme 9
5.1. ITokarkeM, 4TO CYMIECTBYET PALUOHAJILHOE YHCIIO ¢ B APPALMOHAIIEHOS
wicno b, Taxme, ato f(a) = f(b). delicTBATENbHO, PABEHCTBO 2v/2 = \%

HMeeT MecTo, ec a+/6 = b, K mpumepy, opa ¢ = 1 n b = +/6. 3Haunr,
ZanHas Gyskoasa He obpatrMa. 5.2, a) Ha npomexyTke (—o0; 0] dbynknus
S zamaetcsa dopmynont f(x) = —(a + b)x + 2b, Ha npoMexyTKe [2; +0C) —
dopmynort f(x) = (a+b)x—2b. Ecnn a+b = 0, 10 hyuKous He o6paTHMa.
Ecim a+ b # 0, To Ha OZHOM H3 3THX IPOMEXKYTKOE (PYHKOHSA yOBIBaET, HA
JAPYroM — BospacTaeT. Tak Kax Ha KasK.JOM U3 HUX OHa NMMHelHa, TO JaHHAS
dyakuua me 6yzer obparnmoit. 5) Ha npoMexytke [0;400) byHkous f
38,JA€TCA COOTHONICHATMUI

f(z) = {a@ — b)x +2b, ecn x € [0; 2],
N {a+bx—2b, ecinz 2 2.

[ostomy dyuxuna 6yaer obpaTuma Ha [0;+00), ecnu (a — b){a + b) > 0,
T. ¢. up4 |a| > |b|. 5.3. [Ipcanonc:KuM 11s OHpCICICIIOCTH, YTO PYIIKIHA
[ aBameresn pazpacraomeidt, g — obparaas eii dyukoua. ycers 4y < yo —
npouzeo/babe 3HateHun dynkuuy flx). Suanur, yp = fz) vy = f(za).
Ecnn MBI 0pegnmonaokuM, 9To £y 2 Ty, TO DOXYHAM, 9T0 ¥y 2 ¥a. [osroMmy
1 = g{y1) < 2 = g(y2). YTO ¥ osHauaeT, 4Te (YHKOUS § SBIAETCH
poapacraomeit. 5.4, Orser: g{a) = ¢ —1npr x <€ 1, g{z) = 22 - 2
npa z > 1. 5.5. 1) OtBer: a 2 0. Heticteutensno, ecmn ¢ < 0, 10 314
GyHKIHA NpUuHEMaeT 3HadeHue 0 B Tpex pasHeIX Toukax. Ecan sxe a 2 0,
TO 3Ta (PYHKIMA ABIAETCA BO3pacTaloliel, 3Ha4YUT, o6paTnMolt. 2) OTBeT:
a = 0, TaK xaK ecyu a ¥ 0, To 3aTa HYAKIHA IPIHTUMACT 3HaYende [ B ABYX
pasnnix Todkax. 3) Oreer: a = (. Ecnn @ < 0, To (OyHKIHA BO3PACTACT
Ha KakAOM U3 upomeayTkoe (—oo; () u {0; +00), OUHAKO HA KaXIOM U3
HMX MHOXKECTBCM €€ 3Ha4YeHHH ABJSeTcA BCA JMCICBas mpsiMas. MoxkHO
paccyxaath npome; f(z) = 0 npu 2 = £¢—a. Ilpu g > 0 paccMoTpuM
npomexyTok (0; —c0). Torma

1 a3

?4 2_1

a
3z T3n T

a
3r

a
npH TOM PABEHCTBO JOCTHTACTCH NPH & = i‘/g . Hecoozkno mokasarh,

4o 978 thyeks yObiBaeT Ha, (U; {/g } H BOSDACTACT HA [“"/g ; +oo) , Ce-
ZOBATEIBHO, OHa He ABaAercs obparumofi. 4) Oreer: a € 0. 5.6, OTBer:
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glz) = —HpH:l?<—].Hq(:l?)—l—\/l‘-l-lﬂpl{ﬂ: —-1.
5.7. a) KaK H3BECTHO, ecid f BospacTaeT B ¢ — ofparhas eif $byHKIHA,
to f(x) = g{z) Toraa u ToMbke TOraA, Korda f(z) = z. Tak Kak B AaHHOM
cnydae f(x) = g(x) npr Bcex 3HaveHHAX T, TO f(r) = Z npu eBeex z € R.

6) Hanpumep, dyuxuus, sagantuaa cooTHowenuamu f(x) = ~ DU Z £ 0,
F(0) = 0. B) Ha, moxker. Hanpumep, GyHKIHA, 30JaHHAA COOTHOMEHHSIMU
f@) = —2 mpu z # 0, £(0) = 0. 5.8. Orserst: 1) g(10) = 2. 2) [L;2].
3) z = 0. 4) [0; +00).

ITo Temam 10-11

6.1. 1) UrpeT Ha 7MeBoM pucyHke. 2) OTBeT Ha OPABOM PHCVHKE.

4} HckoMoe MHOMKeCTBO COCTOMT M3 Apyx Touek: A(l;—1) m B(1:3).
3) Orser Ha JeroM pucykxe. 5) OTber Ha NpPaBOM PHCYHKE.

6.2. a) /daHHOEe MEOXKECTBO ABNAETCA OOBEAMHEHUEM JBYX €IHHHYHBIX
KPYroB (PHCYHOK), G/IEJOBATENBHO, €r0 INIOMaAb PaBHa 27,
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-1

6) Tak kak JdaHHOEe MHOXKeCTBO €CThb 06})33 npu napajuieJibHOM IepeHoce
MHOZKECTBA, 3aJaHHOr0 HEepaBeHCTBOM |y| + ||T| = 2| < 3, To JocraTou-
HO HaliTH Iaomalb BTOPOro MHOZKeCTBa. DTO MHOXKECTBO CUMMETPHYIHO
OTHOCHTEJIBHO OCH OpPJUHAT, IT03TOMY JOCTATOYTHO HailTH molalb ero da-
CTH, Jiexkarneit npagee OCH OpPJHHAT. n.f'IOLU,a,ELb H306pa}l{EHHOFO Ha J1eBOM
pUCYHKe MHOZKecTBa pasHa 17, mosToMy MCKOMas IIOma/b papHa 34.

3
.5 '

-3

== N

I
-

N

B) Orser: 12 (npasbiif pucyHok Bbime). 6.3. OrBersl: K NyHKTY (a) — Ha

JIEBOM PHCYHKe, K NYHKTY (6) — Ha mpaBoM pHCYHKe (IpsiMble T = = W

[l el

Yy = —3 He BXOJAT B 9TO MHOXKECTBO).

6.4. Orser: [—24—5 : %} 6.5. Tak kak |z|+ |y| + |1 —x —y| = 1, To npn

a < 1 HeT ToveK, yJOBJIETBOPSIONMX JaHHOMY HepaBeHcTBY. Ecim a = 1,
TO JJAHHOE MHOKeCTBO 3ajaercsi ypasaerneM |z| + |y| + |1 —z —y| = 1.
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Takxkak z+y+1—-r—y=1, 10

x = (), o<,
y >0, wan o {y <0,
r+yxl z+yz=l.

MHuoxecTro, 3303800 NepPBOHl CHCTEMON HEPABEHCTB, €CTh NPAMOYIOIb-
HBIE TPeyroJbHHK, BEepPIIMHAMH KOTOPOTO HBISETCA HAYAJO KOODIMHAT H
Toukn A(1;0) u B(0;1). Bropasa cucTeMa HepaBeHCTB pellleHHl, XKOHEY-
HO, He umeer. Ilpw a > | HaHHOE HEPABEHCTBO 38M8eT INECTHYIOJIBHHK.
Hanpumep, Ba cienyomeM pucyHKe H300pacKeHO MHOXKECTBO NIpH @ = 2.

-1

6.6. a) Oreer va pucyske.

6) Tpehyeres HAWTH Bee 3HASEHHSA @, MPH KOTOPRIX MPSIMAS Y = o Nepece-
KaeT H305parkeHHOe BHIIe MEQXKECTEO B IBYX TO'IKAX, y OJHOM U3 KOTOPHIX
afcupcca NOJMOKKUTE/bHA, & y APYToi — orpuuareasha. [lo pucynky Ha-
XOIAM OTBeT: ¢ € (—00; —2) U (2; +0x). 6.7. a) OTBeT Ha JeBOM DHCYHKe.
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6) Hckomoe MHOMXeCTRO ABIAeTCA 00beIHHEHUEM [I0I0C, 3aIAHHBIX Hepa-
BeneTBaME || < 1 1 |y| < 1. B) OTBeT nHa npaBoM pucyHke. 6.8, a) lan-
HEIC rpadUKE CEMMCTDHYHBL OTHOCUTENBHO npsavol y = z. 6) Hauuse
rpadbHKH CHMMETDHYIILL OTHOCHTCALIIO OCH OpauaaT- B) Jdannoie rpathuke

3
CUMMETPUYHbl OTHOCHTENbHO TpsiMolt £ = —5. 6.9, OrBer Ha pHCYHKE

(myakTHpPOM H3006paxkeH rpaduk y — V& +2).

6.10. Otsernl: a) Touka A{—1;1); 6) Touka B(—2;—-2). 6.11. a) Iomao-
xum f(x,y) = 2° +y — 8 Torma f(—y.—x) = y2 — = — 8. UssecrHo,
YTO MHOXKECTBA, 38aHHbIe ypaBHeHHAMH f(z,y) = 0 u f(—y, —2) = 0,
CUMMETPHYHbLl OTHOCHTENbHO OpaMol ¥ = —z. OeTanoch 3aMeTHTh, YTO
ypasienmue 3¢ = £ + 8 pannocHnnlio ypasiendio |y| = x + 8. 6) Pac-
cvorpum rpadukr y =8 — 2’ my =z - &, nmmy’ =z + 8, e y = (.
Ha cnenyiomem pucyHke n3obpaKenbl MHOXKECTBA, 3aTaAHHLIE YDABHEHM -
Moy — 8 — 27 m v — y° — 8. U3 npezplaymero nyHKTa Cleayer, 4TO 1Be
TOYKH IIePeCEeYEHN THX MHOXKECTB JIeXKaT Ha NpaMOHd ¥y — —I.
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Teneps mocTynuM ciaeayiomny obpazoM. Coxknp ypasaenna y = 8 —z2 u

T =y% -8, moayunm, uTo £+ Yy = ¥> — %, OTKYAA Yy = —T HAM Yy — = = 1.

B o 1+ 65
[IEPBOM CJYYae U3 ypasHerua r- —x —8 — 0 caexnyer, urto & — —

Tak kak £ < 0, To & = I—T\/{% Bo Bropom ciydae £ — —1+T”/2—9

Takuy oBPa30M, MOIYHAEM OTBET: T = ! _2“ 65 : _1+2 V3§12, a) ITo

YCJIOBHIO [IPH BCEX & M3 OOJIACTH ONpeAc/eHAd JaHHON (yHKIRH cupapel-
muBbl paseacTBa f(—x) = —f(z) n f(2 — ) = —f(z). CnenosareinbHo,
f(-2—z) = —f(2+x) = f(—x) = —f{x), 110 ¥ O3Ha"aeT, 9TO TOU-
Ka ¢ koopruHaTamu (—1;0) gBngeTcs ueHTpoM cHMMeTpuH rpacdbuka >ToM
Gbyurmun. 6) [Tokaxkem, 4To ana modoro Lenoro yucaa k& ToYKa ¢ Koop-
gueatamu (k; 0) siBiseres uearTpoM cumMerphn rpaduka manxHol dyHK-
mue. JpyramMm cioBaMi, OokaskeM, 9To f(2k — x) = — f(x). 3aMeTum, 4To
f(2+z)=—f{—x) = f(z). Hovsromy f{2k —z) = f(—x) = — f(z). C rco-
ME'l'pH'JECKOI‘{'l T IKH i:]p(:!l-l]-{llﬂl1 Mbl BOCIHNIEZDEAJIACH 'l'EM, 10 KOMUO3HUHA
JBYX IEHTPAJIbHBIX CHMMEeTPHH ABJIAETCH apaJlIesIbHBIM OePeHOCOM.

ITo Teme 12

7.1. Oreersr a) [—1;3]; 6) [—1;3]; &) [1;5]. DT oTReTH cpasy noaywaoTes
H3 CACAYIHX KAPTHHOK, HA KOTODBIX M300pAKeHBl MHOKECTRA, 3a1aH-
Hble JaHHBIME HepABeHCTBAMH.

3,
2 ™\




OTBeTEl X JONOJHATEILHBIM YIIPAXKHEHMAM 277

7.2, Otsersr: 2} 1; 6) 3 + 22 B) 13. [Ipa mepBbIX OTBETs CpPa3y LOJIY-
YAIOTCA W3 CIISNYIONHX KAPTHHOK, HA KOTOPHIX H300PAKEHE MHOKECTBA,
34, TAHALIE JAHARMY HEpABEHCTRaMHU. JIITA nocseTHero OTReTsS Hajlo Baras-
HYTb HA KAPTUHKY K LyHKTY (B) LpeabLiyinei saaaam.

7.3. OtBer: @ 2 —3. 7.4. OtBer: ¢ € [-3;1]. 7.5. a} OTBer: a = 0 (pucy-
TIOK ).

6) OteeT: @ = 2v/2. 7.6, a) [Tepermmumenm ypaBHeHAe B BUJE I+ — 3 = 4.
Bripaxkenue, crosiee B ero Jesolt “YacTH, 334aeT BO3PACTAIOLIYIO (DYHK-
LMI0, HAMMEHBIINM 3HAYEHHEM KOTOpOR aBigerca duciao 3. [Tostomy npu
BCEX ¢ 2 3 AaHHOE YpaBHEHHE MMEeT eJAHCTBEHHOE DellleHne, a IIpH a << 3
oHO penrenmit He HMeer. 6) Ilockomexy z 2 3, To ymkous f(x) = x° +
VI — 3 Takxke sBAdgeTca BospacTraoweit. llosTomMy npu a < 9 ypasHe-
HHe pelleHnl He aMeeT, & OPH & 2 Y OHO HMeeT eIHHCTBEHHOS DelleHe.
B} Paccy>KAaTh, MOXKIO HCCKONLKHMH €TIOCODAME; ML NPHBCACM IB4 M3
avx. Ha neBoM pueyHke Ha cqieyiommell cTpanudie H300pAXKeHH: «mosna-
pabonbl» ¥y = /& — 3, npaMan ¥y = T — 3 ¥ KacaTelrbHas X Tapabode,
napasjneapHas STofl mpamoit. flcHo, 4ro ecom —a < =3, wm a > 3, TO
JaHHOE VDaBHEHHE MMeeT €MUHCTBeHHOe penieHne. KacaTenbHas npgvas
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3aJaeTcH YPaBHEHHEM Y = T — % , TIO3TOMY MpPH & < % ypaBHeHHe pele-

1
I 0RO AMeeT €AHHCTBeHROE pCIHICHHE. HaKOHeU.,

11 .
oM - < a < 3, TO IaInIoc YPABIICIIHC HMCCT ABA PCIICIIAST,

HHi He MMeeT, NpK @ =

0.00.51.01.52.0
C gpvroft c¢roporbl, ¢aeasem sameny t = 4/z — 3, nony4us ypasHenue
2 —t+3 =a Yucho PCWCHANR HCXOUIOIC YPaBICHHA COBLAJADT C YHAC-

IOM HEOTPHLATEIBHREIX PEIIeHad IOMy IEHHOr) KBALPATHOTO YPABHEHHS.
Ha mpaBoM pucyske HaofipakeHa HacTh mapabonw y = 12 —z + 3. Op-

HAHHaTa €¢ BepPIIKILE paBHa . Yneno HeoTpHUATENbHLIX pewenanii Jerko

4
olpeesAeTCs 1o 3TOMY PHCYHKY. 7.7. Iloncrasus y = g B IIEPBOE YPABHe-
HMe CHCTEMBI, MBI monyunM ypaedenne ¥l — gx? + 81 = 0. Tak kak a > 0,
TO ypaBHerde t° — at + 81 = 0, ecM H KMeET KOPHH, TO [OJOKHUTEIbHBIE,
Eenxn o = 18, To 3T0 ypaBHeHHe MIMeeT &TUHCTBEHHHI KOPEHb, MOTOMY
ypapienae ¢ — az? + 81 = (), paBHO KaK H JAHIAST CHCTCMA, HMCCT JBA
PENICHHA. E{:J]H n > 18, T CHOTEMA HMEeeT ‘-lE’l‘blpH DeNnendH. rH(lIrIH'l‘[}H'-[H-
CKasl HHTepnpeTallusd — Ha PHCYHKE.

7.8. a) Otser: ¢ = 12. Mockonbky ofe 4aCTH AAHHOTO YPABHEHHdA He
H3MEHATCA NPH 3aMEeHe T — —I, TO €OUHCTBEHHBIM DEmeHHEM 3TOTO
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}p&BHeHHH MOXKeT GuTh Tombko £ = 0. Eemu z = 0, to va? = 2Jal,
um o? = 2|a| oTkyne ¢ = (0 we ¢ = +£2. B nepeoM caydae OOIydaeM
yparrenue £2 = 2|z, umewmee Tpu koprs x = (1 +2. Fean a = +2, 7o Mt
nosayaen ypasnenne vl 16 = |z — 2| + |54 2. Scno, oz =0 — ero
pemrerve. Iyers |z € 2a z # 0. Toraa vVz% — 16 > 4, a |z —2|+|z+2] = 4,
3HAYNT, Ha OTpe3ke [—2; 2| mamHOe ypaBHeHMe APYTHX pelleHud He MMeeT.
IIycts Teneps |x| > 2. Torna |z — 2| + |x + 2| = 22|, a vzt +16 >
x2 > 2|z|. Takum o6pasoM, B 3TOM C.Iy4ae ypaBHEHUE PEIleHHH HE HMEET.
[eomerprueckas uHTEpHpPeTaUns — Ha PHCYHKE.

8 .

-3-2-101 2 3

6) Kaxmoe u3 ypaBHeHNH CHCTEMBI 3a12eT MHOKECTBO, Y KOTOPOTO IpaMas
z = 2 ABAAeTCA OChI0 CHMMETDHH. [103TOMY eIHHCTBEHHOE PEINEHHE CHCTE-
MBI JOJDKHO MMeTh BH, (2, y). M3 BTOpOro ypaBHeHHA NTOJIy9aeM, YTO TOTA8
y=22. Ecnuy= -2, Toa=1, ecnui ¥y = 2, 7o ¢ = 3. B nmeppoM caydae
OAHA W3 BEPIIMH KBAJDATA, 38JAHHOTO YpasHeRUeM |x — 2|+ |y +1| = 1, me-
MUT HAL OKPYXKHOCTH, 3 BTODAs — BHYTPH Hee (NeBbl PHCYHOK ), TOITOMY
CACTEMA UMEE! BUMHCTERHHOE Dewenne. Eoan xe ¢ = 3, 1o, kpome pewe-
Hua (2,2), JaHHEAA CHCTEMA MMEET CII¢ ABa PEINCHMA (NMpAaBbll PHCYHOK).
OrtseT: a = 1.

B} IlepBoe ypaBHeHNe JAHHOM CUCTEMbI 3AA€T /1BE OKPYHHOCTH ¢ PaJuy-
coM 2 ¢ uerTpamu B Toukax O1(—6;12) u 02(6;12). Ecu a > 0, 1o BTOPOE



280 OTBeTEl X JONOJHATEILHBIM YIIPAXKHEHMAM

YPABHEHHE 33086T OKPYXKHOCTE PALAYCOM 1/a ¢ LeETPpoM B Touke P(—1;0).
CreTeMa MMeeT e THACTBEHHOE peIlleHUe, eCTH OKPYXKHOCTL ¢ TeHTPOM B
Touke P KacsseTes OiHON W2 IBYX OKPYXHOCTEH DaJIMycoM 2 W HE MepeceKa-
eTes ¢ APyroi u3 Hux. Paguycom okpya0eTH ¢ ueHrpom P, kacaomeion
OAHON M3 JIBYX OKpPY2KHOCTeH, ABIfeTcA OgHO H3 ukces POy, +2 = 11;15
uae PO2 +2 = /193 % 2. TTockoabky 11 < +/193 — 2 < 15 < /193 + 2,
TO JIAIb OKPYZKHOCTH ¢ pagaycamu 11 u /193 + 2 nMeoT e AHHCTBeHHYIO
TOUKY [epeceveHmnsl ¢ Napofl OKPYKHOCTeH ( PHCYHOK ).

& -1 6
Orser: a = 121; 197 + 44/193.

IIo Teme 13

8l. )z, =2n—1lummaxs =1, Tny1 = En+2.2) 2, = 6r—1 i
L1 =4 Tyl = Tn +5.3) 2p, = 3" w31 = 3, Ty = ITn. 4) T, = N2

am x = 1, Znp1 = (VT + D% 82. 1) 21 = 4, Tpy1 = Tn + 1.
221 =25, 21 =2, +25.3) 11 =5, 2p41 = (n+ Dz, 4) 1 = 5,

T

5
S _:5 . 8) a1 — 15, Tppy — 51, 6) Ty — VB, Tpey — VTn + 5.
83.1)x, =231 Dz, =3n-1.3)z,=2(rn- 1. 4) z, _23n—1_

84.1){24!38} 2.){2468}.5{01} 4){01}85 1 {0,1,2,..}.
2

2){0,1,2, 3152103} 3) {0, 10,102,..1.,3}0} 4) {0 k 01 ke {11, 12....}.
5) {0 '10 55" 5} {0’10 5125 10}
8.6, 1) minz, = 1 = —3, maxx, HE cymechyeT 2) maxzy, = x1 = -3,
minx, He CYMECTBYET 3) minx, = r; = 7, MaxZ, HE CyWECTBYET.
4) minz, = x; = -3, maxz, He CyllecTByeT. 5) minx, = z; = —3,
Iax <, He cymwecreyer. 6) minr, = z» = —1, maxz, = z4 = 1.
7} maxz, = x1 = =) minx, He cyiecTsyer. 8) minx, = x; = 17,
maxz, He cymecrsyer. 9) minz, = z; = 7, maxz, He CYyWeCTBYeT.
10} minz, = z; = —3, maxx, He CynecTByeT. 11) minx, = &2 = ]_73,

INax I, HE CYMIECTBYET.
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ITo Teme 14

9.1, 1) Her, nockonuky ceam oy = —k, tae k& > 0, 10 T4, 2 0. 2) Ja,
HATIDHMED, Ty = —ﬁ. 3) Ha, manmpumep, z, = n — 2. 4) Her, Tak kex
ecau xx > ), 7o 7, > 0 mpu Beex n > k. 0.2, 1) da, nanpumep, 2, = 1
npu Beex n € N, 2) Jla, oM. npeasiayumi npamep. 3) Het, Tak Kak eciau
z) =k € N, t0 1, < k npu Beex n € N. 4) Jda, manpamep, 2, = 2 — n.
9.3. 1) Koneuno, dbyrxkmua f{(x) = z° — 100z He ABAZETCA MOHOTOHHOH,
HO OTCI0Aa, BooOILE rOBOpA, He CNeAyeT, YTO JAaHHAA MMOCAeAOBATENbHOCTD
He ABAAeTCcd MOBOTOHHOH., OJHAKO M3 CBONCTB oTOH (bym:m»m CJIeVeT,
YTO T4y > Tsy < Ts). 2) AHANOCUYHBIM OOpa30M, HAUMEHBOIMM 9YIEHOM
3TOH TOCAEZOBATENIBHOCTH ABAAeTCd X1g = 20. A 7, = 9o = 101 > 20.
Yoy =wp=m5=0,823= % 4) 1y = % <zy=4, A0 T9q = (3)4 < 1.
MoxkHO J0KA3aTh, Y4TO T4 HMOCAEAOBATEIHOCTE, HAMHHASA ¢ LIECTOTO 4ie-
Ha, ABAseTca yowrBatomelt. 5) 7 = r73 > 0, Ho 15 = 0. 9.4. 1) Oyurnus
flz) = z? — x Bo3pacTaeT Ha .yue [-;— ;+oo), MO3TOMY I] < T2 < ...
2) TocKOALKY Pa3HOCTb Tpii — Tn, = 302 + 3n — 2 > 4 > 0 npu Beex

n € N. 3) AHaora iHeIM 06pasoM, Ty — Ty = 1 — ﬁ > (0 npn Beex
n C N, sHa4uT, 9TA DOCJICIOBATCABIOCTL — HeyBniparomad. 4) Thax kak
Tr+1 1 13 8
i ; = — - = =
npH Beex 1 € N. 5) Tak xak ~ 10 (1 + 'n,) <15 < 1,

‘ . 45° A5° . 45
TG Tpp1 < Zn. 6) Tak kak O <—n+l< <9[],T0(:0bn+l
15°

cos=—. 9.5. 1) Ha, nanpumep, pasHOCTE HOCJIEIOBATEAbHOCTEN &y = — N

= 2
T n42

>

" yp = —2n. 2} Jla, Tor ke nipamep, 9To ¥ Bhime. 3) Her, cymua 1By x yORE
BAIOILMX 1HOCAEA0BATEILHOCTER BCEUAA 8CTh YOBIBAIOIASN 110CAEI0BATE b
HocTh. 4) /la, Hanpuvep, OTHOIIEHAe NOcleJ0BaTeIbHOCTE! Iy, = —2n% K
Yn = —N. 9.6, Tak Kak Tpy1 — Tn = I(xn — Tp_1), TO €CAU T2 > I,
TO JAHHAS IOCHEAOBATESIBHOCTh BO3PACTAET, CJIH £y = L1, TO OHA MOCTO-
SIHHA, eCJIH Tp < X1, TO JAHHAS OOCIEZOBATEAbHOCTH yOmiBaeT. 1) Ecm
1 = =5, 10 T9 = —14 < T1, HOITOMY LOCIEIOBATEIBHOCTD — YOBIBAIO-
maa. 2) Ecmazy 20, oy =3a+1>e=2.3)22=3c¢+1>21 =0
Imp a > —% , OSTOMY MOCJIeI0BATEABHOCTE — Bo3pacTaoman. 4) Her
Kak wiesyer n3 (pOBEAEHHOIO B HAMAJIE PACCYHUSHMM, JAHHAH LOCJE-
JOBATESIRHOCTL MOHOTOHH& [IpH HI0DOM 3HaMeHHH a. IIpH a = —1 ona

nocroaura. 9.7. 1) Ha, asaserca; ee mepuog k& = 360. 2) Ha, asiser-
cqa; ee mepuon k = 5. 3) Her, He sBnseTcs; HauMHasd ¢ HOMepa n = 5,
oua BospactaeT. 4) [a, ssngercs; ee nepuog kK = 4, DOCKOIBKY Lntq =
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{ } {81 z }={16-3"+ } { }—:rﬂ 5) Her, ne ssnsercs,

nocxonbxy, €CIM Tnik = Ty, TO (n + k)\/_ — /5 = Ef, rae k, €, n — Ha-
TYpaJibbIe ieaa. Ho Torma k+/5 = £, 4TO HEBO3MOMKHO, TAK KAK UHCIO
v/3 mppausonaLuoe. 6) da, npu awbom a. Ecaw ©p = a, 10 32 = 3 — qa,
ar; =a, H TaK Janee. Ecan ¢ = %, TO NOCAEAOBATEILHOCTL IOCTOSH-~
HA, 8 [IpH BCEX OCTAJAbHLIX 3HAYEHHAX d OHA TIEPUOIHYHA C IepuogoM 2,
9.8. 1) Her, seBepro. Hanpumep, nocienoBaTensiocTs £, = n — 2 Bo3-
pacract, a yn = (n — 2)% monorouno# ue amimcres. 2) Her, nesepuo
(em. mpeamaymuit opumep). 3) Her, mesepro. Hanpumep, z, = (—1)"n
He ABJAETCA MOHOTOHHON, A HOCTEIOBATENLHOCTB Y, = 17° BO3PACTAET.
4) Ha, BepHO, OHHAKO NEPHOL MOKET H3MEHHTbCH, Hanpumep, ecnn 2, =
1,2,~-1,-2,1,2,..., o 4, = 1,4,1,4,... Koneuno, ecstm &y, 4y = Z,, TO
H Yn+k = Yn- D) HeT, Herepuo. Hanpumep, ecnn g, ecTh nocnegoBaTeslb-
HOCTL nepuona 2: 1.4, 1,4, . . ., 70 3HAKH B IIOCAEHOBATEIBHOCTH Ty, , MOIYJIH
3HaMeHHN KOTOpO# pAaBHBI 1 HNH 2, MBI MOXKeM BHIGDATH TAK, 9T MOCIeI0-
BATCILHOCTL OKAXKeTCd 1enepraoganod. K npaMepy, B34TL cliadaia oauil
CILLIOES, 3ATEM JBA «MHHYCA», NOTOM TPH €LUIOCAY, ETbIPE <MUHYCA», M
TaK fJasdee. [JocTpoeHHAs [OCAEIOBATEIRHOCTE He BYIET NepHOIHY9ecKOH.
9.9, C AHTYMTHBHON TOYKHM 3PEHHA, SCHO, 9TC BCAKAH TaKad MHOCIELO-
BaTE/IbHOCTh HENEPHUOIMIECKaA, HO 3TO HAJO €0e AKKYPATHO JOKA3ATH.
TIpome Bcero paccyx/1aTh reoMeTpudecku. [1o YCIOBHIO TOYKA I3 ABIAET-
ca cepeanHoli OTpe3Ka MeKIy TOYKAMM ¥1 M Ty, TOYKA T4 — CEPEeaMHOM
OTpESKA MEXAY L9 U T3, H TaK Jasiee (PUCYHOK).

L5

x Xz ITg T

TlosToMy Ty 7 T1 HH IpuU KakoM 3HaueHHMH k. QOPMAaJbHO MOXKHO pac-

CYXIaTh CleAylomuM ofpazoM. Ilpeamonoxnm, uTo x; < xg. Torma u
T+

T3 = % > 2. Tak Kax T3,Z2 > 1, TO T4 > 71, ¥ TAK Aaiee. TakuM

0BpazoM, I, > ] OpPH BCeX HATYPANLHBEIX 1 > 1, OTKyia u cheayer, "1To

JaHHAas Ooc/IeJ0BaATe/ I LHOCTE HenepHO,ELH‘{eCKaH.

[Io Teme 15
10.1. a) /la, sBaseTes; ecnu I, & a, TO —Zp, 2 —a. 6) Her, He asnaeres;
1

HANpHMeD, Z, = —n. B} Her, Be arnaercs; nanpuMep, &, = —=.

10.2. a) da, 6yaer. 6) da, 6yzer. B) Het, Heoba3aTensHo; HalpuMep, OpH
ZTnp = 2% 10.3. 1)-3) 0 < 2, < 1. 4) TTockombky 0 < 2 — 3 < 1, T0
0 < zn < 1. 3) Herpyauo nokasars, uro &, < 2. 6) [lokaxmure, a0
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IIOCJIE JOBATENbHOCTh YOBIBAET Py 7 22 3, IpH 3TOM T < X < Ty = 1,
caenopaTensno, 0 < z, < 1. 10.4. 1) Tak kax n2 + 2 < 3n?, T0 T, =
n 3 f
3+ TOATOMY JIAHHAS TOCTE/OBATENRAOCTR HE OTPERHYEHA. 2) T 2 23,

3) Tax kax vV6—1v2 = a > 1. 4) Tak kak 2* 2 nmpun > 4, To z,, > nopu
n 2 4. 10.5. a) Jla, BepHo, Tak Kak I, £ ry. 6) Her, nesepro; Hampumep,

Ty = = B) [a, BepPHO, IOCKOJBKY NEPHOMYECKAs TIOCHTEJ0BATENEHOCTh
IIPEHUMasT KOoHeYHoe YHUCI0 3Hauenii,

IIo Teme 16
11.1. d.) 1424 ...4+2n=
(n—l—l

2n(2n+ 1)
2

By 31031y | 4320 = 31001434 4+310) =

o
.11.2. a) 10+20+. . .4+1000 — 10(1+2+...4100) —
10101 - 50 = 50500. 6) 11 4+ 21 + ... + 1001 = 50500 + 100 = 50600.

11.3. a) Cymma paBna (1-2+...4+99)—(14+2+...+9) =50-99 — 45 =
—4905.6) 14+ 2+... 4990 — (1 +2+ ...+ 99) = 404550. 11.4. Mneem
al i+ wy+ .. —I—rn—]+\/_1—]1+\/_—\/_+ A= vVn—-1=n.

1 m— —
6) T, +T2+...+x,=1— Z_§+“'+F (+1)9_1 7@“)2_

.11.5. 1) Ecnu S, = 30 npu Bcex HATYDAILHBLIX 71, TO ) = 30 K

=u(20+1).0)n+2nt ... 402 =

n(l—l—2+ 4n) =
310‘3 —1_3 — 3!

_ni-2n
S (n+1)?
Tp = 0npuscex n > 1. 2) x,, = 1 n1pu BCex HATYPaNbHBIX 1. 3) T, = 4n—2.
4) x, =3n* —3n. 5) 21 = 31, =, = 1 opu Bcex n > 1. 6) 1,, = 4nS.

11.6.a)z, —-3n -2, 8, — m . 6) z, —dn—2, S, — 2n?,

IIo Temam 17 1 18
45

12.1. 1) a1 = 4. 2) aip = 8. 3) S]U =31 -5 = 155. 4) Sg = 9&5 = ? .
5) 812 = 30 6) d = —1. 12.2. 1) b]ﬁ = =1. 2) b"{bg = bSbIU = 10.
3) 83 = 6(3% — 1) = 39360. 4) b1by... b2 = (b2by;)% = 64. 5) ¢ = 2.

12.3. Tak kuk agag = (3 — (3 + 3d) = 3(3 ~ 2d — d?), 10 »10 UPo-
H3BE,IEHHUE SIRIASTCA MAKCHMANLHBM TipH d = 1. 12.4. Packpe cxobkmn,
moaysHM paseHeTso b° = ac. 12.5. a) a1 + a3 + 63 = 3az = 12, notomy
2y = 4. 6) Tak xax ajasas = 4(16 — d%) € 64, To oHO — HarboABUICE OPH
d = 0. 12.6. Tlo ycaoBuio S; = n®, Torna a, = 1 ¥ ag = 3, cNeOBATEIBHO,
Z, = 2n — 1. I, xax mBectHO, 1 + 3+ ...+ (2n — 1) = n?, 12.7. Iycts
YHCHA T, 4. 2 o6pasyior apmd)lue'mqecxylo NIPOTPECCHIO, A YNUCHA X, Y2, 2 —

reoMeTpruecKyl0. Tak kak y, = j Uy = >=+/xz, T0 91 2 y2. CrnegoBa-
TETBHO, eCJIY 9TH MPOTPECCH He MMOCTOAHALL, T GOABIE CyMMa apudMeTH-
geckoli nporpeccnn, 12.8. d = 0. 12.9. a) Ecan r 1 2 — nepssui u TpeTnit
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qiaeHbl OBHON apadMeTHYecKoi mporpeccd, ¥ H § — NEpBBIH # TPeTHH

YnIeHbl Apyroft aprdMeTHaeckol IpOrpeccuH, TO OTHOMEHHE HJISHOB 3THX
T+ z
v+t

, TO TH OTHOmIeHMA 6VIyT

mporpeccnii Oyaer apudMeTHdecKol nporpeccueil, ecin 3 + % =2

z+z _ (t—y)ltz—yz)
y+t  ty(t+y)

06pa30BBIBATD APHGMMETHIECKYO NPOTPECCHID, €I BTOPAR H3 Iporpec-
cait DOCTOIHHA, MUOO B CAYYAe, €CJH 3TH NPOrPecCHA TIPONOPIAGHATEHEL
6) Koneyno, ne obszanti. 12.10. a) Her, ve moryr Ecnmm 3 = 2 - ¢ w

Taxxa:l{£+5—2
vy oot

4=2.4% 10 (%)k = ¢™ = 2™ orkyma 3% = 2™¢ 410 HEBO3MONKHO,
TaK Kak uueaa m u k — varypanshee. 0) Her, se moryr. Paceyxman ana-
JIOIM'HBIM 00pazoM, UpuaeM K pasedcrpy 3F . 2m—F = 5m 1211, Bom
2 = y(22—x), To ¥° —yz = yr —yz. 12.12. Tax kax x, 1 — | = 2(x, — 1),
To T, —1 = (x; —1)2%"! =3.2""! orkynaz, =327 + 1.
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